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Abstract: In this paper, an inverse problem of determining an unknown time-dependent source term in a

parabolic equation is considered. A numerical algorithm based on Sinc function is presented for recovering

the unknown function and obtaining a solution of the problem. For solving the problem, a Galerkin method

with the Sinc basis functions in both the space and time domains combined with the Tikhonov regularization

is presented to obtain a stable solution. The approximate solution displays an exponential convergence rate.

Keywords: Nonhomogeneous parabolic equation, Inverse problem, Time-dependent source term, Sinc-
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1 INTRODUCTION

Consider the following problem of determining of

function u(x, t) satisfying

ut − uxx = F (x, t), 0 < x < 1, t > 0, (1)

u(x, 0) = u0(x), 0 < x < 1, (2)

u(0, t) = ψ(t), u(1, t) = φ(t), t > 0, (3)

where u0(x), ψ(t) and φ(t) are piecewise contin-

uous functions in their domains. This problem is

induced in the process of transportation, diffusion

and conduction of natural materials. In these con-

texts u represents the state variable and the right

hand side of (1) is interpreted as a heat or mate-

rial source. In many branches of science and en-

gineering, in addition to the function u(x, t), the

source term F (x, t) is also unknown. This problem

is called as inverse source problem. This problem

takes important roles in migration of groundwater

, identification and control of pollution source and

environmental protection [1]. In this work, We sup-

pose the source term is in the form

F (x, t) = f(t)g(x, t)+h(x, t), 0 < x < 1, t > 0,

where g(x, t) and h(x, t) are two known functions

and f(t) is unknown. For solving this inverse prob-

lem, an additional condition is considered as fol-

lows:

u(x0, ti) = ui, i = 1, ..., N, (4)

where ti > 0, i = 1, ..., N are N points, ui, i =

1, ..., N are known measurements and 0 < x0 < 1

is an specific space.

In this work, a numerical algorithm is presented

for solving the inverse problem (1)–(3) based on

the fully Sinc-Galerkin method. The Sinc-Galerkin

method was first presented by Stenger in [2] . Fully

Sinc-Galerkin techniques use a Sinc function basis

in both space and time. This method exhibits an

exponential order of convergence [3].

Since, the zero conditions are more convenient for
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the numerical method that will be presented, thus

without loss of generality, the problem is trans-

formed to one that involves only homogeneous ini-

tial and boundary conditions by using the change

of variables as

u(x, t) = v(x, t) + (φ(t)− ψ(t))x+ ψ(t),

v(x, t) = w(x, t) + u1(x)e
−t,

where u1(x) is the modified initial condition after

using the first transformation. In the rest of paper,

we suppose that u0(x) = ψ(t) = φ(t) = 0.

2 The numerical method

In order to solve the inverse problem (1)-(3) accord-

ing to the condition (4), first the unknown function

f(t) will be estimated. This approximated func-

tion will be used for determining a solution of the

inverse problem.

2.1 The Sinc-galerkin method

The Sinc function is defined on the whole real line

by

Sinc(x) =

{
sin(πx)

πx , x ̸= 0,

1, x = 0.

To construct approximations by using the Sinc

function on the intervals (0, 1) and (0,∞), we use

the composition of conformal maps

ϕ(x) = ln(
x

1− x
), γ(t) = ln(t). (5)

and the translated Sinc functions with evenly

spaced nodes as

Si(x) = Sinc
(

ϕ(x)−ih
h

)
, (6)

S′
j(t) = Sinc

(
γ(t)−jk

k

)
. (7)

where h > 0 and k > 0 are real numbers, i and j

are integer numbers.

LetMx ,Mt , Nx and Nt are positive integers. The

approximate solution for u(x, t) in (1) is defined by

the expansion

umx,mt(x, t) =

Nx∑
i=−Mx

Nt∑
j=−Mt

cijSi(x)S
′
j(t), (8)

where mx =Mx+Nx+1 , mt =Mt+Nt+1 . The

unknown coefficients cij are determined by

(
∂u

∂t
− ∂2u

∂x2
− f(t)g(x, t)− h(x, t), Si(x)S

′
j(t)) = 0.

(9)

The inner product in (9) is defined by

(p, q) =

∫ ∞

0

∫ 1

0

p(x, t)q(x, t)v(x)w(t)dxdt. (10)

Here v(x)w(t) is a weight function. In the rest, we

choose the weight function

v(x)w(t) =

√
γ′(t)

ϕ′(x)
. (11)

Also for approximating this inner product, we use

the Sinc quadrature rule for double integrals in

form (10) [4].

Theorem. Let DE = {z = x+iy :
∣∣∣arg ( z

1−z

)∣∣∣ <
d ≤ π

2 }, DS = {w = u + iv : |v| < d ≤ π
2 }, and

DW = {r = t+ is : |arg (r)| < d ≤ π
2 }. Let ϕ and γ

be one-to-one conformal maps of the domains DE

and DW onto DS . For the weight function (11) as-

sume that F/ϕ′ ∈ B(DE) and that uH ∈ B(DE) ,

where

H = (1/ϕ′)
′′
, (ϕ′′/ϕ′) , ϕ′.

Also assume that F
√
γ′ ∈ B(DW ) and that uH ∈

B(DW ) , where

H =
√
γ′, (γ′)3/2, γ′′/

√
γ′.

Further assume

|u(x, t)|Cxαx(1− x)βxtαt+1/2t−βt+1/2,

(x, t) ∈ (0, 1)× (0,∞), (12)

making the selections

Nx =

[∣∣∣∣αx

βx
Mx + 1

∣∣∣∣] , Mt =

[∣∣∣∣αx

αt
Mx + 1

∣∣∣∣] ,
Nt =

[∣∣∣∣αx

βt
Mx + 1

∣∣∣∣] ,
2
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where h = hx = ht , and

h =
√
πd/(αxMx), (13)

results in

∥u− umx,mt∥∞ ≤ KM2
x exp(−(πdαxMx)

1/2).

Proof. See chapter 6 of [3] .

2.2 Estimating the unknown time-

dependent source term

Consider the direct problem (1)-(3). By using the

separation of variables, the solution of this problem

may be expressed as follows

u(x, t) =

2
∞∑
i=1

(

t∫
0

1∫
0

F (ξ, τ) sin(iπξ)e−(iπ)2(t−τ)dξdτ) sin(iπx).

(14)

If the source function F (x, t) is bounded over its

domain and is uniformly Hölder continuous on each

compact subset of this domain, the above direct

problem has a unique bounded solution [5].

According to these assumptions on the source func-

tion, it’s possible to get a finite dimensional approx-

imation of f(x) in C[0, 1] as

f(x) ∼
N∑
j=1

c′jϕj(x), (15)

by using the least square method [6], where N is

the number of points in the additional condition

(4). Also c′j , j = 1, ..., N are real constants and

ϕj(x)’s are a set of orthonormal functions.

In this work, we consider the the composite Sinc

basis functions S′
j(t), j = −m, ...,m, where m =

[N−1
2 ]. By using this set of functions we derive an

approximation as

f(x) ∼
m∑

j=−m

cjS
′
j(t). (16)

Coefficients cj in the (16) are unknown. Thus, if

these coefficients are determined, then we get an es-

timation for f(x). By substituting (16) in the exact

solution (14), putting t = ti , i = 1, ..., 2[N−1
2 ] + 1,

and using the additional condition (4), we find

ui = u(x0, ti) =

2
∞∑
i=1

(

ti∫
0

1∫
0

F (ξ, τ) sin(iπξ)e−(iπ)2(ti−τ)dξdτ) sin(iπx0),

(17)

thus we get a system of N equations with N un-

known coefficients cj , j = 1, ..., N .

Now, suppose that X = (ci), U = (ui), D = (di),

i = 1, ..., N , where

di =

2
∞∑
k=1

( ti∫
0

1∫
0

h(ξ, τ) sin(kπξ)e−(kπ)2(ti−τ)dξdτ
)
sin(kπx0),

and A = (aij), i, j = 1, ..., N , where

aij =

2

∞∑
k=1

( ti∫
0

1∫
0

Sj(τ)g(ξ, τ) sin(kπξ)e
−(kπ)2(ti−τ)dξdτ

)
sin(kπx0).

Putting B = U − D, the above mentioned system of

equations may be in the form

AX = B. (18)

The major difficulty to solve this inverse problems is

its ill-posedness [7]. Since the additional condition

(4) comes from practical measurements that are in-

herently contaminated with random noise, numerical

reconstruction is very difficult and some special regu-

larization methods are required to obtain an accurate

approximation for solution of the system. For this pur-

pose, the Tikhonov regularization method is applied.

By this technique, finding the solution of system (18)

is replaced by the minimization problem [7]

min
X∈RN

∥AX −B∥2 + α∥X∥2. (19)

The constant α > 0 is the regularization parameter.

Different methods are presented for determining this

parameter. The L-curve method is used in our work .

Example.

Consider (1) with g(x, t) = −2et + x2 − x + 2 and

h(x, t) = 0. With these assumptions, the exact solution

of (1) is u(x, t) = 1− e−t(x2 − x) and f(t) = e−t. The
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additional data is considered in the thirteen points ti =
i
13

at the x0 = 0.5. A random noise randn(13)× 10−4

is added to this data.

Suppose Mx = Nx = Mt = Nt = M , and h = π√
2M

.

The exact source function and its approximations are

shown in Fig 1. Also, Fig. 2 indicate the exact solu-

tion and the approximate solution with M = 16 when

x = 0.4. Finally, Table 1 displays the approximate so-

lution and its absolute errors for various values of x

when t = 3.

1 2 3 4 5 6
t

0.2

0.4

0.6

fHtL

Figure 1: Exact source function (Blue) and its approximations

(Red).

1 2 3 4 5 6
t

-0.20

-0.15

-0.10

-0.05

uH0.4,tL

Figure 2: The exact solution (Red) and the approximate

solution (Blue) of example with M = 16 when x = 0.4.

TABLE 1

The exact solution, the approximate solution and its absolute

errors for various values of x when t = 3.

x Exact solution Approximate solution Error

0.2 -0.152034 -0.153154 1.12000×10−3

0.4 -0.228051 -0.229696 1.64463×10−3

0.7 -0.199545 -0.201000 1.45573×10−3

0.8 -0.152034 -0.153154 1.12000×10−3

0.9 -0.0855192 -0.0861511 6.31962×10−4
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Abstract: In this paper, we apply spectral tau method for numerical solution of general three-term fractional

differential equations (FDEs). The shifted Chebyshev operational of fractional derivatives is used. The main

characteristic behind this method is that it reduces such problems to those of solving a system of algebraic

equations which greatly simplifying the problem. Through several numerical examples, we derive exact

solution for a class of FDEs.

Keywords: spectal tau method, Chebyshev operational matrix, three-term fractional differential equation,

Caputo derivative.

1 INTRODUCTION

Considerable attention has been devoted to the

study of the fractional calculus during the past

three decades and its numerous applications in

the area of physics and engineering. The appli-

cations of fractional calculus used in many fields

such as electrical networks, control theory of dy-

namical systems, probability and statistics, elec-

trochemistry of corrosion,chemical physics, optics

and signal processing can be successfully modelled

by linear or nonlinear FDEs. So far there have

been several fundamental works on the fractional

derivative and fractional differential equations, see

[1]-[3]. Finding approximate or exact solutions of

FDEs is an important task. Except for a limited

number of these equations, we have difficulty in

finding their analytical solutions. Therefore, there

have been attempts to develop new methods for

obtaining analytical solutions which reasonably ap-

proximate the exact solutions. Several such tech-

niques have drawn special attention, such as Ado-

mians decomposition methods [4], Homotopy anal-

ysis method [5] and Variational iteration method

[6]. Spectral methods are very powerful tools for

solving many kinds of differential equations aris-

ing in various fields of science and engineering [7].

Specific types of spectral methods that are more

applicable and widely used are the Galerkin, col-
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location, and tau methods. Saadatmandi and De-

hghan [8] introduced shifted Legendre operational

matrix for fractional derivatives and applied it with

spectral methods for numerical solution of multi-

term linear and nonlinear FDEs subject to initial

conditions.Bhrawy et al. [9] used a quadrature

shifted Legendre tau method for treating multi-

term linear FDEs with variable coefficients. More

recently, Doha et al. [10] introduced shifted Cheby-

shev operational matrix and applied it with spec-

tral methods for solving multi-term linear and non-

linear FDEs subject to initial and boundary condi-

tions. The aim of this paper is to introduce the

shifted Chebyshev operational matrix of fractional

derivative which is based on Chebyshev tau method

for solving numerically three-term FDEs. In the

present paper, we generalize the traditional spec-

tral tau method for solving fractional differential

equations. For this purpose, we must introduce

an appropriate representation of the solution and

derive the fractional differentiation matrix of frac-

tional derivatives. Then we can reduce the frac-

tional equation to a system of algebraic equations

which can be solved easily.

2 Method of solution

The following is a brief derivation of the algorithm

used to solve three-term FDEs which have the gen-

eral form

aDαy(t) + bDβy(t) + cy(t) = g(t), 0 < β < α ≤ 2,

such that t ∈ [0, L] and y(0) = d0, y
′(0) = d1,

where the second initial condition is for α > 0 only.

Here, Dqy(t), is fractional derivative of order q > 0

in the Caputo sense, defined by

Dqy(t) = 1
Γ(m−q)

∫ t

0
(t− s)m−q−1ym(s)ds, t >

0,m ∈ N,m− 1 < q ≤ m.

There are a number of instances where such prob-

lems arise: for α = 2 and β = 1.5, this equa-

tion seems to be the Bagley-Torvik equation de-

scribes in [11]. Another case of equation is Bas-

set’s problem with α = 1 and β = 0.5 that was

first interpreted in [12]. If α = 2β, we can refer to

Koeller equation [13]. Esmaeili et al. [14] applied

pseudo-spectral method for solving general form of

three-term FDEs. We use from spectral method

based on Chebyshev operational matrix (COM)

for fractional derivatives and then apply typical

tau method for solving these equations and show

the efficiency and accuracy of the present method.

Therefor, we introduce some relevant properties of

Chebyshev polynomials and then the COM of frac-

tional derivative is presented.

2.1 COM for fractional derivatives

The Chebyshev polynomials Ti(t); i = 0, 1, ... are

defined on the interval (−1, 1). By introducing the

change of variable t = 2x
L − 1, the shifted Cheby-

shev polynomials Ti(
2x
L − 1) be denoted by TL,i(t)

are defined on the interval (0, L) and satisfy the

orthogonality relation∫ L

0
TL,j(t)TL,k(t)

1√
Lt−t2

= δkjhk,

where hk = ϵk
2 π, ϵ0 = 2, ϵk = 1, k ≥ 1.

The analytic form of the shifted Chebyshev poly-

nomials TL,i(t) of degree i is given by

TL,i(x, t) = i
∑i

k=0(−1)i−k (i+k−1)!2(2k)
(i−k)!(2k)!Lk t

k,

where TL,0(0) = (−1)i and TL,i(L) = 1.

Theorem 1.[10] Let Φ(t) = [TL,0(t), ..., TL,N (t)]T ,

be the shifted Chebyshev vector and q > 0; then

DqΦ(t) ∼= D(q)Φ(t),

where D(q) is the (N + 1) × (N + 1) COM of

derivatives of order q in the Caputo sense by en-

tries Sq(i, j) where

Sq(i, j) =
∑i

k=m
(−1)(i−k)2i(i+k−1)!Γ(k−m+ 1

2 )

ϵjLmΓ(k+ 1
2 )(i−k)!Γ(k−m−j+1)Γ(k+j−m+1)

,

where i = m, ..., N and j = 0, 1, . . . N .

Note that in D(q), the first m rows are all zero.

Remark. If q = n ∈ N, then Theorem 1 gives the

same result in the integer case.

2.2 Applications

Here, according to Theorem 1, we apply it to solve

three-order FDEs. To solve this equation, we ap-

proximate y(t) and g(t) by the shifted Chebyshev

polynomials as

2
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y(t) ≃
∑N

i=0 ciTL,i(t) = CTΦ(t),

g(t) ≃
∑N

i=0 giTL,i(t) = GTΦ(t),

where, G = [g0, . . . , gN ]T , C = [c0, . . . , cN ]T .

By using Theorem 1, we get

Dαy(t) ≃ CTDαΦ(x) ≃ CTD(α)Φ(t),

Dβy(t) ≃ CTDβΦ(x) ≃ CTD(β)Φ(t).

By replacing two above equations in FDEs, the

residual RN (t) can be written as

RN (t) = (a0C
TD(α)+a1C

TD(β)+a2C
T−GT )Φ(t).

As in a typical tau method, we generate (N−m+1)

linear equation by applying

(RN (t), TL,j(t)) =
∫ L

0
(RN (t)TL,j(t)dt) = 0, j =

0, 1, . . . , N −m.

Similarly, for the initial conditions, we get

yi(0) = CTD(i)Φ(0) = di, i = 0, . . . ,m− 1.

FDEs and initial conditions together generate N

ser of linear equations that can be solved unknown

coefficients of the vector C. Consequently, y(t) can

be calculated, which gives a solution of FDEs with

the initial conditions.

3 Numerical results

Example 1.Consider the following FDEs.

Dαy(t) + y(t) = 2t2−α

Γ(3−α) + t2 − t, 2 < α < 2, t ∈
[0, 15]y(0) = 0, y′(0) = −1. The exact solution for

the case α = 1.5 is y(t) = t2 − t. This problem is

considered in [14].

By applying the technique is described in previous

section, we may write the approximate solution

and the right hand side in FDEs as

y(t) ≃
∑2

i=0 ciTL,i(t) = CTΦ(t),

g(t) =≃
∑2

i=0 giTL,i(t) = GTΦ(t).

Here, we have D( 3
2 ) = 24

π
√

(π))

0 0 0

0 0 0
8
3

16
9 − 16

45


Therefor, by applying the method for FDEs to-

gether two initial conditions, we obtain respectively

c0 +
16

π
√
π
( 18845 − π

√
π

48 )c2 − g0 +
1
3g2 = 0,

CTΦ(0) = c0 − c1 + c2 = 0, CTD(1)Φ(0) =

2c1 − 8c2 = −1.

Finally, by solving the recent linear system of three

equations, we have

c0 = −1
8 , c1 = 0, c2 = 1

8 ,

y(t) =
(

−1
8 0 1

8

) 1

2t− 1

8t2 − 8t+ 1

 = t2 − t.

Example 2.Consider the initial value problem;

see[14].

D(α)y(t) + y(t) = 1, 1 < α < 2,

y(0) = 1, y′(0) = −1, t ∈ [0, 15].

Podlubny [15] obtained the analytic solution by

helping of Laplace transform of Caputo fractional

derivatives which is given by

y(t) = Eα,1(−tα) − tEα,2(−tα) + tαEα,α+1(−tα),

where Eλ,µ is Mittag-Leffler function with param-

eters λ, µ > 0 as

Eλ,µ :=
∑∞

k=0
tk

Γ(λk+µ) .

We solve the problem in the case of α = 1.75 and

for N = 10, 15, 20.

We present the comparison of the exact solution

and the method described in [14] with our method

in various values of t in Table 1.

TABLE 1

Comparison of the exact solution to numerical solution from

our method and the method in [14] for N = 10, 15, 20.

t 3 6 9 12 15

O. M. 0.64547 1.11485 0.83546 1.02843 0.92445

[N = 10]

M. [14] 0.64702 1.12416 0.82491 1.02161 0.93859

O. M. 0.64583 1.11481 0.83012 1.02825 0.92448

[N = 15]

M. [14] 0.64582 1.11601 0.83012 1.02826 0.92517

O. M. 0.64584 1.11596 0.83012 1.02823 0.92509

[N = 20]

M. [14] 0.64581 1.11600 0.83014 1.02821 0.92505

Exact 0.64584 1.11598 0.83012 1.02823 0.92508

Example 3.We finally consider the following ini-

tial value problem; see[10].

D1.5y(t) + 7D0.25y(t) = g(t),

y(0) = 1, y′(0) = 0, t ∈ [0, 1],

where g(t) is the function that the exact solution

is y(t) = cos(αt).

Here, we apply the maximum absolute error with

two choices of α and various choices of N to illus-

trate the effectiveness of spectral tau method based

on COM.

In order to demonstrate the effect of the initial

condition on the numerical results, Table 2 has

3
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been obtained for the above example. It can be

concluded that the effect of the initial condition is

not significant on the error.

TABLE 2

Maximum absolute error for N = 4, 8, 12, 16.

N α Our method α Our method

4 4.4 ∗ 10−5 2.6 ∗ 10−2

8 4.8 ∗ 10−11 2.9 ∗ 10−6

12 1 9.7 ∗ 10−18 Π 5.7 ∗ 10−11

16 6.2 ∗ 10−25 3.5 ∗ 10−16
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Domain Decomposition And Tensor Product

Approximation In Adaptive Wavelet Algorithm For

Second Order Elliptic BVPs

N. Chegini∗, Academic member of Department of Mathematics,

Tafresh University, nabichegini@yahoo.com

Abstract: A domain decomposition (DD) technique is used to construct a piecewise tensor product wavelet

basis by a univariate extension operator that, when normalised w.r.t. the energy-norm, has bounded Riesz

constants. An adaptive wavelet Galerkin method is applied to solve the boundary value problem with the

best nonlinear approximation rate from the basis, in linear computational complexity. Numerical experi-

ments obtained by the adaptive wavelet Galerkin method are presented for solving elliptic problems on 2

and 3 dimensional polytopes.

Keywords: Adaptive method, tensor product wavelets, optimal computational complexity, domain decom-

position (DD) technique.

1 INTRODUCTION

We consider the variational formulation of a homo-

geneous Dirichlet boundary value problem, namely,

the problem of finding u ∈ H1
0 (Ω) such that

a(u, v) :=

∫
Ω

∇u · ∇v = f(v) ∀v ∈ H1
0 (Ω). (1)

For some fixed N , and 0 ≤ i ≤ N , let Ωi ⊂ Ω

be mutually disjoint subdomains such that Ω̄ =

∪Ni=0Ω̄i. We note that the required regularity con-

dition to get the optimal rate is generally not ful-

filled and for this reason we are going to approx-

imate the solution with piecewise tensor product

approximation. To achieve the best possible ap-

proximation rate, we wish to apply the adaptive

wavelet Galerkin method (AWGM)[CDD01].

We equip H1
0 (Ω) with a Riesz basis Ψ =

{ψλ : λ ∈ ∇} that has bounded Riesz constants

w.r.t. the energy-norm. This means that for some

constants 0 < C1 ≤ C2 <∞, it holds that

C1 ≤ a(c⊤Ψ, c⊤Ψ)∑
λ∈∇ c2λa(ψλ,ψλ)

≤ C2, (c ∈ ℓ2(∇)).

The best possible constants C1, C2, i.e., the largest

C1 and the smallest C2, are called Riesz constants.

Writing u = u⊤Ψ :=
∑

λ∈∇ uλψλ, problem

(1) can be equivalently formulated as

Au = f

where f := (f(ψλ))λ∈∇ and A :=

[a(ψµ,ψλ)]λ,µ∈∇ is the bi-infinite stiffness ma-

trix of a(·, ·) w.r.t. Ψ. We note that the bi-

infinite matrix A is bounded, symmetric, and

positive definite with, after preconditioning with

its diagonal, a spectral condition number that is

bounded by C2

C1
. To make a desirable Riesz ba-

sis for (H1
0 (Ω), a(·, ·)

1
2 ), we need to construct an

∗Corresponding Author
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isomorphism from the Cartesian product of H1-

Sobolev spaces on the subdomains, with appro-

priate boundary conditions, to H1
0 (Ω). By appling

such an isomorphism to the union of Riesz bases for

H1-Sobolev spaces on the subdomains, the result

is a Riesz basis for H1
0 (Ω) with bounded Riesz con-

stants. We will observe that the isomorphism can

be constructed by the use of some compositions of

“true” and “trivial zero” extension operators over

subdomains. We remark that the homogeneous

Dirichlet boundary condition has to be imposed to

incoming interfaces and no boundary condition on

outgoing interfaces.

To understand the idea of such a construc-

tion, it is sufficient to consider a domain Ω that

is the disjoint union of two subdomains Ω1 and

Ω2. Let E1 be an extension operator of func-

tions on Ω1 to functions on Ω that is bounded

from say H1(Ω1) to H1(Ω). Let the restriction

of functions on Ω to subdomain Ωi be denoted as

Ri. Then for any u ∈ H1(Ω), the function E1R1u

is in H1(Ω), whereas the difference u − E1R1u

vanishes on Ω2, meaning that its restriction to

Ω2 is in the closed subspace of H1(Ω) of func-

tions that vanish up to order one on the inter-

face, which space we denote as H1
0,∂Ω1∩∂Ω2

(Ω2).

We conclude that

[
R1

R2(Id− E1R1)

]
: H1(Ω) →

H1(Ω1) ×H1
0,∂Ω1∩∂Ω2

(Ω2) is boundedly invertible,

with inverse [E1 η2], where η2 is the extension of

functions on Ω1 with zero on Ω2. Consequently,

when Ψ1 is a Riesz basis for H1(Ω1), and Ψ2 is a

Riesz basis for Hm
0,∂Ω1∩∂Ω2

(Ω2), then E1Ψ1 ∪ η2Ψ2

is a Riesz basis forH1(Ω). To construct Riesz bases

for H1(Ω1) and H
1
0,∂Ω1∩∂Ω2

(Ω2), this approach can

be applied recursively.

To construct a basis from subdomains we use

piecewise tensor product approximation. On the hy-

percube � := (0, 1)n, one can construct a basis for

the Sobolev space H1(�) (or for a subspace incor-

porating Dirichlet boundary conditions) by taking

an n-fold tensor product of a collection of univari-

ate functions that forms a Riesz basis for L2(0, 1)

as well as, properly scaled, for H1(0, 1). The ad-

vantage of this approach is that the rate of non-

linear best M -term approximation of a sufficiently

smooth function u is d − 1, compared to d−1
n for

standard best M -term isotropic (wavelet) approxi-

mation of order d on �. The multiplication of the

one-dimensional rate d − 1 by the factor 1
n is re-

ferred to as the curse of dimensionality.

We assume that the subdomains will be

unions of hypercubes. Let I := (0, 1), � := In.
We assume that for a fixed, finite set of hyper-

cubes {�0, . . . ,�N} from {τ + � : τ ∈n}, it holds
that ∪Ni=0�i ⊂ Ω ⊂ (∪Ni=0�i)int, and that ∂Ω is

the union of (closed) facets of the �k’s. The case

Ω ( (∪Ni=0�i)int corresponds to the situation that

Ω has one or more cracks, e.g., a slit-domain in

two-dimensional space with an interior crack. Note

that �i plays the role of subdomain Ωi.

1.1 Tensor products of univariate

wavelet functions

We are going to construct the bases on the sub-

domains by using tensor products of univariate

wavelet bases. It is sufficient to consider the case

that �i = In. For σ⃗ = (σℓ, σr) ∈ {0, 1}2, with

0⃗ := (0, 0), let H1
σ⃗(I) := {v ∈ H1(I) : v(0) =

0 when σℓ = 1, and v(1) = 0 when σr = 1}. We

assume that biorthogonal univariate primal and

dual wavelet collections Ψσ⃗ :=
{
ψσ⃗λ : λ ∈ ∇σ⃗

}
⊂

H1
σ⃗(I), Ψ̃σ⃗ :=

{
ψ̃σ⃗λ : λ ∈ ∇σ⃗

}
⊂ L2(I), are avail-

able that satisfy the following properties:

(W1) Ψσ⃗, and so Ψ̃σ⃗, is a Riesz basis for L2(I),

(W2) {2−|λ|ψσ⃗λ : λ ∈ ∇σ⃗} is a Riesz basis forH1
σ⃗(I),

where |λ| ∈0 denotes the level of λ,

(W3) |⟨ψ̃σ⃗λ , u⟩L2(I)| . 2−|λ|d∥u∥Hd(supp ψ̃σ⃗) (u ∈
Hd(I) ∩H1

σ⃗(I)), for some ∋ d > 1,

(W4) Ψσ⃗ and Ψ̃σ⃗ are local and locally finite, respec-

tively.
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Biorthogonal wavelets that satisfy the above con-

ditions have been constructed in [DKU99]. For

σ = (σ⃗i = ((σi)ℓ, (σi)r))1≤i≤n ∈ ({0, 1}2)n, we de-

fine

H1
σ(�) := H1

σ⃗1
(I)⊗ L2(I)⊗ · · · ⊗ L2(I) ∩ · · ·

∩L2(I)⊗ · · · ⊗ L2(I)⊗H1
σ⃗n

(I).

So H1
σ(�) is the space of H1-functions on � that

satisfy first order homogeneous Dirichlet bound-

ary conditions on selected faces. The tensor prod-

uct wavelet collection Ψσ := ⊗ni=1Ψσ⃗i
=

{
ψσ

λ :=

⊗ni=1ψ
σ⃗i

λi
: λ ∈ ∇σ

}
, where ∇σ :=

∏n
i=1 ∇σ⃗i

. The

renormalized bases
{(∑n

i=1 4
|λi|

)−1/2
ψσ

λ : λ ∈
∇σ

}
are Riesz bases for L2(�) and H1

σ(�), respec-

tively.

2 Construction of a piece-

wise tensor product wavelet

Riesz basis

By applying extension operators, from Riesz bases

for the corresponding Sobolev spaces on the subdo-

mains�i, we will construct a Riesz basis forH1
0 (Ω),

that after normalization, has bounded Riesz con-

stants.

We set Ω
(0)
i := �i, for i = 0, · · · , N . Start-

ing from the initial subdivision of Ω into hyper-

cubes, we will create a sequence ({Ω(q)
i : q ≤ i ≤

N})1≤q≤N of sets of polytopes, where each next en-

try in this sequence is created by joining two poly-

topes from the set of polytopes that forms the pre-

vious entry in the sequence. We assume that this

sequence satisfies the following conditions:

For any 1 ≤ q ≤ N , there exists ij = i
(q)
j

(j = 1, 2), and ī = ī(q) (q − 1 ≤ i1 ̸= i2 ≤ N and

q ≤ ī ≤ N) that satisfy

(D1) Ω
(q)

ī
=

(
Ω

(q−1)
i1

∪ Ω
(q−1)
i2

\ ∂Ω
)int

is con-

nected, and the interface J := Ω
(q)

ī
\(Ω(q−1)

i1
∪

Ω
(q−1)
i2

) is part of a hyperplane,

(D2) {Ω(q)
i : q ≤ i ≤ N, i ̸= ī} =

{
Ω

(q−1)
i : q − 1 ≤

i ≤ N, i ̸= {i1, i2}
}
,

(D3) Ω
(N)
N = Ω.

To each of the closed facets of the hypercube

�i, for i = 0, 1, · · · , N , we associate a number 0 or

1 indicating the order of the homogeneous Dirich-

let boundary condition on the facet (where order 0

means no boundary condition).

By construction, each Ω
(q)
i is a union of some

hypercubes �j , and so its boundary is a union of

boundary of these hypercubes. We define
◦
H1(Ω

(q)
i )

as the closure in H1(Ω
(q)
i ) of the smooth functions

on Ω
(q)
i that vanish that part of ∂Ω

(q)
i that is part

of a boundary of a �j on which a homogeneous

Dirichlet boundary condition was imposed. Note

that
◦
H1(Ω

(N)
N ) = H1

0 (Ω).

The boundary conditions on the hypercubes

and the order in which polytopes are connected

should be chosen such that

(D4) on the Ω
(q−1)
i1

and Ω
(q−1)
i2

sides of J , the

boundary conditions are of order 0 and 1, re-

spectively, and, w.l.o.g. assuming that J =

{0} × J̆ and (0, 1)× J̆ ⊂ Ω
(q−1)
i1

,

(D5) for any function in
◦
H1(Ω

(q−1)
i1

) that vanishes

near {0, 1} × J̆ its reflection in {0}×n−1.

Given 1 ≤ q ≤ N , for j ∈ {1, 2}, let

R
(q)
j be the simple restriction of functions on

Ω
(q)

ī
to Ω

(q−1)
ij

. Let η
(q)
2 be the extension of

functions on Ω
(q−1)
i2

to Ω
(q)

ī
by zero, and let

E
(q)
1 :

◦
H1(Ω

(q−1)
i1

) →
◦
H1(Ω

(q)

ī
), be some exten-

sion of functions on Ω
(q−1)
i1

to Ω
(q)

ī
. We define

E(q) := [E
(q)
1 η

(q)
2 ] :

◦
H1(Ω

(q−1)
i1

) ×
◦
H1(Ω

(q−1)
i2

) →
◦
H1(Ω

(q)

ī
). W.l.o.g. let J = {0}× J̆ and (0, 1)× J̆ ⊂

Ω̂
(q−1)
i1

.

To design a suitable extension, for any

v ∈ L2(0, 1), let us first consider the simple

reflection (Ğ1v)(x) = v(x) where x ∈ (0, 1)

and (Ğ1v)(−x) = v(x) for x ∈ (0, 1). It is

clear that Ğ1 ∈ B(L2(0, 1), L2(−1, 1)), Ğ1 ∈
B(H1(0, 1), H1(−1, 1)).
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We define the scale-dependent univariate ex-

tension operator

G1 : u 7→
∑
λ∈∇(ℓ)

0
⟨u, ψ̃0⃗

λ⟩L2(0,1)Ğ1ψ
0⃗
λ +∑

λ∈∇(I)∪∇(r)
0
⟨u, ψ̃0⃗

λ⟩L2(0,1)η1ψ
0⃗
λ. This opera-

tor reflects only wavelets that are sup-

ported near the interface. We observe

that G1 ∈ B(L2(0, 1), L2(−1, 1)), G1 ∈
B(H1(0, 1),H1

0,{−1}(−1, 1)). It can be shown that

with E
(q)
1 defined as the composition of the re-

striction to (0, 1) × J̆ , followed by an applica-

tion of G1 ⊗ Id ⊗ · · · ⊗ Id, followed by an ex-

tension by 0 to Ω̂
(q−1)
i2

\ (−1, 0) × J̆ , it holds that

E
(q)
1 ∈ B(

◦
H1(Ω

(q−1)
i1

),
◦
H1(Ω

(q)

ī
)).

For E being the composition for q =

1, . . . , N of the mappings E(q), trivially ex-

tended with identity operators in coordinates i ∈
{q − 1, . . . , N} \ {i(q)1 , i

(q)
2 }, it holds that E ∈

B
(∏n

i=0

◦
H1(�i),

◦
H1(Ω)

)
, is boundedly invertible.

For 0 ≤ i ≤ N , let Ψi be a Riesz basis for

L2(�i), that renormalized in the norm of space

H1(�i), is a Riesz basis for
◦
H1(�i). Then with

the extension E, the collection E(
∏N
i=0 Ψi), after

renormalizing is a Riesz basis for H1
0 (Ω).

3 Numerical results

As an example in one-dimensional case, we split the

domain Ω = (−1, 2) into Ω0 = (−1, 0), Ω1 = (0, 1),

and Ω2 = (1, 2). We equip (−1, 0) with Ψ(1,1)(·+1),

being a Riesz basis for H1
0 (−1, 0), (0, 1) with Ψ(0,0),

being a Riesz basis for H1(0, 1), and (1, 2) with

Ψ(1,1)(· − 1), being a Riesz basis for H1
0 (1, 2). The

resulting basis on (−1, 2), denoted as Ψ = {ψλ :

λ ∈ ∇}, is now obtained by reflecting, in either 0

or 1, all wavelets from Ψ(0,0) that do not vanish at

0 or 1, respectively, and by taking the union with

Ψ(1,1)(·+ 1) and Ψ(1,1)(· − 1).

In [CS11], we constructed wavelet basis

Ψ(1,1) that the corresponding stiffness and mass

matrices are truly sparse and their duals are uni-

formly local. Moreover, the order of the wavelets is

d = 5 with 5 vanishing moments.

The numerically computed condition num-

ber of

AJ =

[
a(ψλ, ψµ)

a(ψλ, ψλ)
1
2 a(ψµ, ψµ)

1
2

]
|λ|,|µ|≤J

is given in Table 1.

Table 1. Condition number K(AJ ).

J 1 2 3 4 5 6 7

K(AJ ) 23 34 38 41.5 43.9 46 48

J 8 9 10 11 12 13 14

K(AJ ) 49.4 50.7 52 53.2 54.4 55.5 56.5

We solved the problem (1), with right-hand

side f = 1, on the slit domain with interior crack in

2-dimensional space and Fichera corner domain in

3-dimensional space by applying the AWGM. The

AWGM produces a sequence of approximate solu-

tions that converges to the exact solution with best

possible nonlinear approximation rate from the ba-

sis, in linear computational complexity. In view of

the tensor product wavelet construction, for suffi-

ciently smooth functions, this rate is as large as

d−1 = 4, compared to d−1
n for a common isotropic

wavelet basis of order d. For more detail we refer

to [CDFS13]
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Abstract: In this paper moving mesh generation equations are used to obtain adaptive centers for radial

basis functions. At first, a set of uniform centers are distributed in the domain, then mesh generation

differential equations are used to move the centers to region with high gradients. The method is applied for

problems whose solution contain region with rapid variations. Numerical results of Helmholtz differential

equation show a clear reduction in the error, when the adaptive centers are used for RBFs.
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1 INTRODUCTION

During the last decade, researchers have tried to de-

velop a group of meshfree methods which are based

on the radial basis functions (RBFs) [1]. It is easy

to implement and the formulations for different di-

mensional problems are similar. A set of points

called centers or data sites are needed to define the

RBFs. Both the approximation quality and the

stability of the RBFs interpolation depend on the

positions of the centers set. It is well known that

the condition number of RBFs collocation methods

becomes large when the number of centers increases

[2]. In order to achieve this goal, we can use a set

of adaptive nodes rather than uniform ones [3, 4].

Our goal is to move a fixed numbers of nodes to

the regions of domain that the function has rapid

variation. To this end in this paper moving mesh

generation equations are used to obtain adabtive

centers for RBFs meshfree method.

2 ADAPTIVE RADIAL BA-

SIS FUNCTIONS

In this section at first mesh generation equations

are introduced. Then these equations are applied

for obtaining adaptive centers of RBFs.

2.1 Moving Mesh Equations

Consider the problem of adaptive mesh generating

from the computational domain Ωc, that is an ar-

tificial domain for the purpose of mesh generation,

to two dimensional domain Ωp, where the physical

problem is defined. Denote by (x, y) and (ξ, η) the

physical and the computational coordinates in Ωp

and Ωc, respectively. Then, the adaptive mesh for

Ωp can be generated as the image of uniform mesh

in Ωc under the invertible map

x = x(ξ, η), y = y(ξ, η), (1)

∗Corresponding Author
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A variational approach is defined for obtaining

steady mesh generation differential equations. The

adaption functional is defined for the inverse coor-

dinate transformation as

I[ξ, η] =

∫
Ωp

(
∇ξTM−1∇ξ +∇ηTM−1∇η

)
dxdy,

(2)

where ∇ = (∂/∂x, ∂/∂y) is the gradient operator

and M is a two-by-two symmetric positive definite

matrix (called monitor function) which intercon-

nects the mesh and the physical solution [5, 6, 7] .

The Euler-Lagrange equations for I[ξ, η],

∇.(M−1∇ξ) = 0, ∇.(M−1∇η) = 0, (3)

determine the coordinate transformation for the

mesh generation and adaption. By interchanging

the roles of the variables x, y and ξ, η, we can

rewrite relation (3) as

a11
∂2x

∂ξ2
+ 2a12

∂2x

∂ξ∂η
+ a22

∂2x

∂η2
+ b1

∂x

∂ξ
+ b2

∂x

∂η
= 0,

(4)

a11
∂2y

∂ξ2
+ 2a12

∂2y

∂ξ∂η
+ a22

∂2y

∂η2
+ b1

∂y

∂ξ
+ b2

∂y

∂η
= 0,

(5)

where

a11 = pTM−1p, a12 = pTM−1q, a22 = qTM−1q,

b1 = −pT (
∂M−1

∂ξ
p+

∂M−1

∂η
q),

b2 = −qT (
∂M−1

∂ξ
p+

∂M−1

∂η
q),

and

p =
1

J

[
yη

−xη

]
, q =

1

J

[
−yξ

xξ

]
, J = xξyη−xηyξ.

The monitor function in the above equations con-

trols the mesh concentration. We use the arc-

length monitor function as follows

M = ωI, ω =
√
1 + α ((ux)2 + (uy)2) + βu2, (6)

α and β are positive constants. Transforming the

first order partial derivatives of u from the physical

coordinate to the computational ones, gives

ux =
1

J
[+(yηu)ξ − (yξu)η] , (7)

uy =
1

J
[−(xηu)ξ + (xξu)η] . (8)

Solution of equations (4) and (5) gives adaptive

mesh in the physical domain.

2.2 Radial Basis Functions

Given a set of N distinct points {xi ∈ Ω, i =

1, . . . , N}, where Ω is a bounded domain in R2.

These points are called data sites or centers.

Suppose further that N function values {fi, i =

1, . . . , N}, at the centers are given. A radial ba-

sis function, is a function Φi(x) = ϕ (ϵ∥x− xi∥2),
which depends only on the distance between x ∈
R2 and a fixed center xi ∈ Ω [1]. In this paper,

we employ the MQ RBFs ϕ(r) =
√

1 + (ϵr)2. The

variable ϵ in the RBFs is known as the shape pa-

rameter and play an important role in accuracy of

the solution. Now consider the general linear ellip-

tic partial differential equation of the form

Lu = f, in Ω, (9)

u = g, on ∂Ω.

where Ω is a bounded domain inR2. We distinguish

in our notations between centers χ = {x1, ...,xN}
and the collocation points Ξ = {ξ1, ..., ξN}. The

exact solution u(x) of the problem (9) is approxi-

mated by

uapr(x) =
N∑
i=1

λiϕ (∥x− xi∥) . (10)

The set Ξ, of the collocation points is split

into a set Ξ1 of the interior points and a set Ξ2

of the boundary points. The collocation matrix

that is obtained by matching the differential equa-

tion and the boundary condition at the collocation

points Ξ, has the following form

A =

[
ÃL

Ã

]
,
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where ÃL = Lϕ (∥ξ − xj∥) |ξ=ξi
, ξi ∈ Ξ1, xj ∈

χ, and Ã = ϕ (∥ξi − xj∥) , ξi ∈ Ξ2, xj ∈ χ.

The unknown coefficients λi are determined by

solving the linear system Aλ = f, where f is a

vector consisting of entries f(ξi), ξi ∈ Ξ1, and

g(ξi), ξi ∈ Ξ2.

2.3 Adaptive Nodes Generations

Methods

In this section, we apply the mesh generation equa-

tions (4) and (5) for obtaining the adaptive cen-

ters of RBFs. For simplicity, we suppose that the

computational domain and the physical domain are

equal. Then a set of N distinct uniform centers

{xi = (xi, yi) ∈ Ωp, i = 1, . . . , N} are distributed

in the physical domain. The centers in the com-

putational domain are selected same as the initial

uniform centers in the physical domain and are de-

noted by {ξi = (ξi, ηi) ∈ Ωc, i = 1, . . . , N}. The

centers in the physical domain Ωp are regarded as

the image of uniform centers in the computational

domain Ωc.

Adaptive algorithm:

(i) Compute the monitor function M and its par-

tial derivatives with respect to ξ and η using initial

centers (xi, yi) in the physical domain and the val-

ues of function u(xi, yi) on these centers.

(ii) Compute the coefficients a11, a12, a22, b1 and b2

using M and its partial derivatives.

(iii) Linearize equations (4) and (5) by using fixed

coefficients a11, a12, a22, b1 and b2 being calculated

at the previous step. Then, solve these equations

with RBFs in the computational domain. The so-

lution of these equations is the new position of the

centers in the physical domain. These centers are

closer to the adaptive centers rather than the ini-

tial uniform centers.

(iv) Replace the initial centers in the physical do-

main with the new centers. The procedure is re-

peated until the difference between two successive

generated centers in the physical domain, be suffi-

ciently small.

3 NUMERICAL EXPERI-

MENTS

Example 1: In this exaple we apply the method

for a function that has five peak at its irregular

domain. At first, a set of uniform points are dis-

tributed in the domains and then adaptive centers

are obtained. The plot of function and adaptive

centers are shown in Fig. 1 and Fig. 2 respectively.

The nodes are concentrated exactly around regions

where the functions change rapidly and peaks are

placed. This examples is solved for α = 0.02, β = 2

in the monitor function and MQ shape parameter

ϵ = 7.
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Figure 1: Plot of function in Example 1 in the extended

domain.
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Figure 2: Adaptive centers in Example 1.

Example 2: In Example 2, we apply the adaptive

methods for the Helmholtz equation.

uxx + uyy + µu = f, (11)

u = g, .
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with the exact solution

u(x, y) = exp
(
−400

(
(x− .5)2 + (y − .5)2

))
.

A value of µ = 9 is chosen. The plot of function in

Example 2 with the centers generated by the adap-

tive algorithm are displayed in Fig. 2 and Fig. 3

respectively.
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Figure 3: Plot of function in Example 2.
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Figure 4: Adaptive centers in Example 2.

The root mean square (RMS) error are evaluated

for the uniform centers and the adaptive center-

sand are given in Tables 1. The numerical results

show a considerable reduction in the error when

the adaptive centers are used for collocation RBFs.

In Example 2, the RMS error in the case of 1296

uniform nodes is higher than the errors in the case

of 961 adaptive nodes.

TABLE 1

RMS ERROR CORRESPONDING TO EXAMPLE 2.
Number of nodes RMS error RMS error

(uniform centers) (adaptive centers)

441 6.894245e-003 1.140145e-003
676 1.564462e-003 1.777692e-004
961 9.071631e-005 3.929836e-006
1296 4.357226e-005 4.885126e-007
1681 6.931485e-008 2.947646e-008
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Abstract: In this paper, a new approach is introduced to find approximate solutions of linear Volterra

integral equations (of both kinds) using the minimization of residual functions based on the infinity norm.

Since, this minimization problem is not simple to solve numerically, an efficient algorithm is presented

for finding a numerical solution based on linear programming. Also, the existence and the convergence

of approximate solutions based on this approach are investigated. In order to confirm the efficiency and

accuracy of the proposed method, some numerical examples are examined.

Keywords: Volterra integral equation, Best approximation, Residual function, Infinity norm.

1 INTRODUCTION

Linear Volterra integral equations and their solu-

tions play a major role in science and engineering.

A lot of physical events can be modeled by the dif-

ferential equations, integral equations , functional

equations or algebraic equations. Some of these

integral equations cannot be solved explicitly. To

cure this problem, we may use some numerical tech-

niques such as projection methods, Taylor method

and Tau method. Most of these techniques em-

ploy appropriate linear combinations of basic func-

tions such as, Chebyshev polynomials, Legendre

polynomials, Bernstein polynomials, Spline func-

tions, Block-pulse functions and wavelets [1]-[8].

These methods lead to solving linear systems of

algebraic equations with large condition numbers

which sometimes are difficult to solve, impossible

or ill-posed problems. In most of these methods,

the value of error and the convergence rate have

not been studied. That is, knowing the error and

convergence rate is applicable for a few equations.

Best approximation problem is one of the most im-

portant and applicable subjects in different area

of the approximation theory such as partial dif-

ferential equations, differential equations, integral

equations, integro-differential equations, etc. In

this paper we consider a method that finds the

best approximate solution for a given Volterra in-

tegral equation. At the first step, we select a set of

linearly independent functions. Next, we approx-

imate the solution of the given Volterra integral

equation with a linear combination of the selected

functions and find the corresponding coefficients by

minimization of the corresponding residual func-

tion. This paper is organized as follows: In section

2, the existence and convergence of best approx-

imate solutions for linear Volterra integral equa-

∗Corresponding Author

1

18

18



tions including second and first kinds is investi-

gated. In sections 3 and 4, an algorithm for ob-

taining the best approximate solutions of Volterra

integral equations is proposed.

2 Linear Volterra Integral

Equations

The general form of a linear Volterra integral equa-

tion is given as follows:

y(x) + λ

∫ x

0

k(x, t)y(t)dt = f(x), (1)

where, the parameters λ, and functions k(x, t) and

f(x) are known and y(x) is an unknown function

to be determined. Suppose that the approximate

solution of (??) is presented as the following form

yn(x) = a0ϕ0(x) + a1ϕ1(x) + ... + anϕn(x), (2)

where the parameters ais are unknown constants

and the functions ϕi, (i = 0, 1, ..., n) are a set

of given linearly independent functions defined on

[0, 1] . In order to compute these constants the

residual function  L[yn] is minimized such that

‖L[y∗n]‖p = min
(a0,a1,...,an)

‖L[yn]‖p, (3)

where

L[yn](x) = yn(x)+λ

∫ x

0

k(x, t)yn(t)dt−f(x), (4)

and

‖L[yn]‖p =







(

∫ 1

0 |L[yn](x)|pdx
)1/p

, if 1 ≤ p < ∞

max0≤x≤1 |L[yn](x)|, if p = ∞

(5)

So, we will consider

y∗n(x) = a∗0ϕ0(x) + a∗1ϕ1(x) + ... + a∗nϕn(x), (6)

as an approximate solution for the (??).

Definition 1: ȳn = ā0ϕ0 + ā1ϕ1 + ... + ānϕn is

called a polynomial of best approximation of de-

gree at most n to the function y∗, if ‖ȳn − y∗‖p =

inf
yn∈Πn

‖yn − y∗‖p where

yn = a0ϕ0 + a1ϕ1 + ... + anϕn.

Remark 1: Overall in paper, we assume that

functions f(x) in 0 ≤ x ≤ 1, and kernel k(x, t)

in {(x, t) | 0 ≤ x, t ≤ 1} are continuous. Also, the

integral equation (??) has a unique continuous so-

lution.

Theorem 1: There exists an approximate solution

for (??) in the form (??).

Theorem 2: If k (x, t) is continuous in 0 ≤ t ≤

x ≤ 1 and f(x) is continuous in 0 ≤ x ≤ 1, then

the integral equation y(x)+λ
∫ x

0 k (x, t) y(t) d t =

f(x) possesses a unique continuous solution for

0 ≤ x ≤ 1.

Theorem 3: If the norm used is infinity norm,

then the sequence {y∗n} of our method is conver-

gent to the exact solution of (??)

3 Best Approximation in the

Infinity Norm

First of all, it is supposed that the form of approx-

imate solutions of integral equation (??) is as (??).

Substituting (??) into (??) deduces the residual

function L[yn] as:

L [yn] = a0φ0 + a1φ1 + ... + anφn − f, (7)

where,

φi(x) = ϕi(x) + λ

∫ x

0

k(x, t)ϕi(t)dt 0 ≤ i ≤ n,

Assume that minimization L [yn] occurs for a∗i , i =

0, 1, 2, ..., n. therefore:

‖a∗0φ0 + a∗1φ1 + ... + a∗nφn − f‖∞ =

min
a0,a1,...,an

‖a0φ0 + a1φ1 + ... + anφn − f‖∞ .

(8)

In order to determine a∗i , i = 0, 1, 2, ..., n, it

is enough to solve the following mathematics pro-
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gramming problem:

min σ

s.t

|a0φ0(x) + a1φ1(x) + ... + anφn(x) − f(x)| ≤ σ

∀x ∈ [0, 1]

σ ≥ 0

(9)

To solve the above problem, we select a fi-

nite number of points xi, i = 1, 2, ...,m in interval

[0, 1] and solve the following linear programming

problem:

min σ

s.t

|a0φ0(xi) + a1φ1(xi) + ... + anφn(xi) − f(xi)| ≤ σ

i = 1, 2, ...,m

σ ≥ 0

(10)

The numbers and positions of these points

are selected such that the optimum value of (??) is

approached to that of (??) . For convenience the

multi-variable function d(a, x) is defined as

d(a, x) := |a0φ0(x) + a1φ1(x) + ... + anφn(x) − f(x)|

where a = (a0, a1, ..., an).

(11)

Now the algorithm 3.1 is presented as follows

Step I: Set r = 1 and choose arbitrarily x0 ∈ [a , b]

and ε > 0.

Step II: Determine the optimum solution (ar , σr)

of the linear programming problem

min σ

s.t

d(a, xi) ≤ σ i = 1, 2, ..., r.

σ ≥ 0

(12)

Step III: Find the maximum value of d(ar , x) on

interval [0, 1] and set

d(ar , xr+1) = max
x∈[0,1]

d(ar , x).

Step V: Check the inequality of d(ar , xr+1) ≤

σr + ε.

If d(ar , xr+1) ≤ σr + ε,

set (a0, a1, ..., an) := (a0r, a1r, ..., anr).

Otherwise set r := r + 1. and go to step II.

Theorem (4): For a given positive ε, the number

of necessary iterations in algorithm3.1 is finite.

Theorem (5): The sequence {ynk
} including of

approximate solutions constructing by Algorithm

3.1 is convergent to the exact solution of equation

(??).

4 Numerical Results

Example1. Consider the following Volterra inte-

gral equation:

y(x) +

∫ x

0

(x− t)y(t)dt = x, 0 ≤ x ≤ 1 (13)

with the exact solution y = sin(x) . The re-

sults obtained by presented method are shown in

Fig.(1)

Example2. Consider the following Volterra inte-

gral equation:

y(x) +
∫ x

0
xesec(x)y(t)dt =

sin(x)
cos2(x) + 1

4 (esec(x) − e)x, 0 ≤ x ≤ 1
(14)

with the exact solution y = sec(x) tan(x), The re-

sults obtained by presented method are shown in

Table 1

TABLE 1

Observed errors for example 2

n 5 9 11

Maximum Absolute Error 0.004083 0.0000235 0.00000420

Figure 1: Comparison between absolute errors in two cases:

I) the exact solution and its best polynomial approximation
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II) the exact solution and obtained polynomial based on the

proposed method for example 1.

5 Conclusions

In this article we have introduced an efficient nu-

merical method and its corresponding algorithm to

solve linear Volterra integral equations. Based on

our algorithm we have constructed a sequence of

functions which is convergent to the exact solution

of the given integral equation.
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Abstract: In this study, nonlinear differential equations governing vibrating beam columns with variable

cross-section of the new method is applied to solve. Our purpose is to enhance the ability of solving the

mentioned nonlinear differential equation with a simple and innovative approach which was named Akbari-

Ganji’s Method or AGM. According to the afore-mentioned assertions which will be proved in this case study,

the process of solving nonlinear equation(s) will be very easy and convenient in comparison with the other

methods. According to the explanations given about the capabilities of this method (AGM), non-linear par-

tial differential equations governing the vibration of the beam-column are investigated for dynamic systems.

Keywords: New Method; Akbari-Ganji’s Method (AGM); Oscillating Systems; Rayleigh differential equa-

tion.

1 INTRODUCTION

Let f and g be two continuously differentiable func-

tions on R, with f an even function and g an odd

function. Then the nonlinear second order ordinary

differential equation of the form

y′′ + f(y)y′ + g(y) = 0 (1)

Letf and g be two continuously differentiable func-

tions onR, with f an even function and g an odd

function. Then the nonlinear second order or-

dinary differential equation of the form oscillat-

ing circuits. It is citable that a number of tech-

niques for solving nonlinear differential equations

were emerged for the range of completely analyti-

cal methods to completely numerical ones. In ad-

dition to all the benefits of using numerical meth-

ods, closed form solutions appear more appealing

because they reveal physical insights through the

physics of the problem and also parametric stud-

ies become more convenient by applying analytical

methods. It is noteworthy that many of the clas-

sic analytical methods such as traditional pertur-

bation techniques which were presented for solving

nonlinear equations have many shortcomings and

they are not valid for strongly nonlinear differential

equations. To overcome the shortcomings, many

new approaches have been appeared in the open

literature such as Delta-perturbation, Adomian De-

composition [1],[3], Artificial Parameter-Lindstedt

Poincar [6], Parameter Expansion[5] and Homo-

∗Corresponding Author
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topy Perturbation Method [4]. Another powerful

analytical method called the Variational Iteration

Method (VIM) which was first proposed by He (see

also [1],[4],[7]. Since most of the afore-mentioned

methods do not have the capability to solve non-

linear differential equations easily and accurately so

in this case study in order to finish this difficulty,

Algebraic Method (AGM) has been presented to

solve complicated nonlinear differential equations

such as the proposed problem in this literature.

2 The Analytical of Method

In general, vibrational equations and their initial

conditions are defined for different systems as fol-

lows:

f(u′′, u′, u, F0sinω0t) = 0 (2)

2.1 step1

Choosing the answer of the governing equation for

solving differential equations by AGM. In AGM, a

total answer with constant coefficients is required

in order to solve differential equations in various

fields of study such as vibrations, structures, fluids

and heat transfer. Now, the answer of this kind of

vibrational system is chosen as:

u(t) = e−bt(A cos(ωt) +B sin(ωt)) (3)

According to trigonometric relationships, Eq. (4)

is rewritten as follows:

u(t) = e−bt(a cos(ωt+ φ)) (4)

It is notable that in the above equation a =
√
A2 +B2 and φ = arctan

B

A
. Sometimes for in-

creasing the precision of the considered answer of

Eq. (3), we are able to add another term in the

form of cosine by inspiration of Fourier cosine se-

ries expansion as follows:

u(t) = e−bt(a cos(ωt+ φ) + d(cos(2ωt+ φ)) (5)

As a result, the differential equation governing on

the vibrational system is expressed like Eq. (1) as

follows:

f(u′′, u′, u, F0sin(ω0t)) = 0 (6)

The answer of the above equation is introduced as

the sum of the particular solution(up) and the har-

monic Solution (uh) as follows:

uh(t) = e−bt(A cos(ωt) +B sin(ωt));

up(t) = (M cos(ωt) +N sin(ωt)) (7)

u(t) = up + uh (8)

To deeply understand the above procedure, reading

the following lines is recommended. Since the con-

stant coefficient (b) in vibrational systems without

damping components is always obtained zero, we

can add the term (bt) instead of exp−btin Eq.(7) to

decrease computational operations in the following

form:

u(t) = (bt) + a cos(ωt+ φ) + c cos(2ωt+ φ)) (9)

Consequently, Eq.(9) which has been considered as

the answer of the systems without any damping

component can be rewritten as follows:

u(t) = a cos(ωt+ φ) + d cos(ω0t+ φ)) (10)

The constant coefficients of Eq.(9) or Eq.(10) which

area, b, ω, φ, c, d, ϕ will easily be computed in AGM

by applying the initial conditions of Eq. (2).

2.2 Step2

In AGM, the application of initial conditions of

Eq.(2) is done in the two following forms: In re-

gard to the kind of vibrational system (with ex-

ternal force and without external force) which was

completely discussed in the previous part of this

case study, a function is chosen as the answer of the

differential equation from Eq.(4) or Eq.(5) for the

systems without external forces and from Eq.(9) or

Eq.(10) for the defined systems with external forces

and then the initial conditions are applied on the

selected function as follows:

u(t) = u(IC) (11)
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It is notable that IC is the abbreviation of intro-

duced initial conditions of Eq. (2). Assume the

general equation of the vibration such as Eq.(1)

with time-independent parameter(t) and depen-

dent Function (u) as:

f(u′′, u′, u, F0sin(ω0t)) = 0 (12)

Therefore on the basis of the kind of vibrational

system, a function as the answer of the differen-

tial equation such as Eq.(4) or Eq.(5) and Eq.(9)

or Eq.(10) are considered as follows:

u = g(t) (13)

In this step, the afore-mentioned equation is substi-

tuted into Eq. (16) instead of (u) in the following

form:

f(g′′(t), g′(t), g(t), F0sin(ω0t)) = 0 (14)

Eventually, the application of initial conditions on

Eq. (16) and its derivatives is expressed as:

f(IC) = f(g′′(IC), g′(IC), g(IC)) = 0

f ′(IC) = f ′(g′′(IC), g′(IC), g(IC)) = 0

f ′′(IC) = f ′′(g′′(IC), g′(IC), g(IC)) = 0 (15)

Therefore, the constant coefficients (a, b, c, d, an-

gular frequency”φ ” and initial phase) are easily

achieved which this procedure will thoroughly be

explained in the form of an example in the forego-

ing part of this paper.

2.3 Application

To illustrate the effectiveness of the present

method, several examples are considered in this

section. The accuracy of the method is assessed

by comparison with the exact solutions.

Example 1

Consider the following Rayleigh differential equa-

tion

y′′ = −y − ζ(1− 1

3
y′′2)y′

y(0) = 1, y′(0) = 0. (16)

with the multi-step DTM,the series solution for

rayleigh equation(16) is given by [8]. Solving the

Differential Equation with AGM On the basis of

the given explanations in the previous section, the

answer of Eq.(16) in AGM with ζ = 0.1 is consid-

ered as follows:

y(t) = e−bt(b cos(ωt+ φ) (17)

In AGM, the constant coefficients of Eq.(17) which

areω (angularfrequency),a,b and φ (initial vibra-

tional phase) can easily be computed by apply-

ing initial conditions according to the physical as-

pects of the problem. Applying Initial Conditions

in AGM. The constant coefficients of Eq.(17) can

be gained by applying the initial or boundary con-

ditions in this new approach. As a result, applying

the initial conditions on Eq.(17) is done as:

y(0) = 0 → bcosφ = 0 (18)

y′(0) = 2 → −abcosφ− bωsinφ = 2 (19)

Which has been considered as the answer of the

main differential equation into Eq.(16) as

f(y(0)) = bcosφ+ a2bcosφ− bω2cosφ

+ 2abωsinφ+ 0.1(−abcosφ

− bωsinφ)(1− 1
1

3
(−abcosφ

− bωsinφ)2) = 0 (20)

Then for the first derivative of the achieved equa-

tion, we will have

f ′(y(0)) = −abcosφ− a3bcosφ− 3abω2cosφ

− bωsinφ− 3a2bωsinφ− bω2sinφ)

− 0.0666667(−abcosφ− bωsinϕ)2

( a2bcosφ− bω2cosφ− 2abωsinφ)

− 0.1(a2bcosφ− bω2cosφ+ 2abωsinφ)

( 1− 1

3
(−abcosφ− bωsinφ)2) = 0.(21)

By solving a set of algebraic equations which is con-

sisted of four equations with four unknowns from

Eqs.(18),(21), the constant coefficients of Eq.(16)

can easily be yielded.

a = 0.05, ω = −0.998749,

b = −1.00125, φ = −3.09157. (22)
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y(t) = exp−0.05(−1.00125cos(−0.998749t

− 3.09157)). (23)

The performance analyses are obtain by the AGM

and the adaptive MSDTM summarized in fig1 .It

is showed that the proposed approach is very fast

and effective. Fig 1 can be used as a sample of

AGM. Fig 1 indicates the approximate solution

for Rayleigh differential equation Eq.(16) obtained

using the adaptiv AGM and same solution ob-

tained with MsDTM [8] and the RK4 method with

h = 0.01, for ζ = 0.1 [2]. We can observe that lo-

cal changes obtained using the adaptive AGM are

in high harmony with the RK4 mehod for small

values of ζ

5 10 15 20
t

-0.5

0.5

1.0

yHtL

Figure 1: Magnetization as a function of applied field.

3 Conclusions

In this paper, differential equations which are

Rayleigh equation by Algebraic Method (AGM)

and also the obtained results have been compared

with numerical method. Then, the vibrational ve-

locity and vibrational acceleration have successfully

been achieved. The above process has been done

in order to show the ability of AGM for solving

a broad range of differential equations in different

fields of study particularly in vibrations. Conse-

quently, it is concluded that AGM is a reliable and

precise approach for solving miscellaneous differen-

tial equations. It is better to say that AGM is able

to solve linear and nonlinear differential equations

directly in most of the situations that means the

final solution can be obtained without any dimen-

sionless procedure. Therefore, AGM can be consid-

ered as a significant progress in nonlinear sciences.
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Abstract: In this study, we introduce orthonormal Bernstein operational matrix for fractional derivative of

order α in the Caputo sense to give the approximate solution of multi-order fractional equations.

Finally, numerical results with comparison are given to confirm the validity and efficiency of the present

approach.
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1 INTRODUCTION

In recent decades, considerable attention has been

devoted to the study of the fractional calculus and

its numerous applications in the areas of physics

and engineering [3].

For the Caputo derivative we have [2]

DαC = 0, (C is a constant), (1)

Dαxj =


0, for j ∈ N ∪ {0} and j < ⌈α⌉,
Γ(j+1)

Γ(j+1−α)x
j−α, forj ∈ N ∪ {0} and

j ≥ ⌈α⌉, or j /∈ N and j > ⌈α⌉.
(2)

There are various techniques for solving fractional

differential equations.

In this paper we apply orthonormal Bernstein op-

erational matrix to fractional calculus.

2 Orthonormal Bernstein

Polynomials (OBPs)

The explicit representation of the OBPs of mth de-

gree on [0, 1] are defined by [1]

φi,m(x) =
√

2(m− i) + 1(1− x)m−i

i∑
k=0

(−1)k
(
2m+ 1− k

i− k

)(
i

k

)
xi−k, (3)

for i = 0, . . . ,m.

These polynomials satisfy the following orthogonal-

ity relation ∫ 1

0

φi,m(t)φj,m(t)dt = δi,j , (4)

where δi,j is the Kronecker delta function.

1
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3 Expansion of OBPs in terms

of Taylor Basis

By using Taylor expansion, φj,m(x) can be repre-

sented as

φj,m(x) = Zj+1Tm(x), j = 0, . . . ,m, (5)

where Zj+1 is a row vector which its elements are

the Taylor series expansion coefficients of φj,m(x)

and

Tm(x) = [1, x, x2, . . . , xm]T . (6)

Thus from (5) and (6) we have

Φ(x) = ZTm(x), (7)

where

Φ(x) = [φ0,m(x), φ1,m(x), . . . , φm,m(x)]T . (8)

4 Function Approximation

Theorem 1. For any u ∈ L2
ω(I) and m ∈ N,

there exists a unique q∗m ∈ Pm such that,

∥u− q∗m∥L2
ω
= inf

qm∈Pm

∥u− qm∥L2
ω
, (9)

where

q∗m(x) =
m∑

k=0

ûkpk(x) with ûk =
(u, pk)ω
∥pk∥2ω

, (10)

and {pk}mk=0 forms an L2
ω-orthogonal basis for Pm.

In particular, we denote the best approximation

polynomial q∗m by πmu, which is the L2
ω-orthogonal

projection of u.

The OBPs are orthogonal with respect to the

weight function ω(x) = 1 over I = (0, 1).

Therefore if f is an arbitrary element in L2(0, 1),

by theorem 1, f has the unique best approximation

πmf , such that

πmf =

m∑
k=0

ckφk,m. (11)

According to (4) and (10) we have

ck = (f, φk,m), k = 0, . . . ,m. (12)

5 The Operational Matrices

of Derivative

The differentiation of vector Φ(x) in (8) can be ex-

pressed as

Φ′(x) = DΦ(x), (13)

where D is an (m+1)×(m+1) matrix and is called

the operational matrix of derivative for OBPs.

By a straightforward calculation, It is easy to show

that D = ZΛ∗B∗ where Λ∗ and B∗ can be ex-

pressed as follows

Λ∗ =



0 0 0 . . . 0

1 0 0 . . . 0

0 2 0 . . . 0
...

...
...

...
...

0 0 . . . m 0

 ,

and

B∗ = [Z−1
1 , Z−1

2 , . . . , Z−1
m+1]

T .

6 The Operational Matrix of

the Fractional Derivative

We generalize the operational matrix of derivative

of OBPs given in (13) for fractional order deriva-

tive.

Theorem 2. Let α > 0, for Φ(x) defined in (8),

we have

DαΦ(x) ≃ D(α)Φ(x), (14)

where D(α) is the (m+1)×(m+1) operational ma-

trix for fractional derivative of order α in Caputo

sense.

Proof. By using (7), we have

DαΦ(x) = ZDαTm(x), (15)

2
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where

DαTm(x) = [Dα1, Dαx, . . . , Dαxm]T . (16)

Let ⌈α⌉ = j, from (2) we have

Dαxk = 0, k = 0, . . . , j − 1, (17)

Dαxk =
Γ(k + 1)

Γ(k + 1− α)
xk−α, k = j, . . . ,m. (18)

Using (16), (17) and (18) leads to

DαTm(x) = [0, 0, . . . , 0,
Γ(j + 1)

Γ(j + 1− α)
xj−α,

. . . ,
Γ(m+ 1)

Γ(m+ 1− α)
xm−α]T . (19)

Now, we approximate xk−α by OBPs. By using

(11) we obtain

xk−α ≃
m∑
l=0

alkφl,m(x), k = j, . . . ,m, (20)

where

alk =

∫ 1

0

xk−αφl,m(x)dx, l = 0, . . . ,m. (21)

Inserting (5) into (21) leads to

alk =

m∑
i=0

Zli

∫ 1

0

xk−αxidx

=
m∑
i=0

Zli
1

k − α+ i+ 1
. (22)

Hence with the aid of (20) and (22) the following

relation is inferred

xk−α ≃
m∑
l=0

(
m∑
i=0

Zli
1

k − α+ i+ 1
)φl,m(x),

k = j, . . . ,m. (23)

Substitution (23) in (19) for k = j, . . . ,m, gives

DαTm(x) = AΦ(x), (24)

where, A is the (m+1)×(m+1) matrix. We derive

from (15) and (24) that

DαΦ(x) ≃ ZAΦ(x) = D(α)Φ(x). (25)

This end the proof.

7 Numerical Examples

In this section, some numerical examples will be

illustrated to compare the new approach with the

results in [4].

Example 1. Consider the fractional differential

equation [4]

4(x+ 1)D
5
2 y(x) + 4D

3
2 y(x) +

1√
x+ 1

y(x)

=
√
x+

√
π, (26)

y(0) =
√
π, y′(0) =

√
π

2
, y(1) =

√
2π, (27)

with the exact solution y(x) =
√

π(x+ 1).

An approximation to the solution may be written

as

y(x) ≃ CTΦ(x), (28)

from (13) and (25) , we have

y′(x) ≃ CTΦ′(x) ≃ CTDΦ(x), (29)

Dαy(x) ≃ CTDαΦ(x) ≃ CTD(α)Φ(x). (30)

By inserting (28), (29) and (30) in (26) we obtain

CT (4(x+ 1)D( 5
2 ) + 4D( 3

2 ) +
1√
x+ 1

)Φ(x) =
√
x+

√
π,

(31)

with boundary conditions

CTΦ(0) =
√
π, CTDΦ(0) =

√
π

2
, CTΦ(1) =

√
2π.

(32)

The boundary conditions of (32) give three linear

equations. Since the number of unknowns in the

vector C is m+1 , then we collocate (33) at (m−2)

points, xi = ( 12 )(cos(
iπ
m ) + 1), i = 1, ...,m− 2. We

have compared our results with method of [4] in

table 1.
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Example 2. Consider the fractional differential

equation [4]

√
πxD

5
2 y(x) + 10Γ(

2

3
) 3
√
xD

4

3
y(x) + 4

√
xΓ(

3

4
)

D
1
4 y(x)− 40

77
y(x) = 12x+ 54x2 +

8

7
x3, (33)

y(0) = 0, y′(0) = 0, y(1) = 1. (34)

The exact solution of this problem is y(x) = x3.

We have compared our results with method of [4]

in table 2.

The graph of exact and approximate solutions are

shown in Fig. 1.

TABLE 1

Comparison of L2 error of the method of [4], and our approch

for example 1.

Methods L2 errors

Method of [4]

J = 5 1.2E-03

J = 7 1.2E-04

J = 8 4.2E-05

Our approach

m = 3 6.5E-04

m = 6 6.1E-06

TABLE 2

Comparison of L2 error of the method of [4], and our approch

for example 2.

Methods L2 errors

Method of [4]

J = 4 6.9E-04

J = 6 6.1E-05

Our approach

m = 3 2.1E-04

m = 4 6.3E-05

Figure 1: Comparison between approximate solution and the

exact solution with m = 3 for Example 2.
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ترال اسپ ترکیب روش به استنت توسط دارو رهایش عددی حل
متناه تفاضل و

s.fakhri@shahed.ac.ir شاهد، اه دانش ، ریاض گروه ارشد کارشناس دانشجوی فخری*، سمیه

momeni@shahed.ac.ir شاهد، اه دانش ، ریاض گروه علم هیئت عضو ماسوله**، مؤمن حجت�اله سید

چرب رسوب جمله از مختلف دالیل به شریان�ها گرفت و انسداد عروق قلب بیماری�های دالیل از ی یده: چ
از استفاده �شود م گرفته کار به بیماری این درمان برای حاضر حال در که روش�های از ی �باشد. م رگ دیواره�ی در
دارو رهاکننده�ی استنت�های از امروزه رگ�ها داخل استنت کاشت از ناش عوارض کاهش منظور به �باشد. م استنت
قلب استنت از دارو رهایش به مربوط معادالت مقاله این در �کنند. م استفاده ثیری ت ضد و ترومبوز ضد داروی شامل

ترال-تفاضل اسپ ترکیب روش از استفاده با معادالت این و �گیرند م قرار بررس مورد آن سه�بعدی مدل و عروق
�شوند. م حل متناه

. متناه تفاضل ترال، اسپ مدل�سازی، دارو، رهایش استنت، کلیدی: کلمات

جان CVD ،٢٠٠۴ سال در شدند. انسان�ها مرگ
گرفت را نفر ۴۵٢،٣٠٠ جان CHD و نفر ٨٧١،۵٠٠

شد[؟]. گزارش ا آمری قلب انجمن توسط که
شریان�ها انسداد و تن دلیل به بیماری�ها این در
ماهیچه�ها و بافت�ها مهم، اندام�های به خون رسانش
درمان در مختلف روش�های �یابد. م کاهش
از: عبارتند که دارند وجود عروق قلب بیماری�های

کرونر) عروق روشCBAG(پیوند .١
انسداد محل اطراف در را خون که بالین روش
وسیله این به و کرده هدایت ری دی مسیر از رگ

�بخشد. م بهبود را قلب به خون�رسان عمل

مقدمه

علل جمله شریان١از تصلب مانند شریان بیماری�های
در �باشند. م امروز صنعت جهان در میر و مرگ
متحده�ی ایاالت در نفر میلیون ٧٣ حدود ٢٠٠۵ سال
قلب بیماریهای از ل ش ی از بیشتر یا ی به ا آمری

باال، خون فشار شامل که بودند مبتال (٢CVD) عروق
مغزی ته س و (٣CHD) قلب کرونری عروق بیماری
قلب شریان بیماری�های ٢٠٠۴ سال در �باشد. م

انواع قبیل از میر و مرگ اصل علل سایر از بیش
سبب ... و تنفس بیماری�های تصادفات، سرطان،

�شود. م آن�ها تن موجب که بدن سرخرگ�های در چرب ١تجمع
٢Cardiovascular disease
٣Coronary heart disease

١
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رها معین زمان مدت در دارو رگ، درون در
عوارض از دارو این شدن رها با که �شود م
در �شود. م کاسته حدی تا استنت کاشت
در کوچ فلزی داربست ی استنت، حقیقت
قرار رگ دیواره�ی داخل که �باشد م رو می اندازه
فوالد جنس از معموال داربست این �گیرد. م
حافظه نیتیتول(آلیاژ یا و تانتالیوم نزن، زن
انواع �باشد. م تیتانیوم) و ل نی جنس از دار
با لوله�ای سیم�پیچ، قبیل از استنت�ها از گوناگون
وجود ... و مانند توری ه�ای شب ، باری اف ش
فوایدی دارای استنت�ها انواع از هرکدام دارند.
حالت نواخت، ی انبساط انعطاف��پذیری، نظیر
و دانشمندان اخیراً �باشند. م (فنری) ارتجاع
استنت�های از استفاده بررس حال در محققان
روش ی عنوان به زیست�تخریب�پذیر پلیمری

هستند. پایدار

مسئله عددی حل و حاکم معادالت

برخ استنت، از دارو رهایش سیستم مدل�سازی در
رد عمل بر و برخوردارند بیشتری اهمیت از پارامترها
از: عبارتند پارامترها این مهمترین از مؤثرترند. اه دست

استنت�ها، طراح .١

و بافت خصوصیات و دارو خواص .٢

عنوان به شده استفاده داروی تحویل سیستم .٣
استنت. پوشش

از استفاده با دارو رهایش به مربوط معادالت کل فرم
�باشد: م زیر صورت به بعدی سه فضای در استنت

∂a
∂ t

+
Klag

kw
uw ▽a−Dw △a = ۰ in Ωw × (۰,T ),

∂c
∂ t

−Dc △ c = ۰ in Ωc × (۰,T ),

از کرونری عروق PTCA(آنژیوپالست روش .٢
پوست) طریق

کرونری عروق گشادکردن منظور به روش این
روش به نسبت که �روند م کار به شده تن
روش این عوارض از هستند. ارزان�تر CBAG
نیز و پالکت�ها پروتئین�ها، رسوب که است این
است ن مم اندوتلیال۴ سلول�های مجدد رشد
عمل به نیاز و شده شریان مجدد تن سبب

باشد. داشته کرونری پیوند

گذاری استنت روش .٣
عارضه�ی دو درمان برای واقع در روش این
ناگهان انسداد ی ،PTCA عمل از حاصل

�رود م کار به شریان مجدد تن ری دی و
استنت از PTCA عمل�های ٪۸۰ در عموماً که
(درون آوندی درون استنت�های �شود. م استفاده
که هستند کوچ مانند لوله ساختارهای ( رگ
منقبض یا مسدود رگ�های شدن باز منظور به
کردن باز با و �شوند م رانده آن�ها داخل شده
اندام�ها به را آن رسانش و خون حرکت رگ�ها
کاشت امروزه �کنند. م ترمیم بدن بافت�های و
درمان جهت متعارف روش�های از ی استنت
روبرو زیادی موفقیت با که بیماری�هاست این
این در محدودیت�های هنوز هرچند است بوده
محدودیت�ها این جمله از دارد. وجود زمینه
تن نتیجه در و اینتیما سلول�های مجدد رشد

و محققان �باشد. م ترومبوز نیز و رگ مجدد
استنت از استفاده با را جدیدی روش ان پزش
ضایعه این درمان جهت ۵DES دارو، رهایش
الیه�ی ی استنت این در داده�اند. گسترش
اضافه استنت ساختار به مخازن تعدادی یا اضاف
ترومبوز ضد و ثیری ت ضد داروی با که شده
استنت کاشت از پس است. شده بارگیری

۴endothelial
۵Drug eluting stent

٢

31

31



آن در که
و j = ۰,۱, · · · ,N −۱،i = ۰,۱, · · · ,N −۱

k = ۰,۱, · · · ,N −۱
مثلثات توابع نیز و

Gi(ξ ) =
۱
N

sin
[

N
۲ (ξ −ξi)

]
cot

[۱
۲ (ξ −ξi)

]
,

۰≤ ξ ≤ ۲π

G j(ς) =
۱
N

sin
[

N
۲ (ς − ς j)

]
cot

[۱
۲ (ς − ς j)

]
,

۰≤ ς ≤ ۲π

Gk(ζ ) =
۱
N

sin
[

N
۲ (ζ −ζk)

]
cot

[۱
۲ (ζ −ζk)

]
,

۰≤ ζ ≤ ۲π

خواهیم استفاده ان م بعد در بسط توابع عنوان به
مرتبه ترکیب سازی گسسته از نیز زمان بعد در کرد.
بعد در ابتدا اینجا در �شود. م استفاده دوم و اول
مناسب تقریبات با سپس �کنیم، م گسسته�سازی ان م
در و کرده گسسته�سازی را زمان ، متناه تفاضالت
به لحظه هر در زمان سطح کردن جاروب برای نهایت
N۱×N۲× مرتبه�ی از خط معادالت اه دست ی حل

�شود. م منجر N۳

نتایج

روش توسط استنت وسیله�ی به دارو رهایش مسئله�ی
مقادیر قراردادن با� متناه تفاضل - ترال اسپ ترکیب
هر در متفاوت ه��های شب N۱,N۲,N۳ برای متفاوت
گرفتن نظر در با و شده ان م گسسته�سازی بعد سه
مشتقات برای دوم مرتبه و اول مرتبه ترکیب تقریب�های
دقت از حاک به�دست�آمده نتایج شد. شبیه�سازی زمان
سخنران زمان در که است شده کارگرفته به روش

�شود. م ارائه گراف�ها با همراه مربوط جداول

دیواره�ی معرف w و ۶ استنت� پوشش �معرف c آن در که
از: عبارتند مرزی شرایط �باشد. م رگ٧

−Dc
∂c
∂nc

= Pc(
c

kcεc
− a

kwεw
), on Γ× (۰,T )

Dw
∂a

∂nw
=−Dc

∂c
∂nc

, on Γ× (۰,T )
a = ۰, on Γbl

∪
Γs × (۰,T )

−Dw
∂a

∂nw
= Pw

a
kwεw

, on Γadv × (۰,T )

−Dc
∂a
∂nc

= ۰, on ∂Ω\Γ× (۰,T )

معادله این در که

uw =− kb

µb
∇p,∇.uw = ۰ in Ωw

uw.nw = ۰ on Γ

uw.nw = ۰ on Γs

از: عبارتند اولیه شرایط و

c = c۰, on Ωc

a = ۰, on Ωw

دیواره�یرگ استنتداخل از شماتی نمای .١ ل ش
استنت ساختار نواخت، ی بصورت پوشش آن در که

است[؟]. پوشانده را
روش از ان م ابعاد در مدل این حل برای ما
متناه تفاضل روش از زمان بعد در و ترال اسپ

آزمون تابع از روش این در �شود. م استفاده

V (ξ ,ς ,ζ ) = Gi(ξ )G j(ς)Gk(ζ )
۶Coating stent
٧Artery wall
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Abstract: The WZ factorization suitable for parallel computing was introduced by Evans. Here, using

a block generalization of the ABS class of methods we show how to set the parameters of a block ABS

algorithm to compute the WZ and ZW factorizations of a nonsingular matrix as well as the WTW and ZTZ

factorizations of a symmetric positive definite matrix.

Keywords: ABS algorithm; WZ factorization; ZW factorization; WTW factorization; ZTZ factorization;

X factorization.

1 INTRODUCTION

ABS class of algorithms was constructed for so-

lution of linear systems utilizing some basic ideas

such as vector projection and rank one update tech-

niques [1, 3]. The ABS class was later extended to

solve optimization problems [3] and systems of lin-

ear Diaphantine equations (see [4, 5]). Reviews of

ABS methods and their extensions can be found in

[12, 13]. Consider the linear system

Ax = b, x ∈ Rn, A ∈ Rn×n, b ∈ Rn. (1)

For simplicity, assume that A is a nonsingular ma-

trix. A scaled version of the linear ABS class was

introduced in [3]. Let V ∈ Rn×n be a nonsingular

matrix. Obviously, the system (1) is equivalent to

the following scaled system:

V TAx = V T b. (2)

The block ABS algorithm, due to Abaffy and

Galantai [2] for the scaled ABS class, and further

developed in several papers by Galantai, is a block

form of the ABS algorithm [3]. Let n1, · · · , ns be

positive integer numbers so that n1 + · · ·+ns = n.

Let V be partitioned in the form V = [V1, · · · , Vs],

where Vi ∈ Rn×ni . A block scaled ABS algorithm,

specifically designed to apply to the matrix V TA,

is as follows.

• Let H1 ∈ Rn×n be arbitrary and nonsingular.

• For i = 1 to s do

• Compute Si = HiA
TVi. Compute the ma

trix Pi = HT
i Fi, where Fi ∈ Rn×ni is an

arbitrary matrix so that ST
i Fi is nonsingu

lar, and update Hi by

Hi+1 = Hi −HiA
TVi(Q

T
i HiA

TVi)
−1

QT
i Hi, (3)

where Qi ∈ Rn×ni is an arbitrary matrix

so that ST
i Qi is nonsingular.

∗Corresponding Author
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Define Vi+1 ∈ Rn×ni+1 , an arbitrary full

column rank matrix whose columns are

linearly independent of the columns of

V1, · · · , Vi.

The integer ABS (IABS) class of algorithms has

been developed by Esmaeili, Mahdavi-Amiri and

Spedicato [4, 5] to compute general integer solution

of linear Diophantine equations. There, conditions

for the existence of an integer solution and deter-

mination of all integer solutions of a linear Dio-

phantine system have been established. Consider

the linear Diophantine system:

Ax = b, A ∈ Zm×n, x ∈ Zn, b ∈ Zm, m ≤ n.

(4)

The system (4) is equivalent to the scaled system,

V TAx = V T b, (5)

where V is an arbitrary m by m unimodular ma-

trix, an integer matrix with its determinant being

equal to +1 or −1. A matrix A is called totally

unimodular if each square submatrix of A has de-

terminant equal to 0, +1, or −1. In particular,

each entry of a totally unimodular matrix is 0, +1,

or −1. A block IABS algorithm applied to V TA

follows here.

• Let H1 ∈ Zn×n be arbitrary and unimodular.

• For i = 1 to n do

• Compute si = HiA
T vi.

• Compute δi = gcd(si) and pi = HT
i fi,

where, fi ∈ Zn is an arbitrary integer vec

tor satisfying sTi fi = δi. Update Hi by

Hi+1 = Hi −
HiA

T viq
T
i Hi

qTi HiAT vi
, (6)

where qi ∈ Zn is an arbitrary integer vector

satisfying sTi qi = δi.

• Define vi+1 ∈ Zn so that v1, · · · , vi+1

make columns of a unimodular matrix.

Choices of the parameters H1, vi, fi and qi deter-

mine particular methods within the class so that

various matrix factorizations such as LU, QR and

Cholesky factorizations are derived [3]. Recently,

Golpar-Raboky and Mahdavi-Amiri showed how

to compute the Smith normal form of an integer

matrix using the scaled integer ABS algorithm

[7, 8]. Also, Mahdavi-Amiri and Golpar-Raboky

[10] extended the rank reducing process and de-

veloped a new class of algorithms containing the

scaled extended ABS class of algorithms and the

Wedderburn rank reducing process.

2 WZ factorization using the

block scaled ABS algorithm

The WZ factorization [6] leads to a parallel method

for solving dense linear systems, where A is a square

n×n matrix, and b is an n-vector. The WZ factor-

ization corresponds to a version of the block LU al-

gorithm, with block sizes equal to two; see Golpar-

Raboky and Mahdavi-Amiri [9].

Definition 2.1. We say that a matrix A is factor-

ized in the form WZ if A=WZ, where the matrices

W and Z have the following structures:

W =


• ◦ ◦ ◦ •
• • ◦ • •
• • • • •
• • ◦ • •
• ◦ ◦ ◦ •

 , Z =


• • • • •
◦ • • • ◦
◦ ◦ • ◦ ◦
◦ • • • ◦
• • • • •

 ,

(7)

with the empty bullets standing for zero and the

other bullets standing for possible nonzeros.

Definition 2.2. A matrix which is both a Z- and

a W-matrix is called an X-matrix.

Theorem 2.3. (Factorization Theorem). Let

A ∈ Rn×n be nonsingular. The matrix A has a WZ

factorization if and only if for every k, 1 ≤ k ≤ s,

with s = ⌊n/2⌋, if n is even, and s = ⌈n/2⌉, if n is

odd, where ⌊s⌋ (⌈s⌉) is the greatest (least) integer

less (bigger) than or equal to s, the submatrix

2
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∆k =

(
A11 A12

A21 A22

)
2k,2k

(8)

where,

A11(i, j) = A(i, j), 1 ≤ i, j ≤ k,

A12(i, j) = A(i, j), 1 ≤ i ≤ k, n− k + 1 ≤ j ≤ n

A21(i, j) = A(i, j), n− k + 1 ≤ i ≤ n, 1 ≤ j ≤ k,

A22(i, j) = A(i, j), n− k + 1 ≤ i, j ≤ n.

of A is nonsingular. Moreover, the factorization is

unique.

Proof. See Theorem 2 in [11].

• If A ∈ Rn×n is nonsingular, then a WZ

factorization can always be obtained by pivoting.

That is, there exists a row permutation matrix Π

and the factors W and Z such that

ΠA = WZ. (9)

• Every symmetric positive definite matrix has a

WZ factorization.

Here, we propose a new formulation of Theorem

2.3 using the block scaled ABS algorithm.

Theorem 2.4. Let A ∈ Zn×n be nonsingular.

If the ∆k, k = 1, · · · , n/2, are unimodular, then

the block ABS algorithm with parameter choices

H1 = I, Qi = Vi = [ei, en−i+1] is well defined

and the implicit factorization V TAP with pi =

HT
i ei, pn−i+1 = HT

i en−i+1, i = 1, · · · , n/2, and
V = [V1, · · · , Vn/2] lead to an integer WZ factor-

ization.

Theorem 2.5. Let A be a symmetric positive defi-

nite matrix. Then, there exists a ZTDZ factoriza-

tion for A, obtained by the ABS algorithm.

Let A be symmetric positive definite. Then,

there exists a ZTZ factorization for A, obtained by

the ABS algorithm.

Remark 2.6. Let A ∈ Zn×n, H1 = I and ∆k, k =

1, · · · , n/2, be unimodular. Then, the sequence of

Hi+1, i = 1, · · · , s, are integer matrices [4] and an

integer WZ factorization can be derived.

3 ZW factorization using the

block scaled ABS algorithm

Definition 3.1. We say that a matrix A is factor-

ized in the form ZW if A=ZW.

Theorem 3.2. Let A ∈ Rn,n be a nonsingular ma-

trix. A has a ZW factorization if and only if for

every k, 1 ≤ k ≤ s, with s = ⌊n/2⌋, if n is even,

and s = ⌈n/2⌉, if n is odd, the submatrix

Λk =


as−k+1,s−k+1 · · · as−k+1,s+k

... · · ·
...

as+k,s−k+1 · · · as+k,s+k


2k,2k

(10)

is nonsingular. Moreover, the factorization is

unique.

Next, we propose a new formulation of The-

orem 3.2 using the block scaled ABS algorithm.

Theorem 3.3. Let A ∈ Zn×n be nonsingular.

If ∆k, k = 1, · · · , n/2, is nonsingular, then the

block ABS algorithm with parameter choices H1 =

I, Qi = Vi = [en
2 −i+1, en

2 +i] is well defined and

the implicit factorization V TAP with pn
2 −i+1 =

HT
i en

2 −i+1, pn
2 +i = HT

i en
2 +i, i = 1, · · · , n/2, and

V = [V1, · · · , Vn/2] lead to a WZ factorization.

Let A be symmetric and positive definite.

Then, there exists a WTW factorization of A, ob-

tained by the ABS algorithm.

Remark 3.4. Let A ∈ Zn×n, H1 = I and ∆k, k =

1, · · · , n/2, be unimodular. Then, Hi+1, i =

1, · · · , s, are integer matrices [4] and an integer ZW

factorization can be derived.
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Abstract: Consider the linear system Ax = b where A = (aij) ∈ Rn×n is a Z-matrix. In this paper, we

demonstrate that among the preconditioned AOR iterative methods to solve Ax = b in conjunction with the

preconditioner P = (pij) where

pij =

{
−αijaij , i ̸= j,

1, i = j,
with 0 ≤ αij ≤ 1,

under certain conditions, the best one is obtained when αij = 1 for i ̸= j.

Keywords: Linear system of equations, Preconditioner, AOR iterative method, Z-matrix, Comparison

result.

1 INTRODUCTION

We consider the following linear system of equa-

tions

Ax = b, (1)

where A = (aij) ∈ Rn×n is nonsingular and b ∈ Rn.

We assume that all of the diagonal entries of the

coefficient matrix A are equal to one. In this case,

A = I−L−U where I is the identity matrix and L

and UT are strictly lower triangular matrices. The

accelerated overrelaxation (AOR) iterative method

for solving Eq. (1) is specified by (see [2])

x(k+1) = Lγ,ωx
(k) + ω(I − γL)−1b,

in which

Lγ,ω = (I − γL)−1[(1− ω)I + (ω − γ)L+ ωU ],

where ω and γ are real parameters and ω ̸= 0. In

order to accelerate the convergence rate of the AOR

iterative method, one may apply it to the precondi-

tioned linear system PAx = Pb. Here, the matrix

P is called a preconditioner. In the literature, the

application of several kinds of preconditioners have

been investigated widely for the stationary itera-

tive methods. In this paper we consider a precon-

ditioner of the next general form

P = (pij) = (−αijaij),

where pii = 1 and 0 ≤ αij ≤ 1 for i, j = 1, . . . , n

(i ̸= j). Several preconditioned iterative meth-

∗Corresponding Author
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ods in conjunction with such preconditioner have

been presented in the literature (for example, see

[3, 5, 6, 8]).

A matrix A = (aij) ∈ Rn×n is said to be

nonnegative and denoted by A ≥ 0 if aij ≥ 0 for

i, j = 1, 2, . . . , n. A matrix A is called positive

and represented by A ≫ 0 if all of its entries are

positive. If A ≥ 0, then the well-known Perron-

Frobenius theorem implies that ρ(A) is an eigen-

value of A, see [1]. In addition, corresponding to

ρ(A), the matrix A has a nonnegative eigenvector

called a Perron vector of A.

In the following we state some definitions

and theorems which are utilized throughout of the

paper.

Definition 1.1. A matrix A = (aij) ∈ Rn×n is a

Z-matrix if aij ≤ 0 for i ̸= j.

Definition 1.2. A Z-matrix A is said to be an M-

matrix if A is nonsingular and A−1 ≥ 0.

Lemma 1.3. Let A = M − N be an M-splitting

of A. Then ρ(M−1N) < 1 if and only if A is an

M-matrix.

Lemma 1.4. Let A = M1 − N1 = M2 − N2

be two convergent weak regular splittings of A

where A−1 ≥ (>) 0 , if M−1
1 ≥ (>) M−1

2 then

ρ(M−1
1 N1) ≤ (<) ρ(M−1

2 N2).

Definition 1.5. A matrix A is said to be reducible

if there is a permutation matrix P such that PAPT

is a block upper triangular matrix. Otherwise, it is

irreducible.

We denote the directed graph of matrix A

by G(A). It is well-known that a matrix A is ir-

reducible if G(A) is strongly connected; for further

details one may refer to [4].

2 MAIN RESULTS

Let us consider the linear system of equations (1)

in which the coefficient matrix A = (aij) ∈ Rn×n

is given such that aii = 1 for i = 1, 2, . . . , n. In this

section, we examine the influence of the precondi-

tioner P̃ = (p̃ij) ∈ Rn×n on Eq. (1) with

p̃ij =

{
−αijaij , if i ̸= j,

1, otherwise,

where αij ∈ R for i ̸= j. Let us split the precondi-

tioner P̃ into

P̃ = I + L(α) + U(α),

in which I is the identity matrix and L(α) and U(α)

are strictly lower and strictly upper triangular ma-

trices, respectively. Presume that

Ã = P̃A = (I + L(α) + U(α))A,

and

L(α)U = G1(α) + E1(α) + F1(α),

U(α)L = G2(α) + E2(α) + F2(α),

where E1(α) and E2(α) are diagonal matrices,

F1(α) and F2(α) are strictly lower triangular ma-

trices and G1(α) and G2(α) are strictly upper tri-

angular matrices. In this case, the matrix Ã can be

decomposed as Ã = D̃− L̃− Ũ . Here, the matrices

D̃, L̃ and Ũ are respectively diagonal, strictly lower

and strictly upper triangular matrices defined by

D̃ = I − E1(α)− E2(α),

L̃ = L− L(α) + L(α)L+ F1(α) + F2(α),

Ũ = U +G1(α)− U(α) +G2(α) + U(α)U.

If the matrix D̃− γL̃ is nonsingular, the AOR iter-

ation matrix for solving the preconditioned system

P̃Ax = P̃ b can be written as

L̃γ,ω = (D̃ − γL̃)−1[(1− ω)D̃ + (ω − γ)L̃+ ωŨ ].

In the following we present two useful theorems.

The first theorem reveals that the matrix A is an

M -matrix iff PA is an M -matrix. The second

theorem demonstrates that applying the precondi-

tioner P can ameliorate the rate of convergence of

the AOR iterative method for solving linear system

Ax = b.
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Theorem 2.1. Let A be a Z-matrix and αij ∈ [0, 1]

for 1 ≤ i ̸= j ≤ n. Then, A is an M-matrix if and

only if Ã is and M-matrix.

Theorem 2.2. Let A = (aij) ∈ Rn×n be a non-

singular Z-matrix, 0 ≤ γ ≤ ω ≤ 1, ω ̸= 0 and

αij ∈ [0, 1] for 1 ≤ i ̸= j ≤ n. If ρ(Lγ,ω) < 1 then

ρ(L̃γ,ω) ≤ ρ(Lγ,ω) < 1.

Proof. Under the assumptions of the theorem, it is

easy to see that the splitting A = M −N with

M =
1

ω
(I−γL), N =

1

ω
[(1−ω)I+(ω−γ)L+ωU),

is an M-splitting of A. On the other hand, we have

ρ(M−1N) = ρ(Lγ,ω) < 1. Therefore, by Lemma

1.3, we deduce that A is an M-matrix. Now, the

result follows immediately by Theorems 2.6 and 2.7

in [5].

In the sequel, we show that for improving

the convergence rate of the AOR iterative method,

the preconditioner P̂ = I + L + U is the best

one between the preconditioners of the form P̃ =

I+L(α)+U(α) with αij ∈ [0, 1]. We would like to

point out here that if we set αij = 1 (1 ≤ i ̸= j ≤
n), then the preconditioner P̃ results in the precon-

ditioner P̂ . Consider the AOR iteration matrix of

the preconditioned system P̂Ax = P̂ b as follows:

L̂γ,ω = (D̂ − γL̂)−1[(1− ω)D̂ + (ω − γ)L̂+ ωÛ ],

where Â = P̂A = D̂− L̂− Û in which D̂, L̂ and Û

are the diagonal, strictly lower and strictly upper

triangular matrices, respectively. In the following,

the set of indices (i, j) associated with the nonzero

off-diagonal entries of the matrix A is represented

by Nz(A), i.e.,

Nz(A) = {(i, j)| i ̸= j and aij ̸= 0}.

Theorem 2.3. Suppose that A = (aij) ∈ Rn×n

is a nonsingular Z-matrix. Moreover, assume that

0 ≤ γ ≤ ω ≤ 1, ω ̸= 0 and αij ∈ [0, 1] for

i, j = 1, 2, . . . , n (i ̸= j). If for j < i and

(i, j) ∈ Nz(A),

n∑
k=1,k ̸=i

(αik − 1)aikakj ≤ 0, (2)

and ρ(Lγ,ω) < 1, then

ρ(L̂γ,ω) ≤ ρ(L̃γ,ω). (3)

The next theorem provides mid conditions

under which the irreducibility of the coefficient ma-

trix A implies the irreducibility of the iteration ma-

trices of the AOR and its preconditioned version.

Theorem 2.4. Let Lγ,ω and L̃γ,ω denote the it-

eration matrices of the AOR and preconditioned

AOR methods. Suppose that A is an irreducible

Z-matrix, 0 ≤ γ < 1, ω ̸= 0 and αij ∈ [0, 1] for

i, j = 1, 2, . . . , n (i ̸= j). Moreover, assume that

for each (i, j) ∈ Nz(A) there exists τ ̸= i, j such

that

aij < αijaij + αiτaiτaτj .

Then Lγ,ω and L̃γ,ω are nonnegative and irre-

ducible matrices.

Finally, we would like to comment here that

if A is an irreducible matrix, then A−1 > 0 [7]

which implies strict inequality in (3) when M̃−1 <

M̂−1, see Lemma 1.4 for more clarification.

3 NUMERICAL RESULTS

All the numerical experiments presented in this sec-

tion were computed in double precision with some

MATLAB codes on a Pentium 4 PC, with a 3.06

GHz CPU and 1.00GB of RAM.

Example 3.1. Consider the two dimensional

convection-diffusion equation (see [8])

− (uxx + uyy) + 2ex+y(xux + yuy) = f(x, y), (4)

in Ω = (0, 1)× (0, 1) with the homogeneous Dirich-

let boundary conditions.

Discretization of (4) on a uniform grid with

N×N interior nodes (n = N2), by using the second

order centered differences for the second and first

3
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order differentials, gives a linear system of equa-

tions of order n with n unknowns. We examine the

subsequent three preconditioners,

P0 = I,

P1 = I + 0.5L,

P2 = I + 0.5L+ 0.5U,

P3 = I + L+ U,

We would like to point out here that P0 = I means

that no preconditioner is exploited.

In Table 1, the spectral radius of the AOR

iterative method applied to the preconditioned sys-

tems PiAx = Pib, i = 0, . . . , 3 for different values

of γ, ω and n are given. As observed, the pre-

conditioner P3 is the best one among the chosen

preconditioners.

TABLE 1. COMPARISON OF SPECTRAL RADII.
n (= N2) (γ, ω) P0 P1 P2 P3

25 (0.7, 0.8) 0.8657 0.8358 0.7871 0.6907

25 (0.8, 1) 0.8193 0.7823 0.7154 0.5891

100 (0.7, 0.8) 0.9581 0.9481 0.9298 0.8929

100 (0.8, 1) 0.9434 0.9309 0.9053 0.8558

For more investigation, we apply the GMRES(m)

method [4] with m = 10 to solve PiAx = Pib for

i = 0, . . . , 3. In all of the experiments, the vector

b = A(1, 1, . . . , 1)T was taken to be the right-hand

side of the linear system and a null vector as an ini-

tial guess. The stopping criterion used was always

∥b−Axk∥2
∥b∥2

< 10−10.

In Table 2, we report the number of iterations and

the CPU time (in parenthesis) for the convergence.

As seen, the preconditioner P3 is the best one.

TABLE 2. NUMERICAL RESULTS OF THE GMRES(10).

n (= N2) P0 P1 P2 P3

2500 57(0.27) 46 (0.27) 28(0.19) 23(0.13)

3600 85(0.52) 57 (0.45) 34(0.31) 29(0.25)

4900 92(0.72) 79(0.89) 49(0.61) 37(0.47)

6400 111(1.23) 84(1.23) 52(0.84) 45(0.73)
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1 INTRODUCTION

Let r ≥ 1, M be a compact Riemannian Cr-

manifold, and consider an stochastic process in

Cr(M ;M), denoted by Φ = {Φs,t | s ≥ t ≥ 0} such

that:

1. x → Φs,t(x) is a Cr-diffeomorphism, t, s ≥ 0,

P -a.s,

2. (s, t) → Φs,t(x) is continuous, x ∈ Rd , P -a.s.,

3. Φs,t ◦ ϕu,s = Φu,t, t, s, u ≥ 0, P -a.s.,

4.
{
Φti,ti+1 | i = 0, . . . , n− 1

}
is an indepen-

dent family, 0 ≤ t0 ≤ t1 ≤ . . . ≤ tn and

5.
{
Φti+τ,ti+1+τ | i = 0, . . . , n− 1

}
has the

same law as {ϕti+τ,si + τ | i = 1, . . . , n},
τ ≥ 0, si, ti ≥ 0, i = 1, . . . , n and n ∈ N.

Any family {Φs,t|t ≥ s ≥ 0} which has the prop-

erties 1-4 is called a Brownian flow of diffeomor-

phisms (see [7], section 4.1) and 5 is the time ho-

mogeneity property. For convenience we call Φ a

Brownian flow. We use Φt instead of Φ0,t, for con-

venience. M is called the state space. The notion of

“Brownian flow” is used as a model for the motion

of “passive tracers” in a turbulent fluid.

As proved in [3], a Brownian flow is deter-

mined uniquely by knowing two objects together.

The first object is a vector field on M , β, called the

infinitesimal mean of Φ and defined by

β(x) = lim
h→0+

E [(Φh(x)− x)]

h
. (1)

Note that Φh(x) − x is a subtraction on the tan-

gent space. This is not different from determin-

istic flows; they also determined by a vector field.

The second one is a positive semi-definite kernel, α,

called the infinitesimal covariance of Φ and defined

by

α(x, y) = lim
h→0+

E [(Φh(x)− x)⊗ (Φh(y)− y)]

h
.

(2)

∗Corresponding Author
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Again Φh(x)− x is an object on tangent space.

The infinitesimal covariance is considered as

a section α : M ×M → TM ⊗ TM . It is positive

semi-definite in the sence that for any n ∈ N

n∑
i,j=1

α(xi, xj) (ξi, ξj) ≥ 0, ξi ∈ T ∗
xi
, 1 ≤ i ≤ n. (3)

It is also symmetric;

α(x, y) = (α(y, x))
⊤
, x, y ∈ M, (4)

where, ”⊤” is used to transpose a bilinear opera-

tor acts on T ∗M × T ∗M with respect to the Rie-

manian structure of M . Both of (3) and (4) are

strightforward consequnces of the definition of α.

As metioned in [3], if for a family of vector field

{σr}r∈I , I a countable set, the property∑
r∈I

σr(x)⊗ σr(y) = α(x, y) (5)

holds then the following stochastic differential

equation (SDE) generates Φ

dx = β(x)dt+
∑
r∈I

σr(x)dW
(r)
t , (6)

where {W r}r∈I is a family of independent standard

Wiener process (Brownian motions) . An impor-

tant case of Brownian flows is isotropic Brownian

flows, where isotropy means satisfying two proper-

ties

i- invariance under translations and

ii- invariance under rotations.

This case was studied by several authors on the

state space Rd. See for example [4], [5] and [6].

For the state space S1, the unit circle, the paper

[8] considered isotropic Brownian flows. Some of

this studies includes some generalization by weaker

assumption than those we encounter for Brown-

ian flows. The current paper has two main aim.

First, to develop a technique to simplify studying

the isotropic flows, that is to find the represen-

tation (6) for these flows. This needs solving (5)

for vector fields σr. When M = Rd, in [1], us-

ing the idea of Cholesky decomposition a method

is developed to solve (5) and we use that in an-

other state spaces. Finding (6) provides an explicit

way for both theoretical study and simulation of

Φ. The second aim is to generalize the state space

S1, which is considered in [8]. S1 can be considered

as the one-dimensional sphere and also the one-

dimensional torus. In the section 2 the state space

is d-dimensional torus. Note that the isotropy de-

fined above has no sense in this state space since

Td is not invariant under rotations itself. Therefore

in section 2, the Brownian flows only assumed to

be invariant under translations. As an application

we use the SDE to determine the Lyapunov expo-

nent of the considered Brownian flow. The section

3 deals with the state space Sd, the d-dimensional

sphere.

2 Homogeneous Brownian

Flows on the Torus

The d-dimensionl torus is the quotient space Td =

(R/2πZ)d.

Definition 2.1. A Brownian flow Φ with state

space Td is called (spatially) homogeneous if for all

θ̂ ∈ Td, Φt(· + θ̂) and Φt(·) + θ̂ are equal in law,

t ≥ 0.

Lemma 2.2. For Φ above, the infinitesimal mean

is constant vector field β and the infintesimal co-

variance is of the form α(θ, θ̃) = γ(θ− θ̃), for some

matrix valued function γ : Td → Rd×d.

The properties 4 and 3 hold for α. In terms

of γ, these imply

γ(θ) = γ(−θ)⊤,
n∑

i,j=1

ξ⊤i γ(θ(i) − θ(j)))ξj ≥ 0, (7)

∀ξi ∈ Rd, θ, θ(i) ∈ Td, i = 1, . . . , n, n ∈ N.

We assume that α is continuous. Therfore γ is con-

tinuous and theorem 2.1 in chapter 4 of [9] reads

here
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Lemma 2.3. (7) holds for continuous function γ

if and only if the following properties hold

1. Ar :=
√
2√

(2π)d

∫
Td cos(r ·θ)γ(θ)dθ is a nonneg-

ative definite matrix, r ∈ (N ∪ {0})d and

2. the series
∑

|r|≥0

Ar cos(r · θ) converges uni-

formly to γ.

So, If we choose the common CONS for

L2(Td), i.e.{
1√
(2π)d

,

√
2 sin(r · θ)√

(2π)d
,

√
2 cos(r · θ)√

(2π)d
| r ∈ (N ∪ {0})d

}

then the matrix function α expands as

α(θ, θ̃) = A(0,...,0) +
∑
|r|≥1

[
Ar cos(r · θ) cos(r · θ̃)

+Ar sin(r · θ) sin(r · θ̃)
]
.

Let Lr be the d× d lower triangular matrix

which satisfies LrL
⊤
r = Ar, |r| ≥ 0. The construc-

tion method gives the SDE

dθt = βdt +L0dW
(0)
t

+
∑

|r|>0

(cos(r · θ)LrdW
(r,1)
t

+
∑

|r|>0

sin(r · θ))LrdW
(r,2)
t . (8)

2.1 Applications

Constructing the SDE (8) provides an explicit way

for computation and simulation of homogeneous

Brownian flows on the torus.

As an example we explain a method to com-

pute the Lyapunov exponents. Recall that the Lya-

punov exponent along trajectories for a Brownian

flow ϕ is defined by

λ(x) := lim
y→x

lim
t→∞

1

t
log(d(Φt(x),Φt(y))).

For rigorous results on existence of this quantity see

[2]. Let µ be an stationary probability for the one-

point motion of the Brownian flow Φ. If instead of

a deterministic fixed point, x selected at random

from µ and independent of the Wiener processes

driving the SDE then λ is called the Lyapunov ex-

ponent of µ. An stationary process for the Markov

process induced by (8) is called hyperbolic if the

Lyapunov exponent associated to it is non-zero al-

most surely.

Lemma 2.4. The Harr probability measure of the

torus, i.e. µ(dx) := dx
(2π)d

is the only possible hy-

perbolic stationary probability for a homogeneous

Brownian flow on torus.

Theorem 2.5. The Lyapunov exponent associated

to µ in the previous lemma is almost surely a de-

terministic constant and computed by the formula

λ =

∫
Sd−1

hr(s)
(τr
2

− qr(s)
)
p(s)ds,

where hr(s) := (r · s)2, τr := trace(Ar), qr(s) :=

s⊤Ars and p is the density of the stationary prob-

ability of the projection of the linearization of the

SDE (8) on the unit sphere in Rd.

3 Isotropic Brownian Flows

on the Sphere

Recall that O(d) is the group of orthogonal d-

by- d matrices and SO(d) is the subgroup of O(d)

consists of matrices with positive determinant and

SO(d − 1) ⊴ SO(d) if SO(d − 1) is considered as

those elements of SO(d) which leave the dth axis in-

variant. Identify Sd−1, the unit sphere in Rd, with

the qutient group SO(d)
SO(d−1) . The identity element of

Sd−1 is p = (0, . . . , 0, 1)⊤ .

Now, the infinitesimal mean of Φ is a vector

field on Sd−1 . For ease of calculation, we use the

identification{
TxSd−1 → TpSd−1 ∼= Rd−1

v → x−1v

By this identification, we write

β(x) = lim
h→0+

E
[
x−1Φh(x)− p

]
h

∈ Rd−1 × {0} ∼= Rd−1

(9)
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and

α(x, y) = lim
h→0+

E
[(
x−1Φh(x)− p

) (
y−1Φh(y)− p

)⊤]
h

.

(10)

Note that α(x, y) is a d-by- d matrix, but its d th

row and dth column are zero and, therfore, it can

be considered as a (d− 1)-by- (d− 1) matrix.

Definition 3.1. A Brownian flow Φ on Sd−1 is

called isotropic if it is invariant under the rigid

transformations of the sphere, i. e. for any q ∈
O(d), t ≥ 0, n ∈ N and points x1, . . . , xn ∈
Sd−1 the random vectors (Φt(x1), . . . ,Φt(xn)) and

(q−1Φt(qx1), . . . , q
−1Φt(qxn)) have same distribu-

tion.

In the remaining part of the paper let Φ be

an isotropic Brownian flow on Sd−1 and β and α

be its infinitesiaml mean and covariance.

Lemma 3.2. For any q ∈ O(d), β(x) = β(qx) and

α(x, y) = α(qx, qy) .

Corollary 3.3. β is a constant vector and

α(x, y) = γ(x · y) for some γ : [−1, 1] →
R(d−1)×(d−1).

Again we state a modification of a result

from [9]. For definition of the associated Legendre

polynomials Pm
n of degree n and with parameter

m = d−2
2 see [10].

Lemma 3.4. The matrix function γ in the previ-

ous corollary is characterized by the two following

properties

1. An := νn
∫ 1

−1
Pm
n (s)γ(s)(1 − s2)m− 1

2 ds is a

nonnegative definite matrix, n ∈ N ∪ {0}
where νn := (m+n)Γ(m)

Γ(m+ 1
2 )Γ(

1
2 )

and

2. the series
∑
r≥0

ArP
m
r converges uniformly to

γ.

Using previous lemma and the definition of

surface spherical harmonics Yj,n from the section

A.3 in [9], we deduce the following result

Theorem 3.5. Φ is an isotropic Brownian flow on

Sd iff it is generated by the following SDE

ds = βdt+
∞∑

n=0

µn,m∑
j=1

LnYj,n(s)dW
(j,n)
t ,

where µn,m := (2n+ d− 2) (n+d−3)!
(d−2)!(n)! and Ln is the

lowertriangular matrix satisfies

L⊤
nLn =

4πd

Γ(d2 )
2µ2

n,m

An.
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معادله حل برای باال دقت مرتبه با متناه تفاضل روش ی
یافته تعمیم �برگرز هوکسل

b-sepehrian@araku.ac.ir اراک، اه دانش ، �ریاض گروه علم هيأت عضو سپهریان، بهنام
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تفاضل های فرمول با ابتدا کنیم. م ارائه -برگرز هوکسل معادله حل برای متناه تفاضل روش ی مقاله این در یده: چ
به معادله در تقریبات این ذاری جای با و زده تقریب مختلف نقاط در را ان م دوم و اول مراتب مشتقات باال دقت مرتبه با
مختلف نقاط در سوم ی مرتبه TVD کوتای رونگه روش با دستگاه حل با رسیم، م معمول دیفرانسیل معادالت دستگاه ی

یابیم. م مجهول نقاط برای هایی تقریب
رونگه-کوتا روش باال، مرتبه متناه تفاضل های روش -برگرز، هوکسل معادله کلیدی: کلمات

و

u(0, t) =
(γ
2
+

γ

2
tanh(−a1a2t)

) 1
δ

, t ≥ 0

(٣)

u(1, t) =
(γ
2
+

γ

2
tanh[a1(1− a2t)]

) 1
δ

, t ≥ 0

(۴)
است: زیر ل ش به فوق مسأله تحلیل جواب

u(x, t) =
(γ
2
+

γ

2
tanh[a1(x− a2t)]

) 1
δ

, t ≥ 0

(۵)
آن در که

a1 =
−αδ+δ

√
α2+4β(1+δ)

4(1+δ) γ,

a2 = γα
1+δ − (1+δ−γ)(−α+

√
α2+4β(1+δ))

2(1+δ) ,
(۶)

معین های پارامتر γ ∈ (0, 1) و α ∈ R ،δ > 0 ،β ≥ 0 و
هستند.

مقدمه

ای پاره دیفرانسیل معادالت با علوم مختلف های شاخه در
تعمیم -برگرز هوکسل معادله شویم. م مواجه خط غیر
چند در آید. م شمار به مهم خط غیر ی معادله ی یافته،
- هوکسل معادله حل برای بسیاری های اخیر،تالش سال
روشتجزیه به جمله آن از توان م که است شده انجام برگرز
هوموتوپی آنالیز روش و [٣] طیف روشهای [٢ ،١] آدمیان

کرد. اشاره [۵] هوف-کول تبدیالت و [۴]
توسط متفاوت متناه تفاضل های روش تعدادی همچنین
این در [۶] است. رفته کار به معادله این حل برای محققان
حل برای باال دقت مرتبه با متناه روشتفاضل ی ما مقاله
- هوکسل معادله�ی کنیم. م ارائه -برگرز هوکسل معادله
در شده داده مرزی و اولیه شرایط با را زیر یافته تعمیم برگر

یرید: ب نظر

ut + αuδux − uxx = βu(1− uδ)(uδ − γ),

0 ≤ x ≤ 1, t ≥ 0
(١)

u(x, 0) =
(γ
2
+

γ

2
tanh(a1x)

) 1
δ

, (٢)

١
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A =
1

h
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N×N

.

زیر روابط مختلف نقاط در دوم مرتبه�ی مشتق مقادیر برای
ایم: آورده دست به را

βu′′
i−2 + αu′′

i−1 + u′′
i + αu′′

i+1 + βu′′
i+1 =

cui+3−2ui+ui−3

9h2 + bui+2−2ui+ui−2

4h2 + aui+1−2ui+ui−1

h2 .

(١٣)
a = 4

3 (1−α)ازای به فوق ی رابطه تیلور، بسط از استفاده با
با همچنین و β = 0 و α = 1

10 که b = 1
3 (10α − 1) و

زیر صورت وبه است O(h4) برش خطای دارای c = 0

شود: م نوشته

u′′
i−1 + 10u′′

i + u′′
i+1

= 12
h2 (ui−1 − 2ui + ui+1),

i = 2, . . . , N − 1

(١۴)

ی رابطه دو تیلور بسط از استفاده با نیز xN و x1 نقاط برای
آوریم: م دست به O(h6) برش خطای با را زیر

10u′′
1 + u′′

2 = 12
h2 (

115
36 u1 − 1555

144 u2 +
89
6 u3 − 773

72 u4

+151
36 u5 − 11

16u6),

(١۵)

u′′
N−1 + 10u′′

N = 12
h2 (

−11
16 uN−5 +

151
36 uN−4

−773
72 uN−3 +

89
6 uN−2 − 1555

144 uN−1 +
115
36 uN ).

(١۶)
م زیر ماتریس ل ش به را (١۶) و (١۵) ،(١۴) روابط که

داد: نمایش توان

B1U
′′ = A1U, (١٧)

تقریب برای تفاضل های فرمول
دوم و اول مراتب مشتقات

زیر روابط مختلف نقاط در اول مرتبه�ی مشتق مقادیر برای
: [٧] داریم را

u′
1 + 5u′

2 = 1
h (−

197
60 u1 − 5

12u2 + 5u3 − 5
3u4

+ 5
12u5 − 1

20u6),

(٧)

2
11u

′
1 + u′

2 +
2
11u

′
3 = 1

h (−
20
33u1 − 35

132u2 +
34
33u3

− 7
33u4 +

2
33u5 − 1

132u6),

(٨)

1
3u

′
i−1 + u′

i +
1
3u

′
i+1 =

1
9
ui+2−ui−2

4h + 14
9

ui+1−ui−1

2h ,

i = 2, . . . , N − 2

(٩)

2
11u

′
N−2 + u′

N−1 +
2
11u

′
N = 1

h (
20
33uN + 35

132uN−1

− 34
33uN−2 +

7
33uN−3 − 2

33uN−4 +
1

132uN−5),

(١٠)

5u′
N−1 + u′

N = 1
h (

197
60 uN + 5

12uN−1 − 5uN−2

+5
3uN−3 − 5

12uN−4 +
1
20uN−5).

(١١)
ل ش به توان م را (١١) و (١٠) ،(٩) ،(٨) ،(٧) روابط

نوشت: زیر ماتریس

BU ′ = AU, (١٢)

ماتریس�های ،B و A و U = [u1, u2, . . . , uN ]T آن در که
زیرند: صورت به N ×N

B =



1 5
2

11
1

2

11
1

3
1

1

3

. . .
. . .

. . .
1

3
1

1

3
2

11
1

2

11
5 1


N×N

,

٢
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عددی نتایج

و δ و γ ، β ، α مختلف مقادیر ازای به را (١) معادله ما
شده ارائه روش از استفاده با ∆t = 0.0001 و N = 11 با
نقاط در را حاصل های تقریب مطلق خطای و کرده حل
دست به دهیم.نتایج م نمایش زیر های جدول در مختلف

دهد. م نشان را روش دقت و کارایی آمده

x t Absolute error

0.1 0.0001 1.1395e− 011

0.0005 5.6976e− 011

0.001 1.1395e− 010

0.5 0.0001 1.1395e− 011

0.0005 5.6976e− 011

0.001 1.1395e− 010

0.9 0.0001 1.1395e− 011

0.0005 5.6976e− 011

0.001 1.1395e− 010

γ = .001 و β = .01 و α = .01 و δ = 1 ازای به :١ جدول

x t Absolute error

0.1 0.0001 3.0544e− 011

0.0005 1.5272e− 010

0.001 3.0544e− 010

0.5 0.0001 3.0544e− 011

0.0005 31.5272e− 010

0.001 3.0544e− 010

0.9 0.0001 3.0544e− 011

0.0005 1.5272e− 010

0.001 3.0544e− 010

γ = .0001 و β = .001 و α = .001 و δ = 3 ازای به :١ جدول

که

B1 =


10 1 0 . . . 0

1 10 1

.

.

.

0

. . .
. . .

. . . 0

.

.

. 1 10 1

0 . . . 0 1 10


N×N

,

A1 =
12

h2



115

36

−1555

144

89

6

−773

72

151

36

−11

16
0

1 −2 1 0 0

.

.

.

.

.

.
. . .

. . .
. . .

.

.

.

.

.

.
. . .

. . .
. . .

0 0 1 −2 1

0
−11

16

151

36

−773

72

89

6

−1555

144

115

36


N×N

.

روش شرح

�کنیم. م تقسیم مساوی قسمت N به را [0, 1] بازه�ی ابتدا
،0 = x1 < x2 < · · · < xN = 1 از عبارتند تقسیم نقاط

گیریم: م نظر در زیر ل ش به را (١) معادله حال

ut = Lu, (١٨)

که

Lu = βu(1− uδ)(uδ − γ)− αuδux − uxx.

انجام (١٨) معادله�ی روی ان م گسسته�سازی نیمه ی
نویسیم: م زیر صورت به را معادله و �دهیم م

(ut)i = (Lu)i.

روابط از دوم و اول مراتب مشتقات ذاری جای با
دیفرانسیل معادله ی به xi نقطه هر ،در (١٧) و (١٢)
معمول دیفرانسیل معادالت دستگاه و رسیم م معمول
مرتبه TV D کوتای رونگه روش از استفاده با را حاصل

زیر سوم

u(1) = u(k) +∆tLu(k),

u(2) = 3
4u

(k) + 1
4u

(1) + 1
4∆tLu(1),

uk+1 = 1
3u

(k) + 2
3u

(2) + 2
3∆tLu(2),

کنیم. م حل

٣
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Noorani، M. S. M. Bataineh، S. A. [۴]
treatment Analytical Hashim، I. and
Burgers–Huxley generalized of
analysis homotopy by equation
Soc Sci Math Malays Bull ،method

.٢۴٢٣٣–٣ ،(٢٠٠٩) ٣٢

A. N. and Efimova Yu. O. [۵]
of solutions Exact Kudryashov،
،equation Burgers–Huxley the
۶٨ Mec+ Math Appl PMM-J

.۴٢٠–۴١٣ ،(٢٠٠۴)

accu- order Higher Hirsh، S. R. [۶]
me- fluid of solutions difference rate
dif- compact a by problems chanics
Phys Comput J ،technique ferencing

.٩٠–١٠٩ ،(١٩٧۵) ١٩

sixth- A Gürarslanb، G. Saria، M. [٧]
difference finite compact order
solutions numerical the to scheme
Math. Appl. ،equation burgers’ of

.۴٨٣–۴٧۵ (٢٠٠٩) ٢٠٨ Comput

x t Absolute error

0.1 0.0001 1.0861e− 010

0.0005 5.4307e− 010

0.001 1.0861e− 009

0.5 0.0001 1.0861e− 010

0.0005 5.4307e− 010

0.001 1.0861e− 009

0.9 0.0001 1.0861e− 010

0.0005 5.4307e− 010

0.001 1.0861e− 009

γ = .0001 و β = .001 و α = 0 و δ = 4 ازای به :١ جدول

مراجع

M. Noorani، M. S. M. Hashim، I. [١]
the Solving Al-Hadidi، and Said، R.
equa- Burgers–Huxley generalized
decomposi- Adomian the using tion
Model Comput Math ،method tion

.١۴١–١١۴٠۴ ،(٢٠٠۶) ۴٣

A. and Raslan، K. Ismail، A. N. H. [٢]
decom- Adomian Rabboh، A. A.
Hux- Burger’s for method position
،equations Burger’s–Fisher and ley
،(٢٠٠۴) ١۵٩ Comput Math Appl

.٢٩١–٣٠١

and Kheybari، S. Darvishi، T. M. [٣]
collocation Spectral Khani، F.
precondi- Darvishi’s and method
generalized the solve to tionings
Comm ،equation Burgers–Huxley
١٣ Simulat Numer Sci Nonlinear

.٢٠٩١–٢١٠٣ ،(٢٠٠٨)

۴
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دیفرانسیل معادله زمان حوزه عددی حل روش�های اثر بررس
آشوبی راه�حل�های تولید در کسری مرتبه الجستی

negar.noorbakhsh@hotmail.com ، ارشد کارشناس التحصیل فارغ ، نوربخش نگار

fmolaee@jsu.ac.ir دزفول، جندی�شاپور اه دانش �برق، گروه علم هيأت عضو ، زاده موالیی فاطمه سیده

حل� در نقطه�ای ثابت استدالل و هموتوپی اختالل آدومیان، تجزیه روش�های از استفاده تاثیر مقاله این در یده: چ
که �دهد م نشان نتایج است. شده بررس آشوبی رفتار تولید نظر از کسری مرتبه الجستی دیفرانسیل معادله عددی
دهد. نمایش صحیح مرتبه الجستی معادله همانند مشابه آشوبی رفتار و مقادیر �تواند م تکه�ای ثابت روش راه�حل

ندارند. را آشوبی رفتار نمایش قابلیت ر دی روش دو �که صورت در
هموتوپی. اختالل روش تکه�ای، ثابت استدالل آدومیان، روشتجزیه کسری، مرتبه الجستی معادله کلماتکلیدی:

استدالل و [۵] (HPM) هموتوپی اختالل روش ، [۴]
انتخاب برد. نام �توان م را [۶] (PCA) نقطه�ای ثابت
نتایج در زیادی تاثیر عددی حل روش مناسب�ترین
مرتبه دیفرانسیل معادالت شده تولید �های دینامی و
[٧] در ارانش هم و ار بال راستا این در دارد. کسری
دکتر و دقت نظر از را زمان حوزه عددی روش�های
فرکانس حوزه در آشوبی رفتارهای تولید [٨] حائری
هنوز که آنجایی از اما داده�اند. قرار بررس مورد را
آشوب تولید در زمان حوزه عددی روش�های درست
مقایسه�ای مقاله این در داریم سع است، نشده بررس
داشته نظر این از حوزه این عددی حل روش�های بین

باشیم.

مقدمه

است معمول محاسبات یافته تعمیم کسری محاسبات
دانشمندان اخیرا شد. مطرح پیش سال ٣٠٠ حدود که
از آمده بدست جواب�های که پی�برده�اند موضوع این به
مرتبه به نسبت کسری مرتبه مدل با پدیده�ها توصیف
�کنند. م مدل را بیشتری قطعیت�های عدم صحیح،
سایر و مهندس کاربردهای از بسیاری در از�این�رو
که آنجایی از .[٢][١] اند قرارگرفته توجه مورد علوم
صریح جواب کسری مرتبه دیفرانسیل معادالت بیشتر
تقریب با تنها کسری مرتبه معادالت جواب ندارند،
عددی روش�های است. پذیر ان ام عددی روش�های
حوزه در �شوند. م تقسیم فرکانس و زمان حوزه دو به
و [٣] فوریه تبدیل الپالس، تبدیل روش�های فرکانس
(ADM) آدومیان تجزیه مانند روش�هایی زمان حوزه در

١
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�آیند، م بدست زیر تساوی�های از ها uk که

uk+1 = Jα(L(uk) +Ak). (٨)

زیر صورت به و هستند آدومیان چندجمله�ای ها Ak و
�شوند: م تعریف

Ak =
1

k!
[
dk

dλk
N(

∞∑
j=0

λjuj)]λ=0. (٩)

[۵] هموتوپی اختالل روش

داده نمایش زیر سری صورت به� روش این جواب
�شود: م

u(t) =
∞∑

n=0

pnun. (١٠)

اول مشتق سه p = 1 و (٣) معادله در ذاری جای با که
�آید، م بدست صورت این به

Dαu0 = 0, (١١)

Dαu1 = au0(1− u0), (١٢)

Dαu2 = au1 − 2au0u1, (١٣)

حاصل زیر جواب نهایتا تعریف(١.٠) از استفاده با که
�شود، م

u0 = u(0), (١۴)

u1 = au0(1− u0)
tα

Γ(α+ 1)
, (١۵)

u2 = a2(u0 − 3u2
0 + 2u3

0)
t2α

Γ(2α+ 1)
. (١۶)

[۶] ای تکه ثابت استدالل

�گیریم: م نظر در زیر صورت به را (٣) معادله
Dαu(t) = au([

t

h
]h)(1− u([

t

h
]h)), (١٧)

جواب ،t ∈ [nh, (n + 1)h] اگر است. گام طول h که
�آید، م بدست زیر صورت به روش

un+1 = un + aun(1− un)
hα

Γ(α+ 1)
. (١٨)

اولیه[٣] تعاریف

f(t) تابع α ∈ R+ کسری مرتبه انتگرال .١.٠ تعریف
از: است عبارت

cJ
αf(t) =

1

Γ(α)

∫ t

c

(t− τ)α−1f(τ)dτ. (١)

اولیه شروع نقطه c و گاما تابع ،Γ(.) تابع که
�باشد. م

به f(t) تابع α ∈ R+ مرتبه کاپیتو مشتق .٢.٠ تعریف
�شود: م تعریف زیر صورت

cD
αf(t) = Jm−α(

dmf(t)

dtm
). 0 ≤ m−1 < α ≤ m.

(٢)

کسری مرتبه الجستی دیفرانسیل معادله تعریف٣.٠.
�شود: م تعریف زیر صورت به

Dαu(t) = au(t)(1− u(t)), 0 < α ≤ 1. (٣)

α = 1 ازای به آن دقیق جواب که
u(t) =

u0

u0 + (1− u0)e−at
. (۴)

به فوق معادله (١) تعریف از استفاده با نهایتا است،
�آید، م بدست زیر صورت

u(t) = u0 + Jα(au(t)− au2(t)). (۵)

معادله عددی حل روش�های
کسری مرتبه الجستی

[۴] آدومیان تجزیه روش

زیر صورت به را (۵) معادله روش، این بیان منظور به
�گیریم، م نظر در

u(t) = u(0) + Jα[L(u(t)) +N(u(t))]. (۶)

جواب است. معادله خط L و خط غیر قسمت N که
�شود: م نوشته سری صورت به آدومیان تجزیه روش

u(t) =
∞∑
k=0

uk. (٧)

٢
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الجستی دیفرانسیل معادله بایفورکاسیون نمودار ل(١) ش

الف) عددی حل روش�های از استفاده و α = 0.5 ازای به کسری

معادله بایفورکاسیون نمودار د) ج)ADM؛ ،HPM(ب PCM،

. معمول الجستی دیفرانسیل

نشان α = 1 , α = 0.5 ازای به نتایج (٢) ل ش در
تقریب تکه�ای ثابت استدالل روش اوال که �دهد م
روش این جواب مقادیر ثانیا است. (۴) برای دقیق�تری
دارد. ر دی روش دو با بسیاری تفاوت α = 0.5 ازای به

الجستی دیفرانسیل معادله عددی حل روش�های مقایسه ل(٢) ش

α = 0.5 ب) ، α = 1 الف) ازای: به کسری

جمع�بندی

اختالل آدومیان، تقریب روش�های مقاله این در
الجستی معادله روی ثابتتکه�ای استدالل و هموتوپی

که �دهد م نشان نتایج شد. پیاده�سازی کسری مرتبه
است آشوبی رفتار تولید به قادر تکه�ای ثابت استدالل
رفتار به و معقول روش این از آمده بدست مقادیر و
روش دو مورد در این که است �تر نزدی (۴) دینامی
روش�ها انتخاب در باید بنابراین �کند. نم صدق ر دی
بیشتری دقت و توجه کسری مرتبه معادالت حل برای

نتایج

با کسری مرتبه الجستی معادله بخش این در
استدالل و هموتوپی اختالل آدومیان، تقریب روش�های
بررس a = 0.5 , u(0) = 0.5 ازای به نقطه�ای ثابت

ازای به (١) ل ش در بایفورکاسیون نمودار شد.
روش دینامی رفتار که �دهد م نشان α = 0.5

دینامی نمودار الفبه قسمت در ثابتتکه�ای استدالل
است �تر نزدی د قسمت در معمول الجستی نگاشت
زودتر آشوب α = 0.5 ازای به که تفاوت این با
بدون [٧][۵] در محققان �که درصورت �دهد. م رخ
هموتوپی و آدومیان روش�های خصوصیت، این بررس
آشوبی معادله این تقریب برای مناسبی روش�های را

کرده�اند. معرف

٣
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Abstract: In this paper, the tension B-spline collocation method is implemented to find numerical solution

of the second-order boundary-value problems. Also the convergence of the method is proved. Two examples

are considered for the numerical illustration of the method developed.
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1 INTRODUCTION

In the present paper the following second order

boundary value problem is solved using collocation

method:

y
′′

(x) + p(x)y
′

= f(x), x ∈ [a, b], (1)

y(a) = α, y(b) = β, (2)

where α and β are constants and p(x) and f(x)

are smooth functions. Tension spline is studying in

[1],[2]. Also McCartin [3] developed B-spline from

tension spline. In this paper we use tension B-

spline representation in [3] via collocation method

for numerical solving of the problem (1). The L∞

and L2 in the solutions show the efficiency of the

method computationally. Also the numerical or-

der of convergence of the method is calculated for

examples. We use the following notations in the

paper: S = sinh(ph) and C = cosh(ph).

The layout of this paper is as follows. In

Section 2, we applied tension B-spline collocation

method to solve the problem. In Section 3 we derive

convergence of the collocation method. In Section

4, the numerical results are discussed. A summary

is given in Section 5. Note that we have computed

the numerical results by Mathematica-9 program-

ming.

2 TENSION B-SPLINE

COLLOCATIONMETHOD

In the first step, the region a ≤ x ≤ b partitioned

into a mesh of uniform length h = xi+1 − xi,

by the knots xi where i = 0, 1, 2, ...,N and

∗∗Corresponding Author
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a = x0 < x1...xN−1 < xN = b. According ref-

erence [3], with

a1 = phC
phC−S , b1 =

pC(C−1)+pS2

2(phC−S)(1−C) ,

b2 = p
2(phC−S) , c1 = e−ph(1−C)+S(e−ph

−1)
4(phC−S)(1−C) ,

d1 = eph(C−1)+S(eph−1)
4(phC−S)(1−C) ,

the tension B-spline can be defined as following

Bi(x) =



























































b2
(

(xi−2 − x)

− 1
p (sinh(p(xi−2 − x))))

)

, x ∈ [xi−2, xi−1),

a1 + b1(xi − x)+

c1e
p(xi−x) + d1e

−p(xi−x), x ∈ [xi−1, xi),

a1 + b1(x− xi)+

c1e
p(x−xi) + d1e

−p(x−xi), x ∈ [xi, xi+1),

b2
(

(x− xi+2)

− 1
p (sinh(p(x− xi+2))))

)

, x ∈ [xi+1, xi+2).

(3)

and p is tension parameter.

To continue we define the approximation for

y(x) as

yN (x) =

N+1
∑

i=−1

ciBi(x), (4)

where Bi(x) are the tension B-spline basis func-

tions. Also we can determine ci from boundary

conditions and collocation form of the differential

equations. We calculate yN , y
′

N and y
′′

N at node

points as

yN (xi) = w1ci+1 + ci + w1ci−1, (5)

y
′

N(xi) = z1ci+1 − z1ci−1, (6)

y
′′

N(xi) = v1ci+1 + v2ci + v1ci−1, (7)

with

w1 = S−ph
2(phC−S) , z1 = p(C−1)

2(phC−S) ,

v1 = p2S
2(phC−S) , v2 = −p2S

phC−S ,

Substituting the approximate solution yN

for y and using (6) and (7) at the knots we get

r1ci−1 + r2ci + r3ci+1 = f(xi), i, 0, . . . , N, (8)

where

r1 = v1 − z1p(xi), r2 = v2,

r3 = v1 + z1p(xi).

The system (8) consists of N + 1 linear

equations in N +3 unknowns {c−1, . . . , cN+1}. To

obtain a unique solution for {c−1, . . . , cN+1}, we

must use the boundary conditions. From (2) and

(5), we can write

w1c1 + c0 + w1c−1 = α, (9)

w1cN+1 + cN + w1cN−1 = β. (10)

With eliminating the c−1 and cN+1, we write the

last system in the matrix form

AX = D, (11)

A =



















r2 −
r1
w1

r3 − r1 0

r1 r2 r3
. . .

. . .
. . .

r1 r2 r3

0 r1 − r2 r2 −
r3
w1



















,

(12)

X =
(

c0, c1, . . . , cN−1, cN

)T

, (13)

D =
(

f(x0)−
r1α

w1
, f(x1), . . . , f(xN−1), f(xN )−

r3β

w1

)T

.

(14)

The above system of equations given in (11) has

been solved using the computer algebra system

Mathematica-9.
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3 Convergence analysis

In this section we assume that T (x) be the tension

spline, also there is maxx∈[a,b]|p(x)|.

Theorem 1. If u(x) ∈ C4[a, b] then there

exits a constant ki, independent of h such that

||Diu−DiT ||∞ ≤ kih
4−i, i = 0, 1, 2.

Proof. See reference [3].

Theorem 1. Suppose that y(x) be the ex-

act solution of (1) and yN (x) be the numerical

approximation by our methods, then we can write

||y − yN ||∞ ≤ Mh2.

Proof. In the first step, we note that

matrix A is strictly diagonally dominant ma-

trix, and also we can find M
′

independent of h,

such that ||A−1||∞ ≤ M
′

. In the next step. let

Ly = y
′′

(x) + p(x)y
′

and sN be unique tension

B-spline interpolate to the exact solution of (1)

such that given by sN (x) =
∑N+1

i=−1 c̄iBi(x). From

Theorem 1, we can write

|Ly − LsN | ≤ M
′′

h2, (15)

where M
′′

= k2 + k1h||p||∞. And we can obtain

|LyN − LsN | ≤ M
′′

h2, (16)

we substituting sN (x) in (1) and get the following

result

AX̄ = D̄, (17)

from (11) and (17), we have

A(X̄ −X) = D̄ −D, (18)

from (16), we get

||D̄ −D||∞ ≤ M
′′

h2, (19)

then from (18), we have

||X̄ −X ||∞ ≤ M
′

M
′′

h2, (20)

from (3), we can find W independent of h, such

that

|

N+1
∑

i=−1

Bi(x)| ≤ W, (a ≤ x ≤ b), (21)

with using (20) and (21), we get the result as

|yN − sN | ≤ WM
′

M
′′

h2, (22)

and we have

||y − yN ||∞ ≤ ||yN − sN ||∞ + ||sN − y||∞, (23)

from Theorem 1 and (22), (23), we get

||y − yN ||∞ ≤ Mh2. (24)

4 NUMERICAL EXAM-

PLES

In this section to illustrate the performance of the

collocation method in solving problem (1) and the

efficiency of the method, the following examples

are considered. we defined L2 and L∞ as

L2 =
√

h
∑N

i=0 |yN(xi)− y(xi)|2,

L∞ = maxNi=0 |yN (xi)− y(xi)|.

Also the numerical order of convergence of

the method is calculated by using the formula

R = log(E(N)/(E(2N)))
log(2) ,

where E(N) is the L∞ errors with the number of

partitions as N.

Example 1. Consider the equation (1) with α =

3, β = 3, p(x) = 2/x and f(x) = 4/x in the interval

[0.5, 1], with the exact solution y(x) = 2x+ 1/x.

Example 2. As a last study we consider here a nu-

merical solution of the equation (1) with α = 1, β =

4/3, p(x) = 1 and f(x) = x2 + 2x in the interval

[0, 1], with the exact solution y(x) = 1 + x3/3.
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TABLE 1

NUMERICAL ERRORS FOR EXAMPLE 1
N L∞ L2 Order of convergence.

10 3.89267E-4 1.82501E-4 —-

20 9.75267E-5 4.49889E-5 1.99689

40 2.4292E-5 1.12057E-5 2.00532

80 6.06741E-6 2.79879E-6 2.00133

TABLE 2

NUMERICAL ERRORS FOR EXAMPLE 2
N L∞ L2 Order of convergence.

10 1.06232E-4 7.74992E-5 —-

20 2.67144E-5 1.93827E-5 1.99153

40 6.6792E-6 4.84614E-6 1.99987

80 1.67081E-6 1.21156E-6 1.99913

Table 1 and Table 2 give a comparisons between

numerical and exact solutions for different parti-

tions. From Table 1 and Table 2 we see that the

L2 and L∞ errors decrease when N increases. The

order of convergence for examples are evaluated

and are reported in Tables 1 and 2. We note that

the tension parameter p in this paper is chosen as

p = maxx∈[a,b]|p(x)|.

5 Conclusion

In this work, the tension B-spline collocation

method is used to solve the second-order boundary-

value problems equation. The convergence analysis

of the method are shown. In addition, approxi-

mate numerical results given in the previous sec-

tion. Also, obtained results showed that this ap-

proach can solve the problem effectively.
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Abstract: Sinc methods for the numerical solution of ordinary and partial differential equations have been

extensively studied and found to be a very effective technique. In this article we will introduce a modified

version of sinc method namely multistage modified sinc method(MMSM) for solving non-linear dynamical

systems. We illustrate that the proposed method is able to solve non-simple system while Runge-kutta

method(RKM) has difficultly with these systems. It is shown that the MMSM has the advantage of giving an

analytical form of the solution within each time interval which is not possible in purely numerical techniques

like RKM.

Keywords: Sinc method ; Non-linear systems of differntial equations; Non-simple system; Multistage
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1 INTRODUCTION

The sinc methods have been developed by Frank

Stenger, the pioneer of this field, and his col-

leagues [1, 7]. Sinc methods have many applica-

tions in scientific and engineering applications in-

cluding heat transfer [2], population growth [3],

fluid mechanics[4], inverse problems [5] and med-

ical imaging [6]. However, the sinc method(SM)

has some drawbacks. By using the SM, we obtain

a closed solution. This solution does not exhibit

the real behaviours of the problem but gives a good

approximation to the true solution in a very small

region. Therefore, in order to accelerate the rate of

convergence and improve the accuracy of the cal-

culations, it is necessary to divide the entire do-

main H into n subdomains. The main advantage

of domain split process is that only a few terms are

required to get the solution in a small time inter-

val Hi. Therefore, the system of differential equa-

tions can then be solved in each subdomain. In the

MMSM, the obtained solution in the end of inter-

val Hi uses as initial values for interval Hi+1. Thus

proposed method does not have the sinc methods

drawbacks.

∗∗Corresponding Author
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2 The Multistage Modified

Sinc Method

Let C denote the set of all complex numbers and for

all z ∈ C define the sinc cardinal or sinc function

by

sinc(z) =

{
sin(πz)

πz , z ̸= 0,

1, z = 0.

This function is translated with evenly spaced

nodes are given as

S(k, h)(z) = sinc(
z − kh

h
),

k = 0,±1,±2, . . . , h > 0.

If f(z) is analytic on a strip domain

|Imz| < d, (1)

in the z-plane and |f(z)| → 0 as z → ±∞ then, the

series

C(f, h) =
∞∑

k=−∞

f(kh)sinc(
z − kh

h
), (2)

converges, we call it whittaker cardinal expansion.

From [7], as h→ 0 we can write

f(z) = C(f, h) + Esinc, Esinc(h) = O

(
exp

(
−πd
h

))
,

where d is half width of strip domain (1).

For problems on a subinterval, Γ, of the real

line we employ map ϕ for which ϕ(Γ) = R Let ϕ

denote a smooth one-to-one transformation of an

arc Γ, with end-points a and b onto R, such that

ϕ(a) = −∞ and ϕ(b) = ∞. Let ψ = ϕ−1 denote

the inverse map, so that

Γ = {z ∈ C : z = ψ(u), u ∈ R}.

Given ϕ, ψ and a positive number h, define the sinc

points zk by

zk = zk(h) = ψ(kh), k = 0,±1,±2, ...

and a function ρ, by

ρ(z) = eϕ(z).

Observe that ρ(z) increases from 0 to ∞ as z tra-

verses Γ from a to b.

Corresponding to positive numbers α, β and d, let

Lα,β,d(ϕ) denote the family of all functions F de-

fined on Γ for which

F (z) =

{
O(ρ(z)α) z → a,

O(ρ(z)−β) z → b,

and such that the Fourier transform {Foϕ−1}˜ sat-
isfies the relation

{Foϕ−1}˜(ς) = O(e−d|ς|),

for all ς ∈ R.

In many of applications of the sinc method trans-

formation

ϕ(z) = log

(
z − a

b− z

)
, (3)

has been used. The map ϕ carries the eye-shaped

region

DE =

{
z = x+ iy :

∣∣arg(z − a

b− z

)
| < d <

π

2

}
,

on to

Dd = {ξ = ξ + iη : |η| < d < π/2} .

Define h by

h =
2√
N
.

The h is the mesh size in Dd for the uniform grids

kh, −∞ < k < ∞. In real numbers the base func-

tions on (a, b) are given by

S(j, h)oϕ(x) = sinc

(
ϕ(x)− jh

h

)
.

The sinc grid points z ∈ (a, b) in DE will be de-

noted by x because they are real. The inverse im-

ages of the equispaced grids (3) are

x = ϕ−1(t) = ψ(t) =
a+ bet

1 + et
.

For given a positive integers M and N, let D

and V denote linear operators acting on functions

u defined on Γ given by

Du = diag[u(x−M ), ..., u(xN )], (4)

V u = (u(x−M ), ..., u(xN ))tr, (5)
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where xj = ϕ−1(jh) denote the sinc points. Set

γj = S(j, h)oϕ, j = −M, ..., N,

ωj = γj , j = −M + 1, ..., N − 1,

ω−M =
1

1 + ρ
−

N∑
j=−M+1

1

1 + ejh
γj ,

ωN =
ρ

1 + ρ
−

N−1∑
j=−M

ejh

1 + ejh
γj ,

ϵN = N1/2e−(πdβN)1/2 .

The ωj are the basis functions thus we define

w = (ω−M , ..., ωN ).

For given f, we can now form the sinc approxima-

tion,

f(x) ≃
N∑

k=−M

f(xk)ωk(x),

or in terms of the notation defined above,

f ≃ wV f.

If define

σk =

∫ k

0

sinc(x)dx, k ∈ Z

ek =
1

2
+ σk,

and we define an m×m matrix I(−1) = [ei−j ], with

ei−j denoting the (i, j)th element of I(−1).

We define the operators ζ+, ζ−, ζ+m, ζ
−
m and m×m

matrices A+ and A−:

(ζ+f)(x) =

∫ x

a

f(t)dt,

(ζ−f)(x) =

∫ b

x

f(t)dt,

(ζ+mf)(x) = w(x)A+V f, A+ = hI(−1)D(1/ϕ′),

(ζ−mf)(x) = w(x)A−V f, A− = h(I(−1))TD(1/ϕ′),

where D(.) and V (.) are defined as in (5) and (5).

Now from [7] we can write If f/ϕ′ ∈ Lα,β,d(ϕ),

then, for all N > 1,

∥ζ+f − ζ+mf∥ = O(ϵN ),

∥ζ−f − ζ−mf∥ = O(ϵN ).

Now we want to solve non-linear system
Ẋ1

...

ẊN

 =


f1(X1, ..., XN )

...

fN (X1, ..., XN )

 ,

which is to be solved over [0, α] subject to our ini-

tial conditions. Integrating each of equations over

[0, α] and collocating, at points xj , we get the sys-

tem of equations
X1

...

XN

 =


X1(0)

...

XN (0)

+


A+

. . .

A+



f1(X1, ..., XN )

...

fN (X1, ..., XN ),

 (6)

where X1, ..., XN , the f1, ..., fN and the ini-

tial value vectors are column vectors of size M +

N + 1 (with e.g.

X1(0) = (X1(0), ..., X1(0))
tr

this being a vector of size M + N + 1). We can

then try to solve our system via use of successive

approximation, starting with

(X1, ..., XN ) = (X1(0), ..., XN (0)).

In solving problems some times the succes-

sive approximation dose not converge. As men-

tioned in introduction section for improving the ac-

curacy of the calculations we use MMSM to solve

proposed system. for fixing the problem we can

pick a positive β < α and repeat the above pro-

cess. We will then eventually get a solution over

(0, β) for some sufficiently small, (because we get a

contraction operator for β sufficiently small). We

can then repeat the process to get a solution over

(β, 2β), starting by taking the initial value of the

system at β to be

(X1(xN ), ..., XN (xN )),

etc.
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3 Numerical examples

This section provide an example to show the effec-

tiveness the modified sinc method numerically.

Example 2: Consider
Ṫ = T ∗V + T ∗,

Ṫ ∗ = 2
√
T

∗
,

V̇ = 3T ∗,

(7)

with T (0) = 0, T ∗(0) = 0, V (0) = 1. The exact

solution is 
T = t6

6 + 2
3 t

3,

T ∗ = t2,

V = t3 + 1.

This system is a non-simple system. The

obtained results show that the MMSM is so bet-

ter than the RKM for solving non-simple systems.

Table 1 shows the errors of the MMSM for solving

system (7) (M=N=150). We have first solved the

system in [0,1] and used solution values on point 1

as an initial values for second interval and so on.

Table 2 shows the errors of the RKM. These re-

sults highlight the efficiency of proposed method in

comparison with the Runge-Kutta method.

TABLE 1

THE ERRORS OF THE MMSM FOR SOLVING SYSTEM (7)

t T Error T* Error V Error

0.10689 6.25 * 10(̂-10) 5.84 * 10(̂-9) 9.37 * 10(̂-10)

0.34226 6.53 * 10(̂-9) 1.87 * 10(̂-8) 9.61 * 10(̂-9)

0.69349 3.06 * 10(̂-8) 3.79 * 10(̂-8) 3.94 * 10(̂-8)

1.00000 8.19 * 10(̂-8) 5.46 * 10(̂-8) 8.19 * 10(̂-8)

1.50000 3.30 * 10(̂-7) 8.19 * 10(̂-8) 1.84 * 10(̂-7)

1.95700 9.93 * 10(̂-7) 1.06 * 10(̂-7) 3.13 * 10(̂-7)

2.50000 3.00 * 10(̂-6) 1.36 * 10(̂-7) 5.11 * 10(̂-7)

2.83657 5.44 * 10(̂-6) 1.54 * 10(̂-7) 6.58 * 10(̂-7)

3.62008 1.76 * 10(̂-5) 1.97 * 10(̂-7) 1.07 * 10(̂-6)

4.94136 8.13 * 10(̂-5) 2.68 * 10(̂-7) 1.99 * 10(̂-6)

TABLE 2

THE ERRORS OF THE RKM FOR SOLVING SYSTEM (7)

t T Error T* Error V Error

1.0e+2*

0.10689 0.000008 0.011425 0.001221

0.34226 0.000182 0.061616 0.027011

0.69349 0.000986 0.136011 0.131123

1.00000 0.002702 0.201128 0.286120

1.50000 0.011158 0.307337 0.667472

1.95700 0.034267 0.404410 1.155379

2.50000 0.105938 0.519749 1.908102

2.83657 0.194029 0.591242 2.469007

3.62008 0.640489 0.757665 4.054319

4.94136 3.014170 1.038572 7.613981

4 Conclusions

In this paper, We introduced multistage modified

sinc method for solving system of differential equa-

tions. In present example we illustrate that the

MMSM method is able to solve non-simple system

while RKM has difficultly with these systems.
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1 Introduction

HIV, which primarily attacks the CD4+ helper T-

cells, leads to AIDS. Since the mid-1980’s, numer-

ous models, either stochastic or deterministic, have

been proposed to describe the interaction between

CD4+ T-cells and virions [?].

The most effective treatment regime for HIV

patients is HAART, highly active antiretroviral

therapies, consisting of reverse transcriptase in-

hibitors and protease inhibitors. Furthermore, ac-

cording to research works, HIV can be transmitted

both from cell-to-cell and virus-to-cell.

Recently, the number of application of frac-

tional calculus rapidly grows. These mathemati-

cal phenomena allows us to describe and model a

real object more accurately than the classical inte-

ger methods. Fractional calculus has played a vital

role in physics [?], electrical engineering [?], chemi-

cal mixing [?] and so on. Furthermore, it has been

deduced that the membrane of cells of biological or-

ganism have fractional-order electrical conductance

[?]. Hence, they are classified in groups of non-

integer order models. The fractional-order models

naturally possess memory existing in most biolog-

ical systems. This is the major difference between

fractional-order and integer-order models. Further-

more, FODEs are related to fractals abundant in

biological systems [?].

2 Model description

We first introduce the following definitions as

fractional-order integration and fractional-order

differentiation [?]. We consider the fractional

derivative in the Caputo sense, which is a modi-

fication of the Riemann-Liouville definition. The

initial conditions for the fractional-order differen-

tial equations with the Caputo derivative are in

the same form as for the integer-order differential

equations. This is an advantage since applied prob-

lems require definitions of fractional derivatives, in

which there are clear interpretation of initial con-

ditions. Hence Caputo’s definition deals properly

with initial value problems [?]. The fractional in-

tegral of order α > 0 of a function f : R+ → R is

∗Corresponding Author
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defined as

Iαf(x) =
1

Γ(α)

∫ x

0

(x− t)α−1f(t)dt,

in which the right side is pointwisely defined on

R+. The Caputo definition of fractional deriva-

tives of a continuous function f : R+ → R of order

α ∈ (n− 1, n) can be written as [?]:

Dαf(x) = In−αDnf(x).

Now, motivated by Yongsheng and Haiping in

[?], we consider the following fractional-order HIV

model:

DαT = s− dTT + pT (1− T

Tmax
)

−k1(1− nc)V T − k2TT
∗,

DαT ∗ = k1(1− nc)V T + k2TT
∗ − δT ∗,

DαV = NδT ∗ − cV,

(1)

where T (t), T ∗(t) and V (t) respectively represent

the concentration of susceptible T-cells, produc-

tively infected T-cells and free viruses at time t.

Also, s, dT , p and Tmax are respectively, T-cells

source term, death rate of healthy T-cells, growth

rate of T-cells and carrying capacity of T-cells. k1

and k2 are viral infecting rate and contact rate be-

tween uninfected T-cells and infected T-cells. δ,

c and N are death rate of infected T-cells, clear-

ance rate of virus and virus particles released by

a productively infected T-cell over its life time, re-

spectively. Furthermore, nc = 1− (1−nrt)(1−np)

is an overall drug efficacy. According to numeri-

cal simulations, when 0 < α ≤ 0.5, the solution

of (??) is unbounded and hence we don’t think

the rate of change in number can approximately be

described by fractional derivatives [?]. Therefore,

0.5 < α ≤ 1 is restricted here.

Denote R3
+ = {x ∈ R3

+|x ≥ 0} and suppose

that x(t) = (T (t), T ∗(t), V (t)). For proving the

main theorem, we require the following corollary

concluding from the generalized mean value prob-

lem [?]. Let f(x) ∈ C[a, b] and Dα
a f(x) ∈ C(a, b]

for 0 < α ≤ 1. If for each x ∈ (a, b), Dα
a f(x) ≥ 0,

then f(x) is nondecreasing for all x ∈ [a, b]. Fur-

thermore, if for each x ∈ (a, b), Dα
a f(x) ≤ 0, then

f(x) is nonincreasing for all x ∈ [a, b].

Theorem 2.1. For each initial value x(0) > 0,

there exists a unique solution x(t) to system (??)

on t ≥ 0. Furthermore, the solution will remain in

R3
+ and both T (t) and T ∗(t) are bounded by Tmax.

Proof. Theorem 3.1 and Remark 3.2 of [?] implies

that the solution on (0,∞) which solves the sys-

tem (??) with any given initial condition x(0) > 0

is not only existent but also unique. Now, we prove

that whenever the solution exists, it is always posi-

tive. Assume that it is not true. Hence, there exists

t1 > 0 such that at least one of the elements of the

solution becomes zero and until which all elements

of the solutions are positive. We face with three

following possibilities:

(I) If T (t1) = 0 holds, then we have T ∗(t1) > 0

and V (t1) > 0 when t ∈ [0, t1] and T (t) > 0 when

t ∈ [0, t1). Suppose that m1 = min
t∈[0,t1]

V (t), m2 =

min
t∈[0,t1]

T ∗(t) and y1 = dT + k1(1 − nc)m1 + k2m2,

then it follows that

DαT (t) > −y1T (t), t ∈ [0, t1], (2)

which yields

T (t) > T (0)Eα(−y1t
α), t ∈ [0, t1]. (3)

where, Eα is a Mittag-Leffler function. Hence,

T (0) > 0 implies that T (t1) > 0 which is a con-

tradiction.

(II) If T ∗(t1) = 0 holds, then T (t1) > 0 and

V (t1) > 0 when t ∈ [0, t1] and T ∗(t) > 0 when

t ∈ [0, t1). Then, in the similar way, the second

equation in (??) implies that

T ∗(t) > T ∗(0)Eα(−δtα), t ∈ [0, t1]. (4)

Again, T ∗(0) > 0 implies T ∗(t1) > 0, which is a

contradiction.

(III) If V (t1) = 0 holds, then T (t1) > 0 and

T ∗(t1) > 0 when t ∈ [0, t1] and V (t) > 0 when

2
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t ∈ [0, t1). Hence, similarly the third equation in

(??) implies

V (t) > V (0)Eα(−ctα), t ∈ [0, t1], (5)

which is a contradiction. Hence, the solution of

system (??) will remain in R3
+.

Furthermore, if we define Ttot := T + T ∗,

since δ > dT , therefore, at Ttot = Tmax, we get

DαTtot|Ttot=Tmax < s− dTTmax.

According to [?], we have dTTmax > s, which im-

plies that DαTtot|Ttot=Tmax < 0. Hence, by corol-

lary 3.2., we get that Ttot, the total T-cell popula-

tion, T (t) and T ∗(t) are all bounded by Tmax.

3 Equilibria and their stabili-

ties

We obtain the following two equilibrium points E0,

the infection-free equilibrium, and E1, the endemic

equilibrium, for system (??):

E0 = (T0, 0, 0), E1 = (T̄ , T̄ ∗, V̄ ), (6)

where

T0 =
Tmax

2p

[
(p− dT ) +

√
(p− dT )2 +

4sp

Tmax

]
,

T̄ =
δc

k1Nδ(1− nc) + k2c
, T̄ ∗ =

cV

Nδ
,

V̄ =
N

c
[s+ pT̄ −

pT̄ 2

Tmax
− dT T̄ ].

Theorem 3.1. The infection-free equilibrium, E0,

is locally asymptotically stable if 0 < R0 < 1 and

unstable if R0 > 1.

Proof. According to [?], E0 is locally asymptoti-
cally stable if all eigenvalues of Jacobian matrix

satisfy |arg(λ)| > απ

2
. By considering the Jaco-

bian matrix at E0:

J0 =

 p(1−
2T0

Tmax
)− dT −k2T0 −k1(1− nc)T0

0 k2T0 − δ k1(1− nc)T0

0 Nδ −c

 ,

the submatrix of J0 which corresponds to the in-

fectious compartments is as follows:

J01 =

[
k2T0 − δ k1(1− nc)T0

Nδ −c

]
.

Hence, R0, the basic reproduction number, is as
follows:

R0 = ρ(FV −1) =
1

2

(
k2T0

δ
+

√
(
k2T0

δ
)2 +

4k1NT0(1− nc)

c

)
.

One eigenvalue of J0 is given by p(1 − 2T0

Tmax
) −

dT = −
√
(p− dT )2 +

4sp

Tmax
< 0, and the other

two eigenvalues are those of J01. So for finding

the eigenvalues of J01, we have:

det J01 = ck2T0 + cδ − k1(1− nc)NδT0 = 1− T0,

where

T0 =
k2T0

δ
+

k1NT0(1− nc)

c
.

So, we have

R0 =
1

2

(
k2T0

δ
+

√
(2− k2T0

δ
)2 + 4(T0 − 1)

)
.

Therefore we have R0 = 1 if and only if T0 = 1.

And alsoR0 > 1(R0 < 1) if and only if T0 < 1(T0 >

1) because R0 is increasing respect to T0. So, we

conclude that if R0 > 1, then det J01 < 0 and

therefore E0 is a saddle point for J0 . Hence one

of its eigenvalues is positive. Otherwise, if R0 < 0,

then det J01 > 0 and trJ01 < 0, which implies that

the equilibrium of J01 is a node with negative real

part. Consequently, all the eigenvalues of J0 have

negative real parts.

For discussing the local stability of E1, for

R0 > 1, by evaluating the Jacobian matrix at E1,

the characteristic polynomial of the linearized sys-

tem is as

P (λ) = λ3 + a1λ
2 + a2λ+ a3 = 0,

where

a1 =δ + c+
2pT̄

Tmax
− (p− dT ) + k1(1− nc)V̄ + k2(T̄ ∗ − T̄ )

a2 =(δ + c− k2T̄ )(
2pT̄

Tmax
− (p− dT ))

+ (c+ δ)(k2T̄ ∗ + k1(1− nc)V̄ )

a3 =k1(1− nc)cδV̄ + k2cδT̄ ∗.
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Hence, according to [?, ?], we have the following

proposition: The infected steady state, E1, is lo-

cally asymptotically stable if all the eigenvalues, λ,

of J(E1) satisfy |arg(λ)| > απ

2
. Let D(P ) be the

discriminant of P (λ). Hence, we have

D(P ) =−

∣∣∣∣∣∣∣∣∣∣∣∣

1 a1 a2 a3 0

0 1 a1 a2 a3

3 2a1 a2 0 0

0 3 2a1 a2 0

0 0 3 2a1 a2

∣∣∣∣∣∣∣∣∣∣∣∣
=18a1a2a3 + (a1a2)

2 − 4a3a
3
1 − 4a32 − 27a23.

The results of [?, ?] imply the following proposition:

IfD(P ) is positive, E1 is locally asymptotically sta-

ble iff Routh-Hurwitz conditions are satisfied, that

is,

a1 > 0, a3 > 0, a1a2 > a3 if D(P ) > 0.

(I) If D(P ) < 0, a1 ≥ 0, a2 ≥ 0, a3 > 0,

α ∈ (0.5,
2

3
), then E1 is locally asymptotically

stable.

(II) If D(P ) < 0, a1 > 0, a2 > 0, a1a2 = a3,

α ∈ (0.5, 1), then E1 is locally asymptotically sta-

ble.

(III) If D(P ) < 0, a1 < 0, a2 < 0, α >
2

3
, then E1

is unstable.
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Abstract: In this paper, we study a square fuzzy system of linear equations (FSLE). We first, introduce

shortcomings applying the algebraic solutions. In order to overcome these shortcomings, we suggest coating

solution concept as a fuzzy number vector. We next, prove existence and uniquely and also, introduce

properties required of it, in details. Finally, we introduce ideal solution for a FSLE based on algebraic and

coating solutions.

Keywords: Fuzzy numbers, Fuzzy number vectors, Fuzzy linear system, Algebraic solutions.

1 INTRODUCTION

System of linear equations with uncertain parame-

ters plays a vital role in modeling real life problems

such as optimization, economics and engineering.

A FSLE is a such as system that can be written as

Ax̃ = b̃ (1)

where the coefficient matrix A is crisp, while b̃ is

a fuzzy number vector. So far, many authors have

been worked on FSLEs. For first time, Friedman,

Ming, and Kandel [1] proposed a general model to

solve FSLE by using an embedding approach. They

solved n× n system (1) by solving a 2n× 2n crisp

system. Next, they considered [2], the system in

the dual case as Ax̃ = Bx̃ + ỹ. They proved that

if the matrices A and B are nonnegative then the

mentioned dual fuzzy linear system has a unique

fuzzy solution if and only if the inverse matrix A−B

exists and it has only nonnegative entries. Ezzati

[5] solved (1) by solving two n × n crisp systems.

In most of other studied methods such as iterative

methods and numerical methods and also analyzing

the solution (see for instant [3] and [4]), it is tried to

finding the algebraic solution of system (1). In this

paper, next of briefly review of basic definitions and

required, we express shortcomings related to alge-

braic solutions. These shortcomings will show that

we can’t restrict our attempt to finding algebraic

solution of a FSLE. For overcome these shortcom-

ings, we introduce the coating solution concept for

FSLEs. We will structurally prove that if the ma-

trix A is a nonsingular matrix, then coating solu-

tion exists and it is uniquely. In sequel, we express

and prove properties of coating solution and its re-

lationship with obtained solutions by keramer and

inclusion methods. Finally, we introduce a linear

system that is composed of fuzzy equal and defini-

tion its ideal solution which based on the coating

solution and the algebraic solution.

∗Corresponding Author
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2 PRELIMINARIES

We denote by RF as the set all of fuzzy numbers

defined on real axis R. The α − cut of ã ∈ RF

is defined as [ã]α = {x ∈ R|µã(x) ≥ α}. Also,

its support is defined as Supp(ã) = Closure{x ∈
R∥µã(x) > 0} that is 0− cut of ã and it denoted as

[ã]0 = [a−(0), a+(0)]. The quantities a−(1)−a−(0)

and a+(0)− a+(1) are called left and right spreads

of Supp(ã), respectively. A triangular fuzzy num-

ber is ã = (r, a, s) where r < a < s and we have

a−(α) = r+(a−r)α and a+(α) = s−(s−a)α. The

metric structure is usually given by the Hausdorff

distance, that is Dh : RF × RF → [0,+∞) with

Dh(ã, b̃) =

supα∈[0,1] max{|a−(α)− b−(α)|, |a+(α)− b+(α)|}.

Definition 2.1. Consider Rn as n-dimensional

real space. If u = (u1, u2, · · · , un)
t and v =

(v1, v2, · · · , vn)t ∈ Rn, then we write u ≤ v when-

ever ui ≤ vi for i = 1, 2, · · · , n.

Definition 2.2. A fuzzy number vector on Rn is

defined as a vector with fuzzy components, means

that ũ = (ũ1, ũ2, · · · , ũn)
t in which ũi for 1 ≤ i ≤ n

is fuzzy number and it can be rewrite as ũ =

(u−(α), u+(α)) =
(
(u−

1 (α), u
−
2 (α), · · · , u−

n (α))
t,

(u+
1 (α), u

+
2 (α), · · · , u+

n (α))
t
)
.

We denote by Rn
F the space fuzzy number

vector on Rn. Based on the extension principle, the

membership function of ũ = (ũ1, ũ2, · · · , ũn)
t ∈ Rn

F

is defined as µũ(x) = min1≤i≤n{µũi
(xi)} where

µũi
(xi), 1 ≤ i ≤ n is membership function of ũi,

and x = (x1, x2, · · · , xn) ∈ Rn. The arithmetic

operations on fuzzy number vectors are related to

their components.

Definition 2.3. Let ũ = (ũ1, ũ2, · · · , ũn)
t ∈ Rn

F .

The Supp(ũ) is a subset of Rn which defined as

Supp(ũ) = [ũ1]0 × [ũ2]0, · · · , [ũn]0

Definition 2.4. The distance between two

fuzzy number vectors is defined as D(ũ, ṽ) =

Max1≤i≤nDh(ũi, ṽi). Where ũi and ṽi are ith

components of the vectors ũ and ṽ, respectively.

Definition 2.5. The vector x̃ ∈ Rn
F will be called

an algebraic solution of system (1), if we have∑n
j=1 aij x̃j = b̃i, i.e.

∑n
j=1(aijxj)

−(α) = b−i (α),

and
∑n

j=1(aijxj)
+(α) = b+i (α), ∀α ∈ [0, 1].

3 SHORTCOMINGS OF AL-

GEBRAIC SOLUTIONS

We here, point out three main shortcomings of al-

gebraic solutions.

1. Existence problem

By Definition 2.5, it is observed that algebraic solu-

tion for (1), obtained based on an exact definition

of equality between two fuzzy numbers. This is a

strong restriction to solve a fuzzy system of equa-

tions. Because, for example if x̃ be the algebraic

solution of (1), then based on extension principle

the spreads of [Ax̃]0 are greater than spreads of [x̃]0.

Thus, for assumption matrix A, the right hand side

vector b̃ can not be an arbitrary vector.

2. Calculations volume

Accordance with the proposed procedures for ob-

taining algebraic solution of (1) which is of order

n× n, it is necessary that solved a crisp system of

order 2n× 2n or two n× n crisp systems.

3. Behavior of solution

The algebraic solution usually, does not reflex the

behavior of solution in case crisp. Indeed, if in (1)

the matrix A−1 exists then for algebraic solution

x̃ we can not result the equality x̃ = A−1b̃, usu-

ally. Furthermore, [x̃]0 is not containing all needed

crisp vectors, usually. For example, consider the

following system{
x̃1 − x̃2 = (α, 2− α)

x̃1 + 3x̃2 = (4 + α, 7− 2α)

The algebraic solution is obtained in [1] as

x̃ = ((1.375 + 0.625α, 0.875 + 0.125α)t, (2.875 −
0.875α, 1.375 − 0.375α)t) we have supp(x̃) =

[1.375, 2.875]× [0.875, 1.375], and supp(̃b) = [0, 2]×
[4, 7]. By choice b̃ = (0.1, 4.1)t, so b ∈ supp(̃b),

we obtain easily x = (1.1, 1)t which clearly shows

x ̸∈ Supp(x̃) and thus µx̃(x) = 0.

2
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4 COATING SOLUTION

We start by considering a set of crisp solutions.

Definition 4.1. We say that the subset X(A, b̃) of

Rn is crisp solutions set of system (1) if

∀b ∈ [̃b]0, ∃x ∈ X(A, b̃); Ax = b.

Remark 4.2. If system (1) has algebraic solution

x̃ then by Definition 4.1, it is clear that [x̃]0 ⊆
X(A, b̃). Also, it can be shown that X(A, b̃) does

not form a fuzzy number vector in general case.

Remark 4.3. Since in System (1), the our re-

sources are formed of fuzzy numbers, we expect the

solution to appear as a fuzzy number vector.

Remark 4.4. If vector x̃ is considered as a solu-

tion of (1), then it is expected that [x̃]0 includes all

the required crisp vectors of system (1). In other

words, we should be have X(A, b̃) ⊆ [x̃]0.

Remark 4.5. Consider the fuzzy number vector

x̃ which is considered as a solution of (1). If left

and right spreads related to the components of x̃

are large numbers, then the uncertainty is high in

vector x̃. In this case, we can not speak about this

solution with more confident.

Definition 4.6. Consider a FSLE given as (1).

We say that x̃ is a coating solution of it, if the fol-

lowing conditions are hold

(i). x̃ is a fuzzy number vector.

(ii). A[x̃]1 = [̃b]1.

(iii). X(A, b̃) ⊆ [x̃]0.

(iv). The components of x̃ have smallest left and

right spreads.

Theorem 4.7. If A be a nonsingular matrix then

system (1) has an unique coating solution.

Proof. Uniqueness: Based on Definition 4.6, the

uniqueness of coating solution is clear.

Existence: The proof is structural. Suppose that a

α ∈ [0, 1] is arbitrary and fixed. We define two sets

of vectors as the following

I (̃b;α) = {u(α) ∈ Rn|u(α) = (u1, u2, · · · , un)
t,

uj(α) ∈ {b−j (α), b
+
j (α)}, j = 1, 2, · · · , n}

χ(A;α) = {x(α) ∈ Rn|x(α) = (x1, x2, · · · , xn)
t,

Ax(α) = u(α), u(α) ∈ I (̃b;α)}.
The set I (̃b;α) has 2n elements, so the set χ(A;α)

is obtained by solving 2n crisp system. We define

x−
j (α) = min1≤j≤2n

{
x
(k)
j (α)|

x(k) = (x
(k)
1 , x

(k)
2 , · · · , x(k)

n )t ∈ χ(A;α)
}
,

(2)

x+
j (α) = max1≤j≤2n

{
x
(k)
j (α)|

x(k) = (x
(k)
1 , x

(k)
2 , · · · , x(k)

n )t ∈ χ(A;α)
}
,

(3)

We check that x̃j = (x−
j (α), x

+
j (α)), ∀α ∈ [0, 1]

is a fuzzy number. Let us assume that tij is

the element ith row and jth column of matrix

A−1. Also, if the vector u(k)(α) from I (̃b;α) cor-

responds to vector x(k)(α) from χ(A;α), then we

have Ax(k)(α) = u(k)(α). Then, we get

x
(k)
i (α) =

∑n
j=1 tiju

(k)
j (α)

=
∑

tij≥0 tiju
(k)
j (α) +

∑
tij<0 tiju

(k)
j (α),

(4)

To the usage of (2) and (3) in 4, we obtain

x−
i (α) = min1≤k≤2n

∑n
j=1 tiju

(k)
j (α)

=
∑

tij≥0 tijb
−
j (α) +

∑
tij<0 tijb

+
j (α),

(5)

x+
i (α) = max1≤k≤2n

∑n
j=1 tiju

(k)
j (α)

=
∑

tij≥0 tijb
+
j (α) +

∑
tij<0 tijb

−
j (α).

(6)

Since b̃ is a fuzzy number we conclude of the

coefficients b−j (α) and b+j (α) in (5) the function

x−
i (α) that, is a bounded monotonic increasing left-

continuous function. Similarly, the equality (6)

concludes x+
i (α) is a bounded monotonic decreas-

ing left-continuous function. Therefore, the vector

x̃ = (x̃1, x̃2, · · · , x̃n), where x̃i, i = 1, 2, · · · , n is

obtained by using (5) and (6), represents a fuzzy

number vector. According to the structure of defi-

nitions 2.2 and 2.3, it is easy to deduce that x̃ sat-

isfies in the conditions (iii) and (iv) of Definition

4.6. Finally, by (5) and (6), we have

[x̃i]1 = [x−
i (1), x

+
i (1)]

=
[∑

tij≥0 tijb
−
j (1) +

∑
tij<0 tijb

+
j (1),∑

tij≥0 tijb
+
j (1) +

∑
tij<0 tijb

−
j (1)

]
=

[
(
∑n

j=1 tij b̃j)
−(1), (

∑n
j=1 tij b̃j)

+(1)
]
= A−1 [̃b]1.
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Consequently, x̃ is coating solution of (1) and this

completes the proof.

If x̃ is coating solution for (1), then based on

the structure of definitions 2.2 and 2.3 there should

be the matrix A−1 and also, based on reasoning of

Theorem 4.7, we result that

x̃ = A−1b̃. (7)

If x̃ and ỹ are the coating solution and algebraic

solution for (1) respectively, then it is easy to de-

duce that [x̃]1 = [ỹ]1.

Theorem 4.8. Let A is a nonsingular matrix. If ỹ

is inclusion solution of (1) and it is a fuzzy number

vector, then it is coating solution of (1), too.

Theorem 4.9. The coating solution of (1) is equal

to the solution obtained from Kramer method.

5 IDEAL SOLUTION

It is possible the coating solution is not suitable

for decision maker. Because, against algebraic so-

lution, it is may be not satisfy in the initial system

(1). Accordingly, we define an ideal solution for a

FSLE.

Definition 5.1. Consider a FSLE in form (1) in

which A is a nonsingular matrix. We say that the

coating solution x̃ is an ideal solution of it, if x̃ is

an algebraic solution, too.

Theorem 5.2. The system (1) has the ideal solu-

tion if and only if A(A−1b̃) = b̃.

Remark 5.3. Hence there not exists an algebraic

solution, usually then existence of an ideal solu-

tion is too weak, generally. This situation us sug-

gest that, we need to search a solution such that

it is close to the ideal solution. In other words,

it is possible a fuzzy number vector that is approx-

imately satisfies in (1) and (7), is more suitable

with respect to the algebraic and coating solutions.

Consequently, it is better, the system (1) considered

as the following approximate system

Ax̃ ∼= b̃ (8)

where symbol ∼= can be definition by defining a

membership function on Rn
F . For example, if A is

a nonsingular matrix, then we can define the mem-

bership function based on (1), (7) and Definition

5.1, as follows

µ∼=(x̃) =
1

1 +D(Ax̃, b̃) +D(x̃, A−1b̃)
.

According to this sitting, the fuzzy number vector x̃

is ideal solution for (1) if and only if for the system

(8), we have µ∼=(x̃) = 1.

6 CONCLUSION

We have introduced the coating solution concept

for a FSLE and its advances with respect to al-

gebraic solution. We also, examined the relation

of coating solution with solutions obtained of pre-

vious methods and in final, ideal solution and its

existence is introduced.
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Abstract: A new method is proposed for the numerical solution of the linear two-dimensional mixed

Volterra-Fredholm integral equations. The proposed numerical algorithm uses the operational matrices of

the bivariate shifted Legendre functions. A new operational matrix of the bivariate shifted Legendre functions

is introduced. The method reduces the mixed Volterra-Fredholm integral equation to the solution of a system

of linear algebraic equations. Finally, the method is tested on a problem and numerical results are given.

The numerical results confirm that the computational method provides high accurate results.

Keywords: Mixed Volterra-Fredholm integral equation, Bivariate shifted Legendre functions, Operational

matrix.

1 INTRODUCTION

Various problems in physics, mechanics and biology

lead to nonlinear mixed type Volterra-Fredholm in-

tegral equations. In particular, such equations ap-

pear in modeling of the theory of parabolic initial-

boundary value problems, spatio-temporal develop-

ment of an epidemic, Fourier problems, and popu-

lation dynamics [1–3].

Consider the linear mixed Volterra-

Fredholm integral equations of the form

u(x, t) = f(x, t) +

∫ t

0

∫ l

0

κ(x, t, y, z)u(y, z)dydz,

0 ≤ x, y ≤ l, 0 ≤ z ≤ t ≤ T, (1)

where f(x, t) and K(x, t, y, z) are given continuous

real-valued functions defined on Ω := [0, l] × [0, T ]

and {(x, t, y, z) : x, y ∈ [0, l], 0 ≤ z ≤ t ≤ T}, re-

spectively, and u(x, t) is the unknown function to

be determined.

Different numerical methods have been ap-

plied to approximate the solution of (1) (see for

example [4–6]). In this work, the bivariate shifted

Legendre orthogonal functions are used to solve (1).

The paper is organized as follows: In Sec-

tion 2, we discuss how to approximate functions in

terms of the bivariate shifted Legendre orthogonal

functions and introduce a new operational matrix

of integration. In Section 3, we give an approximate

solution for (1) using the bivariate shifted Legendre

functions. A numerical example is given in Section

4 to illustrate the accuracy of our method and con-

clusions are presented in Section 5.

∗Corresponding Author
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2 BASIC CONCEPTS

2.1 Definition and Functions Ap-

proximation

The bivariate shifted Legendre functions are de-

fined on Ω for m,n = 0, 1, 2, . . . , as

ψmn(x, t) = Lm(
2

l
x− 1)Ln(

2

T
t− 1),

where, Lm and Ln are the well-known Legendre

polynomials of order m and n respectively, which

are defined on the interval [−1, 1] and can be deter-

mined with the aid of the following recursive for-

mula:

L0(x) = 1,

L1(x) = x,

Lm+1(x) =
2m+1
m+1 xLm(x)− m

m+1Lm−1(x), m ≥ 1.

We consider the inner product and norm in

the space L2(Ω), respectively as follows

⟨f(x, t), g(x, t)⟩ =
∫ T

0

∫ l

0

f(x, t)g(x, t)dxdt,

∥f(x, t)∥2 = ⟨f(x, t), f(x, t)⟩ 1
2 .

The bivariate shifted Legendre functions are

orthogonal such that:

⟨ψmn, ψij⟩ =

{
l

(2m+1)
T

(2n+1) , i = m and j = n,

0, otherwise.

For every f(x, t) ∈ L2(Ω) we have

f(x, t) =

∞∑
m=0

∞∑
n=0

cmnψmn(x, t), (2)

where

cmn =
⟨f(x, t), ψmn(x, t)⟩

∥ψmn(x, t)∥22
.

If the infinite series in (2) is truncated, then (2) can

be written as

f(x, t) ≃
M∑

m=0

N∑
n=0

cmnψmn(x, t) = CTψ(x, t),

where C and ψ(x, t) are (M+1)(N+1)×1 vectors,

respectively given by

C = [c00, . . . , c0N , . . . , cM0, . . . , cMN ]T , (3)

ψ(x, t) = [ψ00(x, t), . . . , ψ0N (x, t), . . .

, ψM0(x, t), . . . , ψMN (x, t)]T .

(4)

Similarly, any function κ in L2(Ω×Ω) can be

expanded in terms of the bivariate shifted Legendre

functions as

κ(x, t, y, z) ≃ ψT (x, t)Kψ(y, z),

where K is a block matrix of the form

K = [K(i,m)]Mi,m=0,

in which

K(i,m) = [kijmn]
N
j,n=0, i,m = 0, 1, . . . ,M,

and Legendre coefficients kijmn for i,m =

0, 1, . . . ,M, j, n = 0, 1, . . . , N are given by

kijmn =
⟨⟨κ(x, t, y, z), ψmn(y, z)⟩, ψij(x, t)⟩

∥ψij(x, t)∥22∥ψmn(y, z)∥22
.

2.2 Operational Matrices

The integration of the vector ψ(x, t) defined by (4)

can be approximately obtained as:∫ t

0

∫ l

0

ψ(x, t′)dxdt′ ≃ Qψ(x, t), (5)

where t ∈ [0, T ] and P is an (M+1)(N+1)×(M+

1)(N + 1) matrix as follows:

Q = l


P O . . . O

O O . . . O
...

...
. . .

...

O O . . . O

 ,

in which O is the zero matrix of order N + 1 and

P =
T

2



1 1 0 · · · 0 0 0
−1
3 0 1

3 · · · 0 0 0
...

...
...

...
...

...

0 0 0 · · · −1
2N−1 0 1

2N−1

0 0 0 · · · 0 −1
2N+1 0

 ,
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The following properties will also be used:

ψ(x, t)ψT (x, t)C ≃ C̃ψ(x, t), (6)

ψT (x, t)Kψ(x, t) ≃ K̂ψ(x, t), (7)

where C̃ and K̂ have been introduced in [7].

3 NUMERICAL METHOD

In this section, we present a numerical method to

find an approximate solution for (1). Using the way

mentioned in the previous section, the functions

u(x, t), f(x, t), κ(x, t, y, z) can be approximated as:

u(x, t) ≃ CTψ(x, t), (8)

f(x, t) ≃ FTψ(x, t), (9)

κ(x, t, y, z) ≃ ψT (x, t)Kψ(y, z), (10)

Substituting (8)-(10) into (1) yields:

CTψ(x, t) = FTψ(x, t)

+ψT (x, t)K

∫ t

0

∫ l

0

ψ(y, z)ψT (y, z)Cdydz.

Using (5) and (6), we obtain

CTψ(x, t) = FTψ(x, t) + ψT (x, t)Λψ(x, t),

where Λ = KC̃Q.

Finally, applying (7), we have

CT = FT + Λ̂,

which corresponds with a system of linear algebraic

equations in terms of the unknown elements of the

vector C and can be solved easily using direct meth-

ods.

4 ILLUSTRATIVE EXAM-

PLE

In this section, we give some computational results

of a numerical experiment using the method pre-

sented in Section 3. In order to demonstrate the

error of the method, we introduce the notation:

eM,N (x, t) = |u(x, t)− uM,N (x, t)|, (x, t) ∈ Ω,

where u(x, t) is the exact solution and uM,N (x, t)

is the computed result with M and N .

Example. Consider the following linear mixed

Volterra-Fredholm integral equation

u(x, t) = f(x, t) +

∫ t

0

∫ 1

0

t2e−zu(y, z)dydz,

where, 0 ≤ t ≤ 1, and

f(x, t) = x2et − t3

3
.

The exact solution is u(x, t) = x2et. We have

applied the numerical method with M = N =

2, 4, 6, 8. Numerical results are given in Table 1

and Figures 1–4.

TABLE 1

NUMERICAL RESULTS FOR eM,M (x, t) AT SOME

SELECTED POINTS
(x, t) M = 2 M = 4 M = 6 M = 8

(0, 0) 1.31e − 05 2.35e − 08 2.59e − 11 5.31e − 09

(0.25, 0.25) 3.52e − 04 2.50e − 07 1.31e − 09 5.46e − 10

(0.5, 0.5) 9.20e − 05 1.94e − 07 7.31e − 11 3.06e − 10

(0.75, 0.75) 3.54e − 03 3.17e − 06 1.22e − 08 2.34e − 09

(1, 1) 1.50e − 02 5.79e − 05 1.014e − 07 1.64e − 08

Figure 1: Plot of the absolute error function with M = M = 2.

Figure 2: Plot of the absolute error function with M = N = 4.
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Figure 3: Plot of the absolute error function with M = N = 6.

Figure 4: Plot of the absolute error function with M = N = 8.

5 CONCLUSION

A new method has been proposed for the numeri-

cal solution of linear mixed Volterra-Fredholm in-

tegral equations. The numerical scheme uses the

operational matrices of the bivariate shifted Leg-

endre functions. This approach transformed the

considered equation to a linear system of algebraic

equations with unknown coefficients which can be

solved by direct methods easily. The new intro-

duced operational matrix Q in (5) has many ze-

roes, hence, makes the computations very attrac-

tive. The numerical experiment shows that the sug-

gested method has very satisfactory results, as M

and N increase. Also, we believe that it will not be

difficult to extend this approach to the nonlinear

case.
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Abstract: Recently, Chen and Lu have handled the well-known generalized minimal residual based on

tensor format (GMRES−BTF) for solving the Sylvester tensor equation. Nevertheless, the construction

and convergence of the presented algorithm have not been discussed theoretically. This fact inspirits us

to theoretically analyze the construction of the GMRES−BTF method. To this end, we introduce a new

product between two tensors and elaborate some of its properties. The presented product can be exploited

to illustrate that how the GMRES−BTF algorithm is implemented in the tensor format and to establish the

convergence properties of the algorithm.

Keywords: Sylvester tensor equation; GMRES; Iterative method; Convergence.

1 INTRODUCTION

It is known that a tensor is a multidimensional ar-

ray. In [4], the authors have elaborated an overview

of higher-order tensors and their decomposition.

The order of a tensor is the number of dimensions

which is called by modes or ways. During this pa-

per, vectors (tensors of order one) are represented

by lowercase letter, matrices (tensors of order two)

are signified by capital letters. Higher-order ten-

sors (order three or higher) are indicated by Euler

script letters, e.g., X. The current paper deals with

the solution of the next Sylvester tensor equation

X×1A
(1)+X×2A

(2)+ . . .+X×N A(N) = D, (1)

where the matrices A(n) ∈ RIn×In (n = 1, 2, . . . , N)

and tensor D ∈ RI1×I2×...×IN are known and X is

the unknown tensor. The definition and properties

of the n-mode product ×n are expounded before

ending this section. It is not difficult to verify that

(1) is equivalent to the following linear system of

equations

Ax = b, (2)

with x = vec(X), b = vec(D) and A =
N∑
j=1

I(IN ) ⊗ . . .⊗ I(Ij+1) ⊗A(j) ⊗ I(Ij−1) ⊗ . . .⊗ I(I1)

where ⊗ denotes the Kronecker product, I(n)

stands for the identity matrix of order n and the

operator ”vec” stacks the column of a matrix (or a

tensor) to form a vector. It is well-known that the

linear system (2) has a unique solution if and only

if the coefficient matrix A is nonsingular. In this

paper the matrix A is assumed to be nonsingu-

lar. In [2], a gradient based approach [3] has been

∗Corresponding Author
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evolved for solving a special case of (1), i.e.,

X×1 A+ X×2 B + X×3 C = D, (3)

where the matrices A ∈ Rm×m, B ∈ Rn×n, C ∈
Rl×l and the tensor D ∈ Rm×n×l are given. Ev-

idently, the size of the linear system (2) would

be huge even for moderate values of I1, I2, . . . , IN .

Consequently, it is more desirable to utilize the

GMRES method based on tensor format for solv-

ing (1). To this end, we need to define a new

product between two tensors which is given in the

next part. Now, we recollect some useful defini-

tions and properties of tensors. For a given tensor

X ∈ RI1×I2×...×IN , element (i1, i2, . . . , iN ) of X is

denoted by xi1i2...iN . Corresponding to a given ten-

sor X ∈ RI1×I2×...×IN , the notation

X:: . . . :︸ ︷︷ ︸ k

(N−1)−times

, k = 1, 2, . . . , IN ,

represents a tensor in RI1×I2×...×IN−1 and obtained

by fixing the last index.

The norm of the tensor X ∈ RI1×I2×...×IN

is specified by ∥X∥2 =
I1∑

i1=1

I2∑
i2=1

. . .
IN∑

iN=1

x2
i1i2...iN

.

The inner product of two same size ten-

sors X,Y ∈ RI1×I2×...×IN is defined by

⟨X,Y⟩ =
I1∑

i1=1

I2∑
i2=1

. . .
IN∑

iN=1

xi1i2...iN
yi1i2...iN =

(vec(X))
T
vec(Y).

Definition 1.1. (Kolda and Bader [4]) The

n-mode (matrix) product of a tensor X ∈
RI1×I2×...×IN with a matrix U ∈ RJ×In is denoted

by X×n U and is of size

I1 × . . .× In−1 × J × In+1 × . . .× IN ,

and its elements are computed as follows:

(X×n U)i1...in−1jin+1...iN
=

In∑
in=1

xi1i2...iNujin .

Remark 1.2. The n-mode (vector) product of a

tensor X ∈ RI1×I2×...×IN with a vector v ∈ RIn is

signified by X×̄nv which is of order N − 1, i.e., the

size is I1 × . . .× In−1 × In+1 × . . .× IN . Element-

wise, (X×̄nv)i1...in−1in+1...iN
=

∑In
in=1 xi1i2...iN vin .

2 MAIN RESULTS

This section is devoted to illustrating that how the

GMRES−BTF algorithm can be derived. After-

ward, we present some convergence properties of

the algorithm. To this end we need to define a new

product.

2.1 Introducing a New Product

Consider the N -th order tensors X and Y. In the

following, we demonstrate that how the �N prod-

uct can be specified for N = 1, 2, . . ., recursively.

As a natural way, one may define the �1 and �2

products in the subsequent form:

X�1 Y = XTY, X,Y ∈ RI1 ,

and

X�2 Y = XTY, X ∈ RI1×I2 ,Y ∈ RI1×Ĩ2 .

For X ∈ RI1×I2×I3 and Y ∈ RI1×Ĩ2×Ĩ3 , the �3 prod-

uct is an I3 × Ĩ3 and defined by

X �3 Y =
tr(X::1�2Y::1) · · · tr(X::1�2Y::Ĩ3

)
...

. . .
...

tr(X::I3�2Y::1) · · · tr(X::I3�2Y::Ĩ3
)

 ,

(4)

Generally, the �N product between X ∈
RI1×I2×...×IN and Y ∈ RI1×Ĩ2×...×ĨN is defined as

an IN × ĨN matrix which its element at the posi-

tion (i, j) is [X�N Y]i,j = tr(X::···:i�N−1 Y::···:j) for

N = 2, 3, . . .. Straightforward computations show

that

⟨X,Y⟩ = tr(X�N Y), N = 1, 2, . . . ,

for X,Y ∈ RI1×I2×...×IN .

Proposition 2.1. Suppose that B ∈
RI1×I2×...×IN×m is a (N + 1)-mode tensor with

the column tensors B1,B2, . . . ,Bm ∈ RI1×I2×...×IN

and z = (z1, z2, . . . , zm)T ∈ Rm. Then, for an ar-

bitrary (N + 1)-mode tensor A, with the column

2
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tensors Ai ∈ RI1×I2×...×IN (i = 1, 2, . . . ,m), the

following statement holds

A�(N+1) (B×̄
N+1

z) = (A�(N+1) B)z. (5)

Definition 2.2. The set of N -th order tensors

V1,V2, . . . ,Vm ∈ RI1×I2×...×IN is called orthonor-

mal if

⟨Vi,Vj⟩ = 0, for i, j = 1, 2, . . . ,m (i ̸= j),

and ⟨Vi,Vi⟩ = 1 for i = 1, 2, . . . ,m.

Proposition 2.3. Presume that A is a given

(N + 1)-mode tensor with the column tensors

A1,A2, . . . ,Am ∈ RI1×I2×...×IN . If the set of N -

th order tensors A1,A2, . . . ,Am is orthonormal.

Then, for an arbitrary tensor B ∈ RI1×I2×...×IN ,

we have ∥B∥ =
∥∥A�(N+1) B

∥∥
2

2.2 The GMRES−BTF Method

For simplicity, we employ the following linear op-

erator

M: RI1×I2×...×IN → RI1×I2×...×IN ,

X 7→ M(X)

where M(X) := X×1A
(1) + X×2A

(2) + · · · +
X×NA(N). Accordingly, the Sylvester tensor equa-

tion (1) can be reformulated by

M(X) = D. (6)

Consider the tensor format of the Krylov

subspace as follows:

Km(M,R0) = span{R0,M(R0), . . . ,Mm−1(R0)},
(7)

where R0 = D−M(X0) and X0 ∈ RI1×I2×...×IN is

a given initial guess to the solution of (6). Now,

we may use the tensor format of the global Arnoldi

(Arnoldi−BTF) process to produce an orthonormal

basis for the Km(M,R0).

Algorithm 1. Arnoldi−BTF process.

1. Set β =
∥∥R(0)

∥∥ and V1 = R(0)/β.

2. For j = 1, 2, . . . ,m Do

3. W := M(Vj)

4. For i = 1, 2, . . . , j Do

5. hij := ⟨W,Vi⟩

6. W := W− hijVi

7. End for

8. hj+1,j := ∥W∥. If hj+1,j := 0, then stop.

9. Vj+1 := W/hj+1,j

10. End for

Let H̄m = [hij ](m+1)×m be an upper Hessen-

berg matrix where its nonzero entries are computed

by Algorithm 1. Presume that the matrix Hm is

the m × m matrix obtained from H̄k by deleting

its last row. Suppose that Ṽm is the (N +1)-mode

tensor with the column tensors V1,V2, . . . ,Vm. It

is not difficult to see that the matrix Ṽm, produced

by Algorithm 1, satisfies Ṽm �(N+1) Ṽm = Im.

Proposition 2.4. Suppose that W̃m is the (N+1)-

mode tensor with the column tensors Wj := M(Vj)

for j = 1, 2, . . . ,m. Then the following statements

hold

Ṽm �(N+1) W̃m = Hm, (8)

and

Ṽm+1 �(N+1) W̃m = H̄m. (9)

For a given initial guess X0 ∈ RI1×I2×...×IN

with the corresponding residual R0 = D−M(X0),

the GMRES−BTF computes the new approximate

solution Xm such that

Xm ∈ X0 +Km(M,X0), (10)

and

Rm ⊥ Km(M,M(R0)), (11)

where Rm = D−M(Xm). Here, we point out that

in the orthogonality condition the tensor norm ⟨., .⟩
is mentioned.

Assume that Ṽm and W̃m are defined as before,

from (10), it can be verified that

Xm = X0 + Ṽm×̄
N+1

ym, (12)

3

77

77



hence,

Rm = R0 − W̃m×̄
N+1

ym, (13)

where the vector ym ∈ Rm is derived by impos-

ing the orthogonality condition (11). On the other

hand, it can be shown that Xm is the solution of

following least-squares problem too

min
X∈X0+Km(M,X0)

∥D −M(X )∥ .

Thence, using Propositions 2.3 and 2.4, we may

conclude that

∥D −M(Xm)∥ =
∥∥∥R0 − W̃m×̄N+1ym

∥∥∥
=

∥∥βe1 − H̄mym
∥∥
2
,

in which β = ∥R0∥ and the vector e1 denotes the

first column of the identity matrix I(m+1).

To save memory and CPU-time require-

ments, like the GMRES algorithm [5], the

GMRES−BTF algorithm is restarted every m in-

ner iterations where m is a given fixed integer

and the corresponding algorithm is denoted by

GMRES−BTF(m). We would like to comment here

that the GMRES−BTF(m) method has been pre-

sented in [1], but it has not been elucidated that

how the algorithm can be derived.

Algorithm 2. GMRES−BTF algorithm for (1).

1. Choose X0, a tolerance ε. Compute R0 =

D−M(X0), and V1 = R0.

2. Construct the orthonormal basis V1,V2, . . . ,Vk

by Algorithm 1.

3. Determine ym as the solution of the least-

squares problem:

min
y∈Rm

∥∥βe1 − H̄my
∥∥
2
.

4. Calculate Xm = X0 + Ṽm×̄
N+1

ym.

5. Compute the residual Rm and ∥Rm∥.

6. If ∥Rm∥
∥R0∥ < ε Stop; Else R0 := Rm and go to 2.

Now, we can present an upper bound for the

norm of the residual tensor.

Theorem 2.5. Suppose that at step m of Algo-

rithm 2, the matrix W̃m �(N+1) W̃m is a nonsin-

gular matrix. Then, the residual Rm satisfies the

following relation

∥Rm∥ ≤ ∥R0∥
{
1− λmax

(
W̃m �(N+1) W̃m

)
∥∥H1,m

∥∥2
2

} 1
2

.

Remark 2.6. Using Theorem 2.5, it can be

demonstrated that if at each restart of the

GMRES−BTF algorithm the matrix Hm is a non-

singular matrix, then the norm of the residuals is

strictly decreased at each restart which shows that

Algorithm 2 is convergent for solving (1).
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New approach for solving system of fractional partial

differential equations
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Abstract: In this paper the differential transform method is modified for solving systems of linear and

nonlinear fractional partial differential equations. The nonlinear terms can be easily handled by the use of

Adomian polynomials. The method is free from round-off errors and the fact that the technique solves non-

linear problems without any discretization or restrictive assumptions are clear advantages of this algorithm

over the numerical methods. The fractional derivative is described in the Caputo sense.

1 Introduction

As a matter of fact, fractional derivatives provide

an excellent tool for the description of memory

and hereditary properties of various materials and

processes. A significant feature of a fractional or-

der differential operator, in contrast to its coun-

terpart in classical calculus, is its non local be-

haviour. It means that the future state of a dy-

namical system or process based on the fractional

differential operator depends on its current state as

well its past states. It is equivalent to saying that

differential equations of arbitrary order are capa-

ble of describing memory and hereditary proper-

ties of certain important materials and processes.

So it is important to find efficient methods for

solving FDEs. Various researches have introduced

new methods in the literature. These methods

include Adomian decomposition method (ADM)

[1, 2], homotopy analysis method (HAM), homo-

topy perturbation method (HPM), variational iter-

ation method (VIM) [7] and differential transform

method (DTM) [?]. The basic ideas of differen-

tial transform method was initially introduced by

Zhou [?] in 1986. This technique has been em-

ployed to solve a large variety of linear and non-

linear problems. In this study, a modification of

this method is applied to solve system of fractional

partial differential equations. This method com-

bines the two powerful methods, namely, the dif-

ferential transform method and the Adomian de-

composition method, for obtaining the solution of

system of fractional partial differential equations

in a rapid convergent series which may lead us to

the solution in a closed form. Some examples are

given to verify the reliability and efficiency of the

method. The results are then compared with those

obtained by other methods.

2 Basic definitions

Definition 2.1. A real function f(t), t > 0, is said

to be in the space Cµ , µ ∈ R, if there exist a

real number p ≥ µ,such that f(t) = tpf1(t).where

f1(t) ∈ C(0,∞), and it is said to be in the space

∗Corresponding Author
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Cm
µ if f (m) ∈ Cµ,m ∈ N .

Definition 2.2. [4] For a continuous function f :

[0,∞) → R, the caputo derivative of fractional or-

der α is defined by

cDαf(t) =
1

Γ(n− α)

∫ t

0

(t− s)n−α−1f (n)(s)ds,

where n − 1 < α < n, n = [α] + 1 and [α] denotes

the integer part of α.

Definition 2.3. [4] The Riemann-Lioville frac-

tional derivative of order α for a continuous func-

tion f is defined by

Dαf(t) =
1

Γ(n− α)
(
d

dt
)n

∫ t

0

f(s)

(t− s)α−n−1
ds,

where n = [α] + 1 and the right-hand side is point

wise defined on (0,∞).

Definition 2.4. [4] Let [a, b] be an interval in R

and α > 0. The Riemann-Liouville fractional order

integral of a function f ∈ L1([a, b], R) is defined by

Iαa f(t) =
1

γ(α)

∫ t

a

f(s)

(t− s)1−α
ds,

whenever the integral exists.

Definition 2.5. The Mittag-Leffler function

Eα(z) with α > 0 is defined by the following series

representation, valid in the whole complex plane:

Eα(z) =

∞∑
k=0

zn

Γ(1 + kα)
, α > 0, z ∈ C.

Definition 2.6. If function u(x, t) is analytic and

differentiated continuously with respect to time t

and space x in the domain of interest, then let

Uk(x) =
1

k!
[
∂k

∂tk
u(x, t)]t=0, (1)

where the t-dimensional spectrum function Uk(x) is

the transformed function.

Definition 2.7. The differential inverse transform

of Uk(x) is defined as

u(x, t) =

∞∑
k=0

Uk(x)t
k. (2)

Then combining (1) and (2), we obtain

u(x, t) =
∞∑
k=0

1

k!
[
∂k

∂tk
u(x, t)]t=0t

k. (3)

If we consider the expressions (1),(2) and (3), it’s

clearly shown that the concept of the differential

transform is derived from the power series expan-

sion. Here we present some basic properties of the

DTM.

Let u(x, t) , v(x, t) and w(x, t) be functions of time

t and space x and Uk(x) , Vk(x) and Wk(x) are

their corresponding differential transform. Then

i: If u(x, t) = v(x, t) ± w(x, t), then Uk(x) =

Vk(x)±Wk(x).

ii: If u(x, t) = cv(x, t), then Uk(x) = cVk(x).

iii: if u(x, t) = xmtn, then Uk(x) = xmδ(k − n).

iv: if u(x, t) = xmtnv(x, t), then Uk(x) =

xmVk−n(x).

v: if u(x, t) = v(x, t)w(x, t), then Uk(x) =∑k
r=0 Vr(x)Wk−r(x) =

∑k
r=0 Vr(x)Wk−r(x).

vi: If u(x, t) = ∂α

∂tα v(x, t), then Uk(x) =
Γ(α+1+ k

θ )

Γ(1+ k
θ )

Vk+αθ(x).

vii: if u(x, t) = ∂r

∂xr v(x, t), then Uk(x) =
dr

dxr Vk(x).

3 Modified differential trans-

form method and system

of fractional partial differen-

tial equations

To illustrate the basic idea of this method, we con-

sider the system of fractional partial differential

equations given by

Dαi
t ui(x̄, t) = Ni(u1(x̄, t), ..., un(x̄, t)),

mi − 1 < αi ≤ mi, i = 1, 2, ..., n,
(4)

with the initial conditions

∂ki

∂tki
ui(x̄, 0) = giki(x̄),

ki = 0, 1, ...,mi − 1, mi ∈ N,
(5)

where Ni are nonlinear operators and ui(x̄, t) are

unknown functions. The analytic function ui(x̄, t)

2
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is expanded in terms of a power series in the form

ui(x̄, t) =
∞∑
k=0

Ui(k)t
k
θi , (6)

where θi should be chosen such that αiθi is a pos-

itive integer. Also, the standard ADM yields the

solution ui(x̄, t) by the series

ui(x̄, t) =
∞∑
k=0

uik(x̄, t), (7)

and the nonlinear term Ni(u1(x̄, t), ..., un(x̄, t)) is

approximated by the series

Ni(u1(x̄, t), ..., un(x̄, t)) =
∞∑
k=0

Aik, (8)

where the Aik(u10, u11, ..., u1k, u20, u21, ..., u2k, ...,

un0, un1, ..., unk) are the Adomian polynomials, can

be constructed using the general formula

Aik = 1
k!

dk

dλk [Ni(
∑∞

k=0 u1kλ
k, ...,

∑∞
k=0 unkλ

k)]λ=0

= [ 1k!
dk

dλkNi(
∑∞

k=0 u1kλ
k, ...,

∑∞
k=0 unkλ

k)]λ=0.

(9)

Now, considering (1), (9) and (6) we deduce

that kth differential transform component of

Ni(u1(x̄, t), ..., un(x̄, t)), Ãik, can be obtained from

the corresponding Adomian polynomial of this

term, Aik, by replacing each uik with Ui(k). There-

fore, taking the differential transform of (4), we

have the following system of algebraic equations

Γ(αi + 1 + k
θi
)

Γ(1 + k
θi
)

Ui(k+αiθi) = Ãik, i = 1, 2, ..., n.

(10)

4 Applications

Example 4.1. Consider the following system of

linear fractional partial differential equations [5, 8]

Dα
t u− vx + v + u = 0,

Dβ
t v − ux + v + u = 0, (0 < α, β ≤ 1),

(11)

with initial conditions

u(x, 0) = sinh(x), v(x, 0) = cosh(x). (12)

The exact solution , when α = β = 1, is

u(x, t) = sinh(x− t), v(x, t) = cosh(x− t).

With assumption

u(x, t) =
∑∞

k=0 U(k)t
k
θ1 , v(x, t) =

∑∞
k=0 V (k)t

k
θ2 ,

the application of the MDTM with θ1 = 1
α and

θ2 = 1
β yields the following system of recurrence

schemes
Γ(1+α+kα)
Γ(1+kα) U(k + 1)− ∂

∂xV (k) + V (k) + U(k) = 0,
Γ(1+α+kβ)
Γ(1+kβ) V (k + 1)− ∂

∂xU(k) + V (k) + U(k) = 0,

U(0) = sinh(x), V (0) = cosh(x).

(13)

So, the following differential transform components

are obtained

U(1) = − 1
Γ(1+α) cosh(x), V (1) = − 1

Γ(1+α) sinh(x),

U(2) = −Γ(1+α)
Γ(1+β)Γ(1+2α) cosh(x) +

Γ(1+α)
Γ(1+β)Γ(1+2α) sinh(x)

+ 1
Γ(1+2α) cosh(x),

V (2) = Γ(1+β)
Γ(1+α)Γ(1+2β) cosh(x)−

Γ(1+β)
Γ(1+α)Γ(1+2β)

sinh(x) + 1
Γ(1+2β) sinh(x),

(14)

The solution in series form is then given by

u(x, t) = U(0) + U(1)tα + U(2)t2α + U(3)t3α

+ ... = sinh(x)(1 + Γ(1+α)
Γ(1+β)Γ(1+2α) t

2α + ...)−
cosh(x)( 1

Γ(1+α) t
α + Γ(1+α)

Γ(1+β)Γ(1+2α) t
2α−

1
Γ(1+2α) t

2α + ...),

and

v(x, t) = V (0) + V (1)tβ + V (2)t2β + U(3)t3β

+ ... = cosh(x)(1 + Γ(1+α)
Γ(1+β)Γ(1+2α) t

2α + ...)−
sinh(x)( 1

Γ(1+α) t
α + Γ(1+α)

Γ(1+β)Γ(1+2α) t
2α−

1
Γ(1+2α) t

2α + ...).

If we set α = β = 1 we get

u(x, t) = sinh(x)(1 + t2

2! +
t4

4! + ...)− cosh(x)

(t+ t3

3! +
t5

5! + ...) = sinh(x− t),

v(x, t) = cosh(x)(1 + t2

2! +
t4

4! + ...)− sinh(x)

(t+ t3

3! +
t5

5! + ...) = cosh(x− t),

which is the exact solution of (11-12) for α = β = 1.

Example 4.2. Consider the following system of

nonlinear fractional partial differential equations

[5, 8]

Dα
t u+ vxwy − vywx = −u,

Dβ
t v + uxwy + uywx = v,

Dγ
t w + uxvy + uyvx = w, (0 < α, β, γ ≤ 1),

(15)
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with initial conditions

u(x, y, 0) = ex+y, v(x, y, 0) = ex−y,

w(x, y, 0) = e−x+y.
(16)

The exact solution , when α = β = γ = 1, is

u(x, y, t) = ex+y−t, v(x, y, t) = ex−y+t,

w(x, y, t) = e−x+y+t.

With assumptions

u(x, y, t) =
∑∞

k=0 U(k)t
k
θ1 ,

v(x, y, t) =
∑∞

k=0 V (k)t
k
θ2 ,

w(x, y, t) =
∑∞

k=0 W (k)t
k
θ3 ,

(17)

proceeding as before the application of the MDTM

with θ1 = 1
α , θ2 = 1

β and θ3 = 1
γ yields the follow-

ing system of recurrence schemes
Γ(1+α+kα)
Γ(1+kα) U(k + 1) + Ãk − B̃k = −U(k),

Γ(1+β+kβ)
Γ(1+kβ) V (k + 1) + C̃k + D̃k = V (k),

Γ(1+γ+kγ)
Γ(1+kγ) W (k + 1) + Ẽk + F̃k = W (k),

U(0) = ex+y, V (0) = ex−y, W (0) = e−x+y.

(18)

where the Ãk, B̃k, ...,F̃k are differential transform

components obtained from the Adomian polyno-

mials for the corresponding nonlinearities. So, the

following differential transform components are ob-

tained

U(1) = 1
Γ(1+α) (−

∂
∂xV (0) ∂

∂yW (0)+ ∂
∂yV (0) ∂

∂xW (0))

− U(0) = − ex+y

Γ(1+α) ,

V (1) = ex−y

Γ(1+β) , W (1) = e−x+y

Γ(1+γ) ,

U(2) = Γ(1+α)
Γ(1+2α) (−

∂
∂xV (0) ∂

∂yW (1)− ∂
∂xV (1) ∂

∂yW (0)

+ ∂
∂yV (0) ∂

∂xW (1) + ∂
∂yV (1) ∂

∂xW (0)− U(1))

= ex+y

Γ(1+2α) ,

V (2) = ex−y

Γ(1+2α) , W (2) = e−x+y

Γ(1+2α) ,

...

Therefore, considering (17), a series solution is ob-

tained, which reads

u(x, y, t) = ex+y − ex+y

Γ(1+α) t
α + ex+y

Γ(1+2α) t
2α + ... =

ex+y(1 +
∑∞

k=1
(−tα)k

Γ(1+kα) ) = ex+yEα(−tα),

v(x, y, t) = ex−y + ex−y

Γ(1+β) t
β + ex−y

Γ(1+2β) t
2β + ... =

ex−y(1 +
∑∞

k=1
(tβ)k

Γ(1+kβ) ) = ex−yEβ(t
β),

w(x, y, t) = e−x+y + e−x+y

Γ(1+γ) t
γ + e−x+y

Γ(1+2γ) t
2γ + ... =

e−x+y(1 +
∑∞

k=1
(tγ)k

Γ(1+kγ) ) = e−x+yEγ(t
γ).

Substituting α = β = γ = 1 we get

u(x, y, t) = ex+y(1− t+ t2

2! −
t3

3! + ...) = ex+y−t,

v(x, y, t) = ex−y(1 + t+ t2

2! +
t3

3! + ...) = ex−y+t,

w(x, y, t) = e−x+y(1 + t+ t2

2! +
t3

3! + ...) = e−x+y+t,

notwithstanding this is precisely the exact solution

of (15-16).
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Abstract: In this note we study a particular n × n Hadamard exponential Matrix of the form e◦Hn =

[ek+max(i,j)−1]i,j . We find inverse and determinant of this matrix. Then We find ℓp norm of it. Finally

we find frobenius norm and a lower and upper bounds for the spectral norm of this Hadamard Exponential

matrix.

Keywords: particular matrix, Hadamard exponential, ℓp norm, Hadamard inverse.

1 INTRODUCTION

In [1] Akbulak studied Hadamard exponential Han-

kel Matrix of the form eHn = [ei+j ]n−1
i,j=0 and

found ℓp norm and two upper bounds for the

spectral norms of this matrix. In [2] Bahsi and

Solak studied a particular matrix of the form

B = [bij ] = [max(i, j)− 1]ij and found some prop-

erties of this matrix. In [3] Bozkort determined

bound for the spectral and ℓp norm of Cauchy-

Hankel matrices of the form Hn = [ 1
g+kh ]

n
i,j=0,

where number k is defined by i + j = k and g, h

are any positive numbers. Civciv and Turkmen in

[4] established a lower bound and upper bound for

the ℓp norms of the Khatri-Rao product of Cauchy-

Hankel matrix of the form Hn = [ 1
1
2+(i+j)

].

In this paper we study a particular n×n Hadamard

exponential Matrix of the form

e◦Hn = [ek+max(i,j)−1]

=



ek ek+1 ek+2 · · · ek+n−1

ek+1 ek+1 ek+2 · · · ek+n−1

ek+2 ek+2 ek+2 · · · ek+n−1

...
...

...
...

ek+n−1 ek+n−1 ek+n−1 · · · ek+n−1

 , (1.1)

where k is a real number. We find the inverse and

determinant of this matrix. Then we get the ℓp

norm of this matrix. Finally we find frobenius norm

and lower and upper bounds for the spectral norm

of Hadamard Exponential matrix e◦Hn .

Definitions and statements of this section are avail-

able in references [1], [2] and [3]. For more infor-

mation one can see [4] and [5].

Let A = (aij) is an n × n matrix, Hadamard ex-

ponential and Hadamard inverse of this matrix are

defined by e◦A = (eaij ) and A◦(−1) = 1
aij

.

∗Seyyed Hossein Jafari Petroudi
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The ℓp norm of A is defined by

∥A∥p = (

n∑
i=1

n∑
j=1

|aij |p)
1
p (1.2).

For p = 2 this norm is called Frobenius or Eu-

clidean norm and showed by ∥A∥F . The spectral

norm of A is defined by

∥A∥2 =
√

max
1≤i≤n

λi, (1.3)

where λi is the eigenvalue of matrixAAH and AH

is conjugate transpose of matrix A. There is a re-

lation between frobenius and spectral norm, that

is
1

n
∥A∥F ≤ ∥A∥2 ≤ ∥A∥F . (1.4)

It is known that

n−1∑
k=0

xk = 1+x+x2+· · ·+xn−1 =
xn − 1

x− 1
. (1.5)

By taking derivation from the both side of equality

(1.5) we get

n−1∑
k=1

kxk =
(n− 1)xn − nxn−1 + 1

(x− 1)2
. (1.6)

2 Main results

Theorem 2.1. Let e◦Hn be as in (1.1), then the

inverse of e◦Hn is a tridiagonal matrix of the form

(e◦Hn)−1 = [aij ] =



a11 = −1
e−1

ann = −1
en−1(e−1)

aij = 0 |i− j| > 1

aij =
−(e+1)
ei(e−1) 1 < i = j < n

aij =
1

ei−1(e−1) |i− j| = 1.

Proof: We prove this theorem by mathemat-

ical induction on n. First we need a lemma from

matrix algebras.

Lemma 2.2. Let A is an n× n nonsigular matrix

and b is an n× 1 matrix, also c is a real number.

If M =

[
A, b

bT , c

]
then the inversion of M is

N =

[
A−1 + 1

lA
−1bbTA−1,− 1

lA
−1b

−1
l b

TA−1, c

]
,

where l = c− bTA−1b.

Proof. By definition of M and N we have M.N =

In+1. Thus M−1 = N .

(Proof of theorem.)The result is true for n =

2, that is

If e◦H2 =

[
ek, ek+1

ek+1, ek+1

]
then (e◦H2)−1 = ek

[
−1
e−1 ,

1
e−1

1
e−1 ,

−1
e(e−1)

]
.

Now assume that the result is true for n − 1, that

is

A = e◦Hn−1 , A−1 = (e◦Hn−1)−1.

Thus for b = (ek+n−1, ek+n−1, · · · , ek+n−1)T , bT =

(ek+n−1, ek+n−1, · · · , ek+n−1) and c = ek+n−1 we

have

A−1b = (0, 0, · · · , e)T , bTA−1 = (0, 0, · · · , e) ,

l = ek+n−1 − bTA−1b = ek+n−1 −
(0, 0, · · · , e)(ek, ek+1, · · · , ek+n−1)T = ek+n−1 −
ek+n = ek+n−1(1− e).

So we have

l = −ek+n−1(e− 1), then 1
l = −1

ek+n−1(e−1)
.

Now by substituting above mentioned relations in

matrix M−1 from lemma (2.2) the proof is com-

pleted.

Theorem 2.3. Let e◦Hn be as in (1.1). Then the

ℓpnorm of this matrix is

∥e◦Hn∥p =

ek−1[
(2n− 1)e(n+2)p − (2n+ 1)e(n+1)p − 2ep − 1

(ep − 1)2
]
1
p .

Proof: By definition of ℓp norm, for matrix (1.1)

we have

∥e◦Hn∥pp = (ekp + e(k+1)p + e(k+2)p + · · · +

e(k+n−1)p) + (e(k+1)p + e(k+1)p + e(k+2)p + · · · +
e(k+n−1)p) + · · · + (e(k+n−1)p + e(k+n−1)p +

e(k+n−1)p + · · ·+ e(k+n−1)p) = ekp(1+ 3ep +5e2p +

7e3p + · · · + +(2n − 1)e(n−1)p) = ekp
∑n

k=1(2k −
1)e(k−1)p = e(k−1)p[2

∑n
k=1 k(e

p)k −
∑n

k=1(e
p)k].

So we have

∥eHn∥pp = e(k−1)p[2
∑n

k=1 k(e
p)k −

∑n
k=1(e

p)k].

By using equalities (1.5) and (1.6) in the above

2
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equality we can write

∥eHn∥pp =

e(k−1)p[2 (ne(n+2)p−(n+1)enp+p+ep)
(ep−1)2 − enp+p−1

ep−1 ]

= e(k−1)p[ (2n−1)e(n+2)p−(2n+1)e(n+1)p+2ep−1
(ep−1)2 ]

Hence by taking 1
p th power from both sides of the

above equality we get

∥e◦Hn∥p =

ek−1[
(2n− 1)e(n+2)p − (2n+ 1)e(n+1)p + 2ep − 1

(ep − 1)2
]
1
p .

Theorem 2.4. If we put p = 2 in theorem(2.3)

then the Euclidean norm of e◦Hn equals

∥e◦Hn∥F =

ek−1

√
(2n− 1)e(n+2)2 − (2n+ 1)e(n+1)2 + 2e2 − 1

(e2 − 1)2
.

Proof. It follows from theorem (2.3) and the defi-

nition of Euclidean norm.

Theorem 2.5. Let e◦Hn be as in (1.1) then the

following inequality for the spectral norm is valid.

1√
n
ek−1

√
(2n− 1)e(n+2)2 − (2n+ 1)e(n+1)2 + 2ep − 1

(e2 − 1)2

≤ ∥e◦Hn∥2

≤ ek−1

√
(2n− 1)e(n+2)2 − (2n+ 1)e(n+1)2 + 2e2 − 1

(e2 − 1)2
.

Proof. It follows from (1.4), theorem (2.3) and the-

orem (2.4).

Theorem 2.6. Determinant of Hadamard expo-

nential matrix e◦Hn is

det(e◦Hn) = enk+
n(n−1)

2 (1− e)n−1.

Proof. Let e◦Hn be as in (1.1) then we have

det(e◦Hn) =

= (ek)ndet



e0 e1 e2 · · · en−1

e1 e1 e2 · · · en−1

e2 e2 e2 · · · en−1

...
...

...
...

en−1 en−1 en−1 · · · en−1

 .

So by using elementary row operations we have

det(e◦Hn) =

enkdet



e0 e1 e2 · · · en−1

e− 1 0 0 · · · 0

e2 − 1 e2 − e 0 · · · 0
...

...
...

en−1 − 1 en−1 − e en−1 − e2 · · · 0


= enk+

n(n−1)
2 (1− e)n−1.

Theorem 2.7. Let e◦Hn be as in (1.1) Then fol-

lowing equality for the Hadamard inverse of e◦Hn

is valid.

det[(e◦Hn)◦(−1)] = e−nk+(n−1)(n+2)(e − 1)n−1.

Proof. Let e◦Hn be as in (1.1) Then the Hadamard

inverse of (e◦Hn) is

(e◦Hn)◦(−1) =

e−k e−(k+1) e−(k+2) · · · e−(k+n−1)

e−(k+1) e−(k+1) e−(k+2) · · · e−(k+n−1)

e−(k+2) e−(k+2) e−(k+2) · · · e−(k+n−1)

...
...

...
...

e−(k+n−1) e−(k+n−1) e−(k+n−1) · · · e−(k+n−1)


Thus we have

det[(e◦Hn)◦(−1)] =

= e−nkdet



e0 e−1 e−2 · · · e−(n−1)

e−1 e−1 e−2 · · · e−(n−1)

e−2 e−2 e−2 · · · e−(n−1)

...
...

...

e−(n−1) e−(n−1) e−(n−1) · · · e−(n−1)



=



1 e−1 e−2 · · · e−(n−1)

e−1 − 1 0 0 · · · 0

e−2 − 1 e−2 − e−1 0 · · · 0
...

...
...

e−(n−1) − 1 e−(n−1) − e−1 e−(n−1) − e−2 · · · 0


= e−nk+(n−1)(n+2)(e− 1)n−1.

Theorem 2.8. Let e◦Hn be as in (1.1). Then fol-

lowing equality for ℓpnorm of Hadamard inverse of

e◦Hn is valid

∥(e◦Hn)◦(−1)∥p =

3
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e1−k[
(2n− 1)e−(n+2)p − (2n+ 1)e−(n+1)p + 2ep − 1

(e−p − 1)2
]
1
p .

Proof. The proof is similar to theorem(2.3).
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Abstract: In this paper, a linear source term is approximated for an inverse parabolic problem with

additional informations. In other words, using the statistical spline model that is introduced by [1], we

approximate the unknown source term. To show the priority and accuracy of the introduced model with

respect to other methods, a numerical example is given.

Keywords: Inverse problem; Linear source term; Statistical spline model; Spline interpolation.

1 INTRODUCTION

Inverse source problems arise in many applications

in applied science and engineering, for example, in

environmental science on air or groundwater pol-

lution [2]. In recent years, the solution of linear

and nonlinear inverse source problems has been a

subject of extensive investigation. Because of the

importance of these problems, in this paper we con-

sider the linear transient heat conduction in a plate

of unitary dimensionless thickness. The plate is ini-

tially at zero temperature and both boundaries are

kept insulated. For each t > 0, a plane heat source

of strength gp(t) per unit area, placed in the mid-

plane, releases its energy. The mathematical for-

mulation of this heat conduction problem is given

in dimensionless form by

∂2T (x,t)
∂x2 + gp(t)δ(x− 0.5) = ∂T (x,t)

∂t 0 ≤ x ≤ 1, t > 0
∂T (0,t)

∂t = 0, ∂T (1,t)
∂x = 0 t > 0

T (x, 0) = 0 0 ≤ x ≤ 1

(1)

where δ(.) is the Dirac delta function (see [3]-[5]).

For the inverse problem we suppose that the time-

varying strength gp(t) of the plane heat source is

unknown. Due to this, to obtain the solution of

problem (1) we require the additional information

that obtained from transient temperature measure-

ments taken at a location x = xmeasure at times

ti, (i = 1, 2, . . . , I). These additional informations

are used for the approximation of gp(t). However,

in some approaches usually gp(t) is parameterized

in the following

gp(t) =

N∑
j=1

PjCj(t),

where, Pj are unknown parameters and Cj(t) are

known functions such as polynomials, B-splines,

etc. These unknown parameters is obtained with

the aforesaid additional informations. But in this

paper we want to approximate gp(t) with the statis-

cal spline model that is provided in the next sec-

tion, and then use the additional informations to

∗Corresponding Author
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obtain the unknown coefficients in the statiscal

spline model. The mathematical formulation of

this method is left in section 3 after we introduce

the statiscal spline model. Also, in section 4 a nu-

merical example is given and shown that the vali-

dation of the proposed method.

2 STATISTICAL SPLINE

MODEL

In this section, we briefly provide the statiscal

spline model by using the notations in [1]. As we

know the spline function in a general form is

Sn,m(f ;x) =


pn1(x) x ∈ I1

pn2(x) x ∈ I2
...

...

pnm(x) x ∈ Im

, (2)

where deg pni
= ni ∈ Z+, n = max {ni}mi=1 and

{Ii}mi=1 is a special partition for [a, b]. In the or-

dinary form of the spline function, first {Ii}mi=1

are predetermined and then by using some condi-

tions of the problem, the coefficients in polynomi-

als {pni}
m
i=1 are found. But another type of the

spline function in [1] is defined and called statiscal

spline model. In this type of the spline function,

in contrast to the ordinary form of the spline func-

tion, we suppose that the polynomials {pni}
m
i=1 are

fixed but the partition {Ii}mi=1 are unknown. Due

to this in the following we show how to construct

the statistical spline model.

2.1 Constructing the statistical

spline model

Suppose that {x1 < x2 < . . . < xn} are n distinct

points of [a, b] and f ∈ Cn[a, b]. Then the Lagrange

interpolation is

f(x) =

n∑
i=1

f(xi)Li(x;xi) + En(f ;x; {xi}), (3)

where

Li(x;xi) =
∏

j=1, j ̸=i

x− xi

xi − xj
,

En(f ;x; {xi}) =
1

n!
fn(ξx)

n∏
i=1

(x− xi), a < ξx < b.

The absolute error of the Lagrange interpolation is

bounded with

|En(f ;x; {xi})| ≤
Mn

n!

n∏
i=1

|x− xi|,

where Mn = maxa≤t≤b

∣∣f (n)(t)
∣∣. Now, let us define

E∗
n(f ;x; {xi}) = Mn

n!

n∏
i=1

|x− xi|. This error bound

depends on two parameters, Mn and
n∏

i=1

|x− xi|.

The first parameter is beyond the control, but the

second is the polynomial of degree n that only de-

pends on {xi}ni=1. Therefore minimizing the afore-

said error bound only depends on {xi}ni=1.

To construct the statistical spline model, we min-

imize the error bound in different regions of [a, b]

and make a specific partition for the main interval.

As mentioned above, let {p̄n,i(x)}ki=1 be k polyno-

mials of degree n with leading coefficients 1. Define

In,i,j = {x ∈ [a, b] :

|p̄n,i(x)| < |p̄n,j(x)| for i, j = 1, 2, . . . , k and i ̸= j} .

Now we can construct a special partition on interval

[a, b] as follows. Corresponding to every polynomi-

als p̄n,r(x), (r = 1, 2, . . . , k) we define sub-interval

In,r = ∩k
j=1In,r,j , j ̸= r. Using this definition,

leads to special partition D = {In,1, In,2, . . . , In,k}
on [a, b]. Now that the special partition D is

construct, we provide k−criterion statistical spline

model in the form

Sn−1,k(f ;x) =


pn−1,1(x) x ∈ In,1,

pn−1,2(x) x ∈ In,2,
...

...

pn−1,k(x) x ∈ In,k.

,

2
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or

Sn−1,k(f ;x) =



n∑
j=1

f(aj,1)Lj(x; aj,1) x ∈ In,1,

n∑
j=1

f(aj,2)Lj(x; aj,2) x ∈ In,2,

...
...

n∑
j=1

f(aj,k)Lj(x; aj,k) x ∈ In,k.

(4)

As we observe in this spline the set D =

{In,1, In,2, . . . , In,k} is a specific partition for [a, b]

so that In,i∩In,j = ∅ for i ̸= j and i, j = 1, 2, . . . , k.

On the other hand since
k∪

j=1

In,j = [a, b], the parti-

tion D can create a probability space in which the

proportion of each sub interval is computed as

Pr(In,j) =
ℓ(In,j)

ℓ([a, b])
=

ℓ(In,j)

b− a
.

3 MATHEMATICAL FOR-

MULATION

For the solution of the inverse problem (1), let us

consider

ḡp(t) =



n∑
j=1

ḡ(aj,1)Lj(t; aj,1) t ∈ In,1,

n∑
j=1

ḡ(aj,2)Lj(t; aj,2) t ∈ In,2,

...
...

n∑
j=1

ḡ(aj,k)Lj(t; aj,k) t ∈ In,k.

(5)

Then by using the exact solution of the problem

(1), i.e.

T̄ (x, t) =
∫
ḡp(t)dt

+
∞∑

n=1
(2e−n2π2t cos(nπ

2 )
∫
en

2π2tḡp(t)dt) cos(nπx),

we can approximate the kn unknown parameters

{ḡ(ai,j)}i=n,j=k
i=1,j=1 , based on the minimization of the

ordinary least squares norm

S =

I∑
i=1

(Yi − T̄i)
2, (6)

where Yi = T (xmeasur, ti) is the additional infor-

mation for solving the inverse problem and T̄i =

T̄ (xmeasur, ti). Equation (6) can be written in ma-

trix form as

S =
[
Y − T̄

]T [
Y − T̄

]
(7)

where the superscript T denotes the transpose, and[
Y − T̄

]T
is defined as[

Y − T̄
]T ≡

[
Y1 − T̄1, Y2 − T̄2, . . . , YI − T̄I

]
.

To minimize the least squares norm, we need

to equate to zero the derivatives of S with

respect to each of the unknown parameters{
{ḡ(aj,1)}j=n

j=1 , {ḡ(aj,2)}
j=n
j=1 , . . . , {ḡ(aj,k)}

j=n
j=1

}
,

that is

∂S
∂ḡ(a1,1)

= ∂S
∂ḡ(a2,1)

= · · · = ∂S
∂ḡ(an,1)

= 0,
∂S

∂ḡ(a1,2)
= ∂S

∂ḡ(a2,2)
= · · · = ∂S

∂ḡ(an,2)
= 0,

...
∂S

∂ḡ(a1,k)
= ∂S

∂ḡ(a2,k)
= · · · = ∂S

∂ḡ(an,k)
= 0.

(8)

Now, by using of suitable iterative methods such as

Newton method, conjugate gradient method, etc,

we solve this linear system of equations with re-

spect to unknown coefficients. Solving this linear

system of equations causes we obtain ḡp(t) as an

approximation of gp(t). In next section a numer-

ical example is given and shown the validation of

the proposed method.

4 NUMERICAL EXAMPEL

In this section by using the proposed method, an

approximate solution of gp(p) is derived. Due

to this, we consider the problem (1) with un-

known function gp(p) and additional information

T (xmeasure, 0.1 i) = Yi, (i = 1, 2, . . . , 9), where

{Yi}9i=1 = {0.0119444, 0.0352778, 0.0686111, 0.111944

0.165278, 0.228611, 0.301944, 0.385278, 0.478611 } .

To obtain an approximate solution of gp(t), first

we should construct the statistical spline model

(5). In the statistical spline model (5) let k =

3 and n = 3. As we mentioned in section 2,

one of the most important things to minimize the
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aforesaid error bound is choosing suitable nodes

{xi}n=3
i=1 . Now let us consider T̄3(t), P̄3(t) and

Ū3(t) as Chebyshev polynomial, Legender polyno-

mial and second kind of Chebyshev polynomial of

degree 3 with leading coefficient 1, respectively. In

this paper we use the Chebyshev collocation nodes,

{aj,1}j=3
j=1 = Roots of T̄3(2t−1), the Legendre collo-

cation nodes, {aj,2}j=3
j=1 = Roots of P̄3(2t− 1) and

the second kind of Chebyshev collocation nodes,

{aj,3}j=3
j=1 = Roots of Ū3(2t− 1) for each criterion

of statistical spline model. To construct the special

partition {I3,i}k=3
i=1 on interval [0, 1], first we should

solve the three following inequalities
∣∣Ū3(2t− 1)

∣∣ < ∣∣T̄3(2t− 1)
∣∣ t ∈ α ⊂ [0, 1]∣∣Ū3(2t− 1)

∣∣ < ∣∣P̄3(2t− 1)
∣∣ t ∈ β ⊂ [0, 1]∣∣P̄3(2t− 1)

∣∣ < ∣∣T̄3(2t− 1)
∣∣ t ∈ γ ⊂ [0, 1]

.

After that as we explained in section 2 we have

I3,1 = α′ ∩ γ′, I3,2 = β′ ∩ γ and I3,3 = α ∩ β, in

which (for instance) α′ = [0, 1] − α. So the statis-

tical spline model (5) is

ḡp(t) =



3∑
j=1

ḡ(aj,1)Lj(t; aj,1) 0 ≤ t ≤ .09 or .91 ≤ t ≤ 1,

3∑
j=1

ḡ(aj,2)Lj(t; aj,2) .09 ≤ t ≤ .13 or .87 ≤ t ≤ .91,

3∑
j=1

ḡ(aj,3)Lj(t; aj,3) .13 ≤ t ≤ .87.

For finding unknown coefficients {ḡp(ai,j)}3i,j=1, we

have to solve the linear system of equations (8). By

solving the linear system of equations (8) the ap-

proximate solution ḡp(t) is obtained. In table 1 we

show the absolute errors of the introduced model

with respect to the exact solution gp(t) = t in nodes

{(ai,j)}3i,j=1. In this sense, figure 1 clearly shows

the priority of introduced model with respect to the

usual methods.

TABLE 1

The absolute errors of the introduced model with respect to

the exact solution gp(t) = t in nodes {ai,j}3
i,j=1.

{ai,j}3
i,j=1 Introduced model Absolute errors

0.066987 0.088849 0.021862

0.112702 0.038631 0.074069

0.146447 0.145735 0.000711

0.500000 0.502162 0.002162

0.853553 0.855753 0.002199

0.887298 0.890207 0.002909

0.933013 1.562130 0.629121

Figure 1: The logarithm of absolute error for the introduced

model and exact solution gp(t) = t in nodes ti = .01i, (for

1 = 1, . . . , 199 with step 2.)
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Abstract: In this paper, we construct a new class of second derivative diagonally implicit multistage

integration methods (SDIMSIMs) with Runge–Kutta stability property and A-stability. In this construction

p = q = 2s and r = s, where p is the order, q is the stage order, r is the number of external stages, and s

is the number of internal stages of the method. Efficiency of the constructed method is shown by numerical

experiment.

1 INTRODUCTION

Second derivative general linear methods (SGLMs)

are an extension of general linear methods (GLMs)

[4] for the numerical solution of an autonomous sys-

tem of ordinary differential equation

y′ = f(y(x)), y : R → Rm, f : Rm → Rm. (1)

SGLMs were introduced by Butcher and Hojjati in

[5] and were studied more in [1, 2, 3] by Abdi and

Hojjati. An SGLMmakes use of r input and output

values, and s stage values and stage first and second

derivative values. Let p and q be respectively order

and stage order of the method, Y [n] = [Y
[n]
i ]si=1

be an approximation of stage order q to the vec-

tor y(xn + ch) = [y(xn + cih)]
s
i=1 and the vectors

f(Y [n]) = [f(Y
[n]
i )]si=1 and g(Y [n]) = [g(Y

[n]
i )]si=1

denote the stage first and second derivative val-

ues, where g(·) = f
′
(·)f(·). Also let us denote by

y[n−1] = [y
[n−1]
i ]ri=1 and y[n] = [y

[n]
i ]ri=1 the input

and output vectors at the step number n, respec-

tively. An SGLM used for the numerical solution

of (1) is given by

Y [n] = h(A⊗ Im)f(Y [n]) + h2(A⊗ Im)g(Y [n])

+(U ⊗ Im)y[n−1],

y[n] = h(B ⊗ Im)f(Y [n]) + h2(B ⊗ Im)g(Y [n])

+(V ⊗ Im)y[n−1],

(2)

where n = 1, 2, · · · , N, Nh = x− x0, h is the step-

size and ⊗ is the Kronecker product of two matri-

ces. Here A,A ∈ Rs×s, U ∈ Rs×r, B,B ∈ Rr×s,

V ∈ Rr×r. It is convenient to write coefficients of

the method, that is elements of A, A, U , B, B and

V, as a partitioned (s+ r)× (2s+ r) matrix

[
A A U

B B V

]
. (3)

Because of lower cost computing, we always assume

that the matrices A and A have the lower triangu-
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lar form

A =


λ

a21 λ
...

...
. . .

as1 as2 · · · λ

 , (4)

A =


µ

a21 µ
...

...
. . .

as1 as2 · · · µ

 . (5)

Since we wish to solve both nonstiff and stiff prob-

lems, we will need to consider cases λ, µ are and

are not zero. These are referred to respectively

as explicit and implicit methods. For A-stability

of implicit ones, it is necessary that λ > 0 and

µ < 0. Types 1 and 2 are those with arbitrary aij ,

aij where λ = µ = 0 and λ > 0, µ < 0, respectively.

Such methods are appropriate respectively for non-

stiff and stiff differential systems in a sequential

computing environment. Requiring aij = aij = 0,

cases λ = µ = 0 and λ > 0, µ < 0 lead respectively

to types 3 and 4 methods which can be useful re-

spectively for non-stiff and stiff systems in a parallel

computing environment. Also coefficients matrix V

is a rank 1 matrix with nonzero eigenvalue equal to

1 to guarantee preconsistency.

2 The order conditions of

SGLMs

We recall the structure of order conditions for

SGLMs in the general form, that have been dis-

cussed in [3]. The key idea is to use input vector of

the form

y
[n−1]
i =

p∑
k=0

hkαiky
(k)(xn−1) +O(hp+1), i = 1, · · · , r,

(6)

for some real parameters αik, i = 1, 2, · · · , r, k =

0, 1, · · · , p where y
[n]
i denotes approximation num-

ber i at integration point number n. We then re-

quest that the stage values Y
[n]
i within the current

step with stepsize h be approximations of order q

to the solution at the points xn−1 + cih, that is,

Y
[n]
i =

p∑
k=0

cki
k!
hky(k)(xn−1)+O(hq+1), i = 1, 2, · · · , s,

(7)

and the output values computed at the end of cur-

rent step satisfy

y
[n]
i =

p∑
k=0

hkαiky
(k)(xn) +O(hp+1), i = 1, 2, · · · , r,

(8)

with the same numbers αik. Let us denote αk =

[α1k α2k · · · αrk]
T for k = 0, 1, · · · , p. We recog-

nize α0 and α1 as pre-consistency and consistency

vectors, respectively. Also define the matrix W as

W =
[
α0 α1 · · · αp

]
. (9)

Now, we have the following theorem.

Theorem 2.1. [2] An SDIMSIM has order and

stage order p if and only if

exp(cz) =zA exp(cz) + z2A exp(cz)

+ Uw(z) +O(zp+1), (10)

exp(z)w(z) =zB exp(cz) + z2B exp(cz)

+ V w(z) +O(zp+1). (11)

Here, the exp function is applied component-wise

to a vector.

From (10) the vector valued function w(z)

takes the form

w(z) = (I − zA− z2A) exp(cz) +O(zp+1).

3 A new class of SDIMSIMs

We suppose that U = I, and that the abscissa vec-

tor c = [c1 c2 · · · cs]
T with distinct components

ci, A, A, B and V with V e = e, e = [1, 1, . . . , 1]T ∈
Rs, are given. Our aim is to find a formula for the

coefficient matrix B in terms of c, A, A, B and V

such that p = q = 2s and r = s. This formula is

derived in the following theorem.
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Theorem 3.1. Let r = s and U = I. Then the

SDIMSIM [
A A U

B B V

]
, (12)

with V e = e, has order p and stage order q equal to

q = p = 2s if and only if

B = ((P −AN −ANK − V R)

−(L−AJ −AT − V H)EYK)Q+ V A,

(13)

B = (L−AJ −AT − V H − (B − V A)G)E + V A,

(14)

where

F =
[

cs−1

(s−1)! · · ·
c2s−2

(2s−2)!

]
, G =

[
cs

s! · · ·
c2s−1

(2s−1)!

]
,

H =
[

cs+1

(s+1)! · · ·
c2s

(2s)!

]
, T =

[
(1+c)s−1

(s−1)! · · · (1+c)2s−2

(2s−2)!

]
,

J =
[
(1+c)s

s! · · · (1+c)2s−1

(2s−1)!

]
, L =

[
(1+c)s+1

(s+1)! · · · (1+c)2s

(2s)!

]
,

Y =
[
1 c c2

2 · · · cs−1

(s−1)!

]
, N =

[
1 (1 + c) · · · (1+c)s−1

(s−1)!

]
,

P =
[
(1 + c) · · · (1+c)s

s!

]
, R =

[
c c2

2 · · · cs

s!

]
,

also we have

E = F−1, Q = (Y − (GEYK))−1,

K =
[
0 e1 · · · es−1

]
. (15)

3.1 SDIMSIMs of order p = 4

In this subsection, we investigate methods of the

form

[
A A U

B B V

]
=


λ 0 µ 0 1 0

a21 λ a21 µ 0 1

b11 b12 b11 b12 1− v v

b21 b22 b21 b22 1− v v

 ,

of order p = q = 4 and RKS property. As a pre-

liminary step, we consider how to choose λ and µ

to ensure the A-stability property. That is, we will

look for methods for which the stability function

has the form

R(z) =
1 + n1z + n2z

2 + n3z
3 + n4z

4

(1− λz − µz2)2
,

where, because of the order conditions,

1 + n1z + n2z
2 + n3z

3 + n4z
4 =

exp(z)(1− λz − µz2)2 +O(z5),

The corresponding E-polynomial takes the form

E(y) = y4
(
E0 + E1y

2 + E2y
4
)
,

where the coefficients are expression in λ, µ,.

We give a single example for type 2 method, char-

acterized by

λ = 0.7561431921,

µ = −1

7
, c = [

1

2
1]T .

We selected λ from stability interval

0.5763346327 < λ < 1.008429151.

The rational form of coefficients for the method are

A =

[
27079
35812 0
7523
15816

27079
35812

]
, A =

[
− 1

7 0

− 11147
46937 − 1

7

]
,

B =

[
897
532 − 32484

48257
33661
19532 − 884972

1289877

]
, B =

[
4125
95152

411
14275

8809
132103

14190
685771

]
,

V =

[
30070
19631 − 10439

19631
30070
19631 − 10439

19631

]
.

4 Numerical verification

In this section computational experiments are do-

ing by applying methods on the following nonlinear

stiff problem: y′1(x) = −1002y1(x) + 1000y22(x), y1(0) = 1,

y′2(x) = y1(x)− y2(x)(1 + y2(x)), y2(0) = 1,

whose exact solution is [y1(x), y2(x)]
T =

[exp(−2x), exp(−x)]T and x ∈ [0, x]. This prob-

lem is stiff with approximately stiffness ratio 103

near to x = 0. In our numerical experiments,

we integrate up to x = 2. We have implemented

methods with a fixed stepsize

h = 1/2k,
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with several integer values of k. The results of nu-

merical experiments for type 2 SDIMSIMs of order

p = q = 4 is presented in Table 1. In these table, we

have listed norm of error ∥eh(x)∥ at the endpoint of

integration x and numerical estimate to the order

of convergence, p, computed by the formula

p =
log(∥eh(x)∥/∥eh/2(x)∥)

log(2)
,

where eh(x) and eh/2(x) are errors corresponding

to stepsizes h and h/2 for SDIMSIMs. We used co-

efficients of these methods with 20 decimal digits.

TABLE 1: Numerical results for type2 SDIMSIMs of order

p = q = 4.

k eh(x) p

4 3.38 × 10−09

5 1.87 × 10−10 4.17

6 1.09 × 10−11 4.10

7 6.55 × 10−13 4.06
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Abstract: A design problem of non-uniform circular antenna arrays for maximum reduction of both the

side lobe level (SLL) and first null beam width (FNBW) is dealt with. This problem is modeled as a simple

optimization problem. The method of Firefly algorithm (FFA) is used to determine an optimal set of current

excitation weights and antenna inter-element separations that provide radiation pattern with maximum SLL

reduction and much improvement on FNBW as well. Experimental results show considerable reductions of

both the SLL and FNBW with respect to those of the uniform case and some standard algorithms GA, PSO

and SA applied to the same problem.

Keywords: Circular arrays, First null beam width, Side lobe level, FFA, optimization.

1 INTRODUCTION

In many applications it is necessary to design an-

tennas with very directive characteristics to meet

the demand of long distance communication. An

antenna array is formed by assembly of radiating

elements in an electrical or geometrical configura-

tion. Total field of the antenna array is found by

vector addition of the fields radiated by all indi-

vidual current excitation elements [1]. This is im-

portant to reduce interference from the side lobe

of the antenna. There are several parameters by

varying which the radiation pattern can be mod-

ified [2]. These parameters are geometrical con-

figurations (e.g. linear, circular, planar, spherical

etc.), inter-element spacing, individual excitations

(amplitude and phase) and relative pattern of in-

dividual elements [1]. A circular array has all its

elements placed along the perimeter of a circle. Cir-

cular arrays are arrays that have a configuration

of very practical interest. Its applications span

radio detection finding, air and space navigation,

underground propagation, radar, sonar and many

other systems. In this work, the antenna array de-

sign problem consists of finding current excitation

weights and antenna inter-element separations that

provide a radiation pattern with maximum SLL re-

duction and FNBW reduction as well.

2 DESIGN EQUATIONS

The elements in the nonuniform circular antenna

array are taken to be isotropic sources, so the radi-

ation pattern of the array can be described by its

array factor. In the x-y plane, the array factor for
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the circular array shown:

AF (ϕ, I, d) =
N∑

n=1

Ine
j(kacos(ϕ−ϕn)+αn) (1)

where

ka = 2π/λ = ΣN
i=1di (2)

and

ϕn = (2π/ka)Σn
i=1di (3)

thatk = 2π/λ, λbeing the wavelength of operation;

θ=Elevation angle, ϕ= Azimuth angle,ϕn=Angular

location of nth element along the x-y plane and a

is radius of a circular array of N isotropic sources;

αn = −kacos(ϕ0 − ϕn) (4)

In this case the array factor can be written

AF (ϕn, I, d) =
N∑

n=1

Ine
jka[cos(ϕ−ϕn)−cos(ϕ0−ϕn)](5)

where[I1, I2, ..., IN ];Inrepresent the excita-

tion of the nth element of the array;d =

[d1, d2, ..., dN ];dnrepresent the distance from ele-

ment n to n + 1. ϕ0 is the angle where global

maximum is attained in ϕ = [−π, π] .In our design

problem ϕ0 is chosen as 0 degree; ϕ0 is the maxi-

mum radiation angle. The design goal in the paper

is to find the optimum set of values of In and dn in

order to get the optimal SLL reduction and FNBW

reduction as well in the radiation pattern in the de-

sired direction ϕ. In and dn are used to change the

antenna pattern. After defining the array factor,

the next step in the design process is to formulate

the objective function which is to be minimized.

The objective function J may be written as

J = W1 × |AF (ϕmsl, In)|/|AF (ϕ0, In)|

+W2 × (FNBWcomputed − FNBW (In = 1)(6)

where FNBW is an abbreviated form of first null

beam width or in simple terms angular width be-

tween first nulls on either side of the main beam.

Thus computed FNBW and FNBW(In = 1) basi-

cally refer to the computed first null beam width in

radian for the non-uniform excitation case and for

uniform excitation case, respectively. The second

term in (6) is computed only if FNBWcomputed <

FNBW (In = 1) and the corresponding solution

set of In and dn is retained in the active popula-

tion, otherwise discarded. Further W1 and W2 are

the weighting factors. ϕmsl is the angle where max-

imum side lobe AF (ϕmsl, In) is attained on either

side of the main beam. The weights W1 and W2 are

chosen in such a way that optimization of SLL re-

mains more dominant than optimization of FNBW

and J never becomes negative. Minimization of J

means maximum reduction of SLL and lesser com-

puted FNBW as compared to FNBW (In = 1).

The FFA technique employed for optimizing In and

dn resulting in the minimization of J and hence re-

duction in both the SLL and FNBW are described

in the next section.

3 EVOLUTION TECH-

NIQUE EMPLOYED

The basic rules for FFA are:

1) All fireflies are unisex so that one firefly will be

attracted to other fireflies regardless of their sex;

2) Attractiveness is proportional to their bright-

ness, thus for any two flashing fireflies, the less

bright one will move towards the brighter one, and

the brightness decreases as their distance increases.

If there is no brighter one than a particular firefly,

it will move randomly;

3) The brightness of a firefly is affected or deter-

mined by the landscape of the cost function. For

a minimization problem, the brightness can simply

be inversely proportional to the value of the cost

function. In this work, the cost function is J .

In the simplest case for minimization optimization

problems, the brightness B of a firefly at a partic-

ular location x can be chosen as B(x) = 1/f(x) ,

where f(x) is J in this work. However, the attrac-
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tiveness β is relative; it should be seen in the eyes of

the beholder or judged by the other fireflies. Thus,

it will vary with the distance rij between firefly i

and firefly j. For a given medium with a fixed light

absorption coefficient, γ, the light intensity varies

with the distance r. That is

B = B0e
−γr (7)

where B0 is the original light intensity; r is the Eu-

clidian distance between the fireflies. As a fireflys

attractiveness is proportional to the light intensity

seen by adjacent fireflies, the attractiveness / re-

pulsiveness β of a firefly can be defined by

β = β0e
−γr2 (8)

where β0 is the attractiveness (positive

sign)/repulsiveness (negative sign) at r = 0. The

distance between any two fireflies i and j at xi and

xj , respectively, is the Euclidian distance.

rij = ∥xi − xj∥ =

√√√√ D∑
k=1

(xi,k − xj,k)2 (9)

where xi,k, is the kth component of the special co-

ordinate xi of the ith firefly; D is the dimension of

each xi and xj . The movement of a firefly i is at-

tracted by another more attractive (brighter) firefly

j or repelled by more repulsive (less bright) firefly

j is determined by

xi = xi + β0e
−γr2ij (xj − xi) + α(rand− 1

2
)(10)

where the second term is due to the attraction or

repulsion. The third term is randomized with a

control parameter α , which makes the exploration

of search space more efficient. Usually, β0 = 1, α ∈
[0, 1] for most applications. By adjusting the pa-

rameters γ, α and β0, the performance of the algo-

rithm can be improved.

Steps of FFA are as follows:

Step 1.Generate initial firefly vectors xi =

(xi1, ..., xiD), (i = 1, ..., 120), where D = 2N (N

current element excitation weights I ∈ [0, 1] plus

N number of inter-element spacing d ∈ [λ/2, λ]).

Set the maximum allowed number of iterations to

100. β0 = 0.6, γ = 0.2, and α = 0.01 (these values,

and the population size, 120, were determined as

optimal in a series of 30 preliminary trials).

Step 2.Computation of initial J of the total popu-

lation.

Step 3.Computation of the population based best

solution (gbest) vector corresponding to the histor-

ical population best and least valueJ .

Step 4.Update firefly positions:

1) Compute the Euclidian distance rij between the

first particle vector (ith) and the second particle

vector (jth) as per (9);

2) Compute β with the help of β0 as per (8);

3) If the cost function J of the second particle is <

cost function J of the first particle, then, update

the first particle as per (10) with +β0 (case of at-

traction), otherwise with −β0, (case of repulsion);

Steps 3 are repeated till the maximum iteration

cycles. Determine the optimal N number of cur-

rent excitation weight coefficients and N number

of inter-element separations from the final solution

of optimal (gbest) vector.

4 NUMERICAL RESULT

In this case radiation pattern of the circular array

with main lobe steered to ϕ0 = 0 degree is consid-

ered. This section gives simulation results of both

the SLL and FNBW in radiation pattern. The cir-

cular antenna arrays having 12- elements are as-

sumed. In this array FFA has been executed for

100 iteration. Table I shows the control parame-

ters for FFA. ”Figs. 1” show comparisons between

the radiation patterns for a uniform circular an-

tenna array (d = λ/2) and the corresponding non-

uniform circular antenna array optimized with the

use of FFA algorithm. In the case of uniform cir-

cular array, inter-element separation d is the arc

distance between consecutive elements arranged in

a circle of radius a = N × λ/4π.

”Fig. 1” illustrates the case for N = 12. For this

value of N , FFA method generates a similar set
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of In and dn that provides a reduction of both the

SLL and FNBW. In this case also the array pattern

obtained for N = 12 is much better as compared

to those obtained in PSO, SA, GA. Table 1 illus-

trates that as the number of antenna elements N

increases, both SLL reduction and FNBW reduc-

tion occur for non-uniform circular antenna arrays.

5 CONCLUSION

In this paper Firefly algorithm (FFA) is proposed

for the solution of this design. FFA efficiently com-

putes optimal set of current excitation weights and

antenna inter-element separations to generate a ra-

diation pattern with maximum side lobe level re-

duction and improved first null beam width. Ex-

perimental results reveal that FFA provides the

considerable side lobe reduction and improved first

null beam width with respect to the uniform case

and also those presented in PSO, SA, GA.

TABLE 1

THE RESULTING OBTAINED BY FFA FOR 12 NUMBERS

OF ANTENNA ELEMENTS

No. of Ele. SLL(dB) SLL in GA,PSO,SA,

12 -15.79 -11.83,-13.670,-13.910

No. of Ele. FNBW(deg) FNBW(deg) in GA, PSO,SA

12 46.08 46.26,46.26,Not reported

Figure 1:Best array pattern found by FFA for the

12-element nonuniform circular array.
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Abstract: Sinc-collocation method based on single and double exponential transformations have been

developed to solve the linear system of Fredholm integral equations of second kind. Convergence analysis of

the proposed methods has been discussed and the exponentially convergence analysis has been proved. The

methods have been tested by three different examples. It justifies that our methods converge exponentially

and bear the excellent accuracy.
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1 Introduction

Consider the system of linear Fredholm integral

equations of second kind as,

F(x) = G(x) +

∫

Γ

K(x, t)F(t)dt, x ∈ Γ = [0, 1],

(1)

where

F(x) = [f1(x), f2(x), . . . , fn(x)]
T ,

G(x) = [g1(x), g2(x), . . . , gn(x)]
T ,

K(x) = [Kij(x, t)], i, j = 1, 2, . . . , n,

known kernel K(x, t) is continuos, the function

G(x) is given and F(x) is the solution to be de-

termined.

Study on system of integral equations has

been taken under consideration by many authors.

J. P. Sun [1] et al. established existence criteria for

at least three positive solutions to the system of (1),

by using the Leggett-Williams fixed-point theorem.

M. Javidi [3] , [2] used homotopy perturbation and

modification to homotopy perturbation method for

solving system of (1), respectively. H. Almasieh et

al. [4] applied triangular functions method for the

solutions of system of (1). The powerful proper-

ties of orthogonal triangular functions are utilized

in a direct method to reduce a system of (1) to a

system of mere algebraic equations. R. P. Agrawal

et al. [5] studied eigenvalues of the system of (1).

P. K. Sahu et al. [6] considered an approach based

on compactly supported linear semi-orthogonal B-

spline scaling functions and wavelet functions to-

gether with their dual functions to approximate the

solutions of system of (1). A. Jafarian et al. [7] has
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offered an architecture of artificial neural networks

(NNs) for finding approximate solutions of system

of (1). M.C. De Bonis et al. [8] have proposed

numerical methods to approximate the solutions of

system of (1).

2 Construction of the method

To obtain the collocation method based on sin-

gle and double exponential transfomations for so-

lutions of system (1), first by following [9], we in-

troduce two Theorems,

Theorem 2.1. Let f

φ′
∈ LD, 0 < d < π, 0 < α < 1

and let N be a positive integer and h is selected by

h =
(

πd
αN

)
1

2 , then there exists a positive constant

C1 independent of N such that

|
∫ 1

0

f(z)dz − h

N
∑

j=−N

f(zSE
k )

φ′
SE(z

SE
k )

| ≤ C1e
−2

√
πdαN .

(2)

Theorem 2.2. Let f

φ′
∈ LD, 0 < d < π, 0 < α < 1

and let N be a positive integer and h is selected by

h =
log

(

2dN
α

)

N
, then there exists a positive constant

C2 independent of N such that

|
∫ 1

0

f(z)dz − h

N
∑

j=−N

f(zDE
k )

φ′
DE(z

DE
k )

|

≤ C2 exp

( −2πdN

log
(

2dN
α

)

)

. (3)

By using Theorem 2.1 and considering ith

equation of (1) we have

fi(x
SE
k )− h

n
∑

j=l

N
∑

l=−N

Ki,j(x
SE
k , tl)

φ′
SE(tl)

fj(tl)

= gi(x
SE
k ), i = 1, . . . , n, k = −N, . . . , N.(4)

We define

Aij =















I − h[
Kij(x

SE
k ,tSE

l )

φ′

SE
(tSE

l
)

], i = j,

−h[
Kij(x

SE
k ,tSE

l )

φ′

SE
(tSE

l
)

], i 6= j,

which are the square matrices of order (2N + 1)×
(2N +1), so the system of linear equations (4) can

be written in the matrix form as follows

AF = P, (5)

where

P = [g1(x
SE
−N ), . . . , gn(x

SE
N )]T ,

F = [f1l, . . . , fnl]
T , l = −N, . . . , N.

Solving the linear system (5) gives us the unknown

coefficients. In a similar manner for double expo-

nential transformation we can obtain the the un-

known coefficients by solving the linear system.

3 Convergence Analysis

Theorem 3.1. Let
Kij(x,t)

φ′

SE

∈ Lα(D) and h =
(

πd
αN

)
1

2 , then there exists a constant C3 indepen-

dent of N such that

‖ AF−P ‖≤ C3N
1

2 exp(−2(πdαN)
1

2 ), (6)

Proof. By using the Theorem 2.1, the kth compo-

nent of vector ν = AF−P as follows

|νk| = |(AF−P)k|

= |fi(xSE
k )− h

n
∑

j=l

N
∑

l=−N

Ki,j(x
SE
k , tl)

φ′
SE(tl)

fj(tl)

−gi(x
SE
k )| ≤ C1 exp (−2

√
πdαN ), i = 1, 2, . . . , n,

so we have

‖ AF−P ‖=
( N

∑

k=−N

|νk|2
)

1

2

≤ C3N
1

2 exp (−2
√
πdαN).

Theorem 3.2. Let
Kij(x,t)
φ′

DE

∈ Lα(D) and h =

log
(

2dN
α

)

N
, then there exists constant C4 indepen-

dent of N such that
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‖ AF−P ‖≤ C4N
1

2 exp

( −2πdN

log
(

2dN
α

)

)

. (7)

Proof. By using the Theorem 2.2, the kth compo-

nent of vector ν = AF−P can be written as follows

|νk| = |(AF−P)k|

= |fi(xDE
k )− h

n
∑

j=l

N
∑

l=−N

Ki,j(x
DE
k , tl)

φ′
DE(tl)

fj(tl)

−gi(x
DE
k )| ≤ C2 exp

( −2πdN

log
(

2dN
α

)

)

, i = 1, 2, . . . , n,

so we have

‖ AF−P ‖=
( N

∑

k=−N

|νk|2
)

1

2

≤ C4N
1

2 exp

( −2πdN

log
(

2dN
α

)

)

.

4 Numerical Illustration

We consider the following examples to test the ap-

plicablity and the and the accuracy of our proposed

methods, we define the errors as follows

‖ ESE
F ‖∞= max

−N≤j≤N
|F(xSE

j )− FN (xSE
j )|, (8)

and

‖ EDE
F ‖∞= max

−N≤j≤N
|F(xDE

j )− FN (xDE
j )|. (9)

In all examples hSE = π

√

1
N

and hDE =
log

(

πN
6

)

N
.

Example 1. Consider the system of Fredholm in-

tegral equations in [2],



















f1(x) = g1(x) +
∫ 1

0
−xt2f1(t)dt

+
∫ 1

0 xtf2(t)dt,

f2(x) = g2(x) +
∫ 1

0
x(t + 1)f1(t)dt

+
∫ 1

0
x2tf2(t)dt,

(10)

where

g1(x) = − sin(5x)− x

(−23

125
cos(5)

+
2

25
sin(5)− 2

125

)

− x

(−4

9
e(−3) +

1

9

)

,

g2(x) = e(−3x) − x

(

2

5
cos(5)− 1

25
sin(5)

−1

5

)

− x2

(−4

5
e(−3) +

1

9

)

, (11)

with the exact solution,

F(x) = [sin(−5x), exp(−3x)]T .

Example 2. Consider the system of Fred-

holm integral equations in [3],

{

f1(x) = g1(x) +
∫ 1

0 (x− t)2f1(t)dt+
∫ 1

0 (x − t)3f2(t)dt,

f2(x) = g2(x) +
∫ 1

0 (x− t)3f1(t)dt+
∫ 1

0 (x − t)5f2(t)dt,

(12)

where

g1(x) =
211

140
− 29

6
x+

23

10
x2 − 15

7
x3 + x4,

g2(x) =
35

24
− 1257

385
x+

35

4
x2 − 514

45
x3

+
15

2
x4 − 15

7
x5 + 8x6, (13)

with the exact solution

F(x) = [x4 − 3x2, 1 + 8x6]T .

Example 3. Consider the system of Fred-

holm integral equations in [4]

{

f1(x) = g1(x)−
∫ 1

0
e(x−t)f1(t)dt−

∫ 1

0
e(x+2)tf2(t)dt,

f2(x) = g2(x)−
∫ 1

0 extf1(t)dt−
∫ 1

0 e(x+t)f2(t)dt,

(14)

where

g1(x) = 2ex +
ex+1 − 1

x+ 1
,

g2(x) = ex + e−x +
ex+1 − 1

(x+ 1)
, (15)
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with the exact solution

F(x) = [ex, e−x]T .

All the examples have been solved by selecting dif-

ferent values of N = 20, 25, 30, 35. Errors in the

computed solutions are tabulated in Table 1.

Example1

N ‖ ESE
F ‖∞ ‖ EDE

F ‖∞
20 2.36923×10−6 7.20287×10−8

25 3.74825×10−7 1.01698×10−9

30 7.70392×10−8 1.47935×10−11

35 1.88139×10−8 1.29607×10−12

Example2

N ‖ ESE
F ‖∞ ‖ EDE

F ‖∞
20 6.37131×10−6 2.93866×10−7

25 1.23954×10−6 4.14913×10−9

30 2.83340×10−7 6.03552×10−11

35 7.29099×10−8 1.15730×10−11

Example3

N ‖ ESE
F ‖∞ ‖ EDE

F ‖∞
20 1.87321×10−6 8.89411×10−8

25 3.71860×10−7 1.25577×10−9

30 8.55826×10−8 1.82697×10−11

35 2.20662×10−8 3.70237×10−12

Table 1: Errors for examples 1, 2, 3.
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Abstract: Often we are interested in finding x such that f(x) = 0, where f : R→ R is a general nonlinear

real function of one variable. Finding the zeros of a nonlinear equation, is a classical problem which has nice

applications in various fields of science and engineering. In this paper, we describe and analyze an efficient

method based on partitioning of an interval (that probably contains root(s) of f) into subintervals. From

this point of view, we name this method to be a finite element approach for root finding. The convergence

of the new algorithm is proved. Finally, numerical examples are presented to illustrate the effectiveness of

the new method.

Keywords: Root finding, Nonlinear function, Finite element approach, Piecewise Lagrange interpolation.

1 INTRODUCTION

We consider numerical techniques for finding

root(s) of a general nonlinear function f : R → R.

Nonlinear equations arise in all branches of science,

engineering, and technology. In recent years, a

large number of root finding algorithms and meth-

ods of solutions of different orders are available in

the literature, see [2, 3, 4].

In this paper, we want to use the finite el-

ement approach for finding the roots of nonlinear

equations. First let f : [a, b] → R be a nonlinear

function. We introduce a partition Th of [a, b] into

K subintervals Ij = [xj , xj+1] of length hj , with

h = max 0≤j≤K−1hj , such that [a, b] = ∪K−1
j=0 Ij and

then to employ Lagrange interpolation on each Ij

using k + 1 equally spaced nodes {x(i)
j , 0 ≤ i ≤ k}

with a small k. For k ≥ 1, we introduce the piece-

wise polynomial space

χk
h = {v ∈ C0[a, b] : v|Ij ∈ Pk(Ij),∀Ij ∈ Th},

which is the space of the continuous functions over

[a, b] whose restrictions on each Ij are polynomi-

als of degree ≤ k. Then, for any continuous func-

tion f in [a, b], the piecewise interpolation poly-

nomial Πk
hf coincides on each Ij with the inter-

polating polynomial of f |Ij at the k + 1 nodes

{x(i)
j , 0 ≤ i ≤ k}. As said in [5], if f ∈ Ck+1([a, b]),

using the interpolation error within each interval

we obtain the following error estimate

‖f −Πk
hf‖∞ ≤ Chk+1‖f (k+1)‖∞, (1)

where ‖.‖∞ is a norm defined by ‖f‖∞ =

supx∈[a,b] |f(x)|. Note that a small interpolation

∗Corresponding Author
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error can be obtained even for low k provided that

h is sufficiently small. Now the new method is

based on the root finding of the piecewise inter-

polation polynomial Πk
hf on each subinterval Ij ,

j = 0, 1, ...,K − 1. In fact, we only find the root(s)

of the simple polynomials of degree k on small inter-

vals. Because of the convergence of this piecewise

interpolation polynomial to the function f , we can

show that the approximation root(s) that is(are)

found from the new method is (are) convergent to

the exact root(s) of the function f . Suppose we

want to find root(s) of the function f on [a, b], using

the new method, we perform the following steps:

Step 1: Divide the interval [a, b] into K subin-

tervals Ij = [xj , xj+1].

Step 2: Form the piecewise interpolation poly-

nomial Πk
hf .

Step 3: Find the root(s) of the interpolation

polynomials on each subinterval Ij .

.Step 4: Test for f(root(s)), if it is sufficiently

small, stop. Otherwise, refine the meshsize or de-

gree of the piecewise interpolation polynomial.

For example, if we choose k = 2, i.e., use the

piecewise quadratic Lagrange interpolation for in-

terpolating function f , then Π2
hf =

∑K
j=0 cjβj(x)+∑K

j=1 cj− 1
2
βj− 1

2
(x), where cj = f(xj) and cj− 1

2
=

f(xj− 1
2
). Also

βj(x) =



x−xj−1

xj−xj−1
·

x−x
j− 1

2

xj−xj− 1
2

x ∈ [xj−1, xj ],

x−x
j+1

2

xj−xj+1
2

· x−xj+1

xj−xj+1
x ∈ [xj , xj+1],

0 otherwise,

and

βj− 1
2
(x) =


x−xj−1

x
j− 1

2
−xj−1

· x−xj

xj−1−xj
x ∈ [xj−1, xj ],

0 otherwise.

In Fig. 1, we show graphs of the function f(x) =

sinx and its piecewise linear Lagrange interpolation

on [0.5, 4]. Also the graph of this function together

with its piecewise quadratic Lagrange interpolation

on [0.5, 4] are shown in Fig. 2. This interval has

been divided into five equally spaced subintervals.

As can be seen in two figures, both graphs have a

root on the interval [3, 3.5].
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Function f(x)=sinx
Interpolation

Figure 1: Function f(x) = sin x and its piecewise linear

Lagrange interpolation.
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Function f(x)=sinx
Interpolation

Figure 2: Function f(x) = sin x and its piecewise quadratic

Lagrange interpolation.

2 CONVERGENCE ANAL-

YSIS OF THE NEW

METHOD

In this section, we study the convergence analysis

of the new method. Beside estimation (1), conver-

gence results in integral form exist, see [5]. For this

purpose, we introduce the following space

L2(a, b) = {f : (a, b)→ R :

∫ b

a

|f(x)|2 <∞},

with

‖f‖L2(a,b) =
( ∫ b

a

|f(x)|2
) 1

2 . (2)

Formula (2) defines a norm for L2(a, b). We note

that we integrate from |f |2 in the Lebesgue sense.

Theorem 1. [5] Let 0 ≤ m ≤ k + 1, with k ≥ 1

and assume that f (m) ∈ L2(a, b) for 0 ≤ m ≤ k+1,

then there exists a positive constant C, independent

of h, such that

‖(f −Πk
hf)(m)‖L2(a,b) ≤ Chk+1−m‖f (k+1)‖L2(a,b).
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Theorem 2. Let 0 ≤ m ≤ k + 1, with k ≥ 1 and

assume that f (m) ∈ L2(a, b) for 0 ≤ m ≤ k + 1.

Then the finite element approach for root finding

function f is a convergent method.

Proof. Referring to Theorem 1, it is obvious that

with establishment of the conditions of this theo-

rem, the piecewise Lagrange interpolation polyno-

mial Πk
hf is convergent to the function f . There-

fore, we can conclude that the approximate roots

that are found using the new method are conver-

gent to the exact roots of the function f . In fact, if

we get h sufficiently small, then the interpolating

polynomial of f |Ij is nonincreasing or nondecreas-

ing, therefore, if it has a root on the interval Ij ,

then we have

Πk
hf(xj)Π

k
hf(xj+1) ≤ 0,

and as we have

f(xj) = Πk
hf(xj), f(xj+1) = Πk

hf(xj+1),

then we conclude that f(xj)f(xj+1) ≤ 0, and the

intermediate value theorem implies that f has a

root on this interval. With the above assumptions,

it is obvious that if x∗j be root of the function Πk
hf

on the interval [xj , xj+1], then the function f will

have a root on this interval shown by x∗ and at least

we have |x∗−x∗j | < Ch, where C is a constant. So,

we can say that, the new method for root finding is

a convergent method. By the above theorem, if h

be sufficiently small or for large amounts of k, we

will have higher accuracy in root finding. �

One advantage of the new method over some

other methods is, this method can find all roots of

function f on the assumed interval [a, b], however,

some other well-known methods can only find one

of the roots of function f on this interval. The sec-

ond major benefit is that the method does not rely

on the derivatives of the function. Thus it can be

used to find roots of non-smooth functions. Also

it can be generalized to the general n dimensional

case and doesn’t require the initial guess. But note

that if we want to use large amounts of k for inter-

polating function f , then we face with root finding

of higher degree polynomials that causes some dif-

ficulties, so we suggest to choose k to be a small

positive integer (for example k = 1, 2, 3) with h be

sufficiently small.

3 SUGGESTIONS AND DE-

VELOPMENT OF THE

METHOD

Since, we apply the finite element technique for

presenting the new method, we can use some prop-

erties based on this approach to improve the new

method, such as using the hierarchical approach

for interpolation, refinement approaches (p-FEM,

h-FEM, r-FEM, hp-FEM,...), adaptive approaches,

and so on.

On the other hand, this approach can be gen-

eralized to finding roots of the multivariable func-

tions in higher dimensions. For example, for func-

tion z = f(x, y) and finding set {(x, y) ∈ Ω ⊆ R2 :

z = 0}, we can consider triangular or rectangular

elements on the (x, y)-plane, and interpolate the

function z = f(x, y) on each element, and then

find root(s) of these piecewise interpolation poly-

nomials. Let Th = {K} be a triangulation of Ω.

We define h to be the largest sides among all trian-

gles K. For the non-negative integer number r ∈ R,

Pr(K) means the space of all polynomials of degree

r on K and C0(K) is the space of all continuous

functions on K.

Theorem 3. [1] Let K ∈ Th be a triangle with

vertices ai, i = 1, 2, 3. Given u ∈ C0(Ω), let the

interpolant Πr
hu ∈ Pr(K) be defined by

Πr
hu(ai) = u(ai), i = 1, 2, 3,

then we have the following estimation

‖u−Πr
hu‖L2(Ω) ≤ Chr+1|u|Hr+1(Ω),

where C > 0 is a constant that is independent of h.
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By the above theorem if we interpolate the

function u ∈ C0(Ω) on each element with piece-

wise polynomials, then roots of these polynomials

on each element (if there exist) tend to the roots

of the main function u. Of course, finding roots of

a polynomial is very easier than a general function

u.

4 NUMERICAL EXPERI-

MENTS

In this section, we use a test problem to demon-

strate the feasibility and effectiveness of the new

method, and compare the results for several mesh

sizes and for piecewise linear and quadratic inter-

polating polynomials.

Example. Consider the function f(x) = sinhx −
x2 tanx on interval [−1, 1]. By Fig. 3, we find

that this function has three roots on the interval

[−1, 1]. Now we apply the new method to find its

roots. We report the obtained results using differ-

ent mesh sizes and degrees of interpolation polyno-

mial, in Tables 1 and 2.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

f(x) = sinh(x) − x2 tan(x)

Figure 3: Graph of function f(x) = sinh x− x2 tan x on [-1,1].

TABLE 1

Applying piecewise linear interpolation with different mesh

sizes for Example

h roots |f(root)|
-0.874961843703970 0.074328028941983

2× 10−1 0 0

0.874961843703970 0.074328028941983

-0.901868808981154 0.282014567155153×10−3

2× 10−2 0 0

0.901868808981154 0.282014567155153×10−3

-0.901963811046113 0.575347403941606×10−6

2× 10−3 0 0

0.901963811046113 0.575347403941606×10−6

-0.901963989030390 0.479396948804833×10−7

2× 10−4 0 0

0.901963989030389 0.479396951025279×10−7

-0.901964005033055 0.520149034954898×10−9

2× 10−5 0 0

0.901964005033055 0.520148812910293×10−9

TABLE 2

Applying piecewise quadratic interpolation with different mesh

sizes for Example

h roots |f(root)|
-0.901884158789132 0.236551396225027×10−3

2× 10−1 0 0

0.901884158789130 0.236551396230356×10−3

-0.901965239910942 0.365871711127674×10−5

2× 10−2 0 0

0.901965239910932 0.365871707974641×10−5

-0.901964004925138 0.839932567942014×10−9

2× 10−3 0 0

0.901964004924705 0.841215319624666×10−9

-0.901964005207871 0.212940776123105×10−11

2× 10−4 0 0

0.901964005207788 0.237387887125351×10−11

-0.901964005221988 0.397042398958547×10−10

2× 10−5 0 0

0.901964005195030 0.401794153503943×10−10

As one can see, with a fixed h, almost we have more

accuracy when the degree of the interpolating poly-

nomial increases. Also, with a fixed interpolation

polynomial, with smaller h, almost we have more

accuracy. But, for interpolation polynomials with

higher degree, decreasing the mesh size when h is

enough small, does not give better results, in some

cases.
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1 INTRODUCTION

Consider the Hammerstein equation of the form

u(x) = λ(KΦu)(x) + f(x), x ∈ [0, 1] (1)

where

(KΦu)(x) =

∫ 1

0

k(x, t)Φ(t, u(t))dt,

and f is a fuzzy function and the functions Φ and

k given continuous functions and u is an unknown

function to be determined. We will use B-spline

functions of order 4 to find approximate solution of

this equation.

2 Preliminaries

Definition 2.1. ([1]) A fuzzy number is a function

µ : R → I = [0, 1], satisfying the following proper-

ties:

(i) µ is normal, i.e. ∃x0 ∈ R with µ(x0) = 1;

(ii) µ is convex fuzzy set (i.e. µ(tx + (1 − t)y) ≥
min{µ(x), µ(y)},∀t ∈ [0, 1], x, y ∈ R);

(iii) µ is upper semicontinuous on R;

(iv) {x ∈ R;µ(x) > 0} is compact, where A de-

notes the closure of A.

The set of all fuzzy real numbers is denoted

by RF . Obviously R ⊂ RF . Here R ⊂ RF is un-

derstood as R = {χx; x is a usual real number}.
For 0 ≤ r ≤ 1, r-cut of fuzzy number µ is defined

by

[µ]r =


{x ∈ R;µ(x) ≥ r} 0 < r ≤ 1

{x ∈ R;µ(x) > 0} r = 0

Then it is easily shown that µ is a fuzzy number

if and only if [µ]r is a closed and bounded interval

for each r ∈ [0, 1], and [µ]1 ̸= ∅ (see e.g. [2]).

3 Approximation by fuzzy B-

spline series

Definition 3.1. Let t0 ≤ t1 ≤ ... ≤ tr be points in

R, with t0 ̸= tr. The B-spline B is given by

B(x) = B(x, t0, ..., tr) = r[t0, ..., tr](.− x)r−1
+ ,
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where [t0, ..., tr]f denotes the divided difference of

f (see [2]).

In [1], approximation of fuzzy-number-

valued function f : [0, 1] → RF introduced by fuzzy

B-spline series S : [0, 1] → RF as follows:

Let 0 = t0 ≤ t1 ≤ ... ≤ tn = 1 be a parti-

tion of the interval [0, 1]. Choose auxiliary knots

t−t+1 ≤ ... ≤ t0 = 0, 1 = tn+1 ≤ ... ≤ tn+r, where r

is the order of B-spline. Let ξj ∈ [0, 1]∩suppBj , j =

−r+1, ..., n. Then the fuzzy B-spline series will be

S(f, x) =
n∑

−r+1

Bjf(ξj).

Theorem 3.2. ([1]) For f : [0, 1] → RF continu-

ous we have:

D(f(x), S(f, x)) ≤ rω(f, δ),

where δ = max0≤j≤n(tj+1 − tj) and ω(f, δ) is the

modulus of continuity of the function f .

Without loss of generality, in this paper we

will use B-splines of order 4 as follows:

Consider the partition π : 0 = t0 < t1 < ... < tn =

1 of the interval [0, 1]. The space S3(π) is the set

of all real functions of real variables s ∈ C2[0, 1]

that can be described as cubic polynomials on each

subinterval (ti, ti+1) ⊆ [0, 1], 0 ≤ i ≤ n − 1. Let

ti = i
n and then introduce six additional knots

t−3 < t−2 < t−1 < t0 and tn+3 > tn+2 > tn+1 >

tn, and the functions Bi(t) defined by

Bi(t) =
1

h3



(t− ti−2)
3 t ∈ [ti−2, ti−1]

h3 + 3h2(t− ti−1)

+3h(t− ti−1)
2

−3(t− ti−1)
3 t ∈ [ti−1, ti]

h3 + 3h2(ti+1 − t)

+3h(ti+1 − t)2

−3(ti+1 − t)3 t ∈ [ti, ti+1]

(ti+2 − t)3 t ∈ [ti+1, ti+2]

0 otherwise

i = −1, ..n+ 1.

Theorem 3.3. Dim S3(π) = n + 3 and

{B−1, B0, ..., Bn+1} constitute a basis for S3(π).

Proof. See e.g. [3].

4 Numerical Method

From Eq.(1), we have

u(x) = f(x) + λ

∫ 1

0

k(x, s)L(s)ds

where

L(s) = Φ(s, u(s))

thus

L(s) = Φ

(
s, f(s) + λ

∫ 1

0

k(s, z)L(z)dz

)
now we apply the Fuzzy B-spline series for L(z)

L(z) =
n+1∑
−1

(L(ξj)Bj(z))

where ξj ∈ [0, 1] ∩ suppBj . We let ξj = tj which is

belong to suppBj . So we have

L(s) = Φ

(
s, f(s) + λ

n+1∑
i=−1

L(ti)

∫ 1

0

k(s, t)Bi(t)dt

)
set s = tk for k = 1, ..., n + 1 then we have a non-

linear system for determining Lj = L(tj):

Lk = Φ

(
s, f(s) + λ

n+1∑
i=−1

Li

∫ ti+2

ti−2

k(s, t)Bi(t)dt

)
,

for k = −1, ..., n + 1, since suppBj = [tj−2, tj+2].

The sequence of successive approximations

Ll
k = Φ

(
s, f(s) + λ

n+1∑
i=−1

Ll−1
i

∫ ti+1

ti−2

k(s, t)Bi(t)dt

)
,

for l = 1, 2, ... and l0 = (0, 0, ..., 0) converge to the

L = (L−1, L0, ..., Ln+1). So, the numerical solution

is

un(s) = f(s) + λ
n+1∑
i=−1

Li

∫ 1

0

k(s, t)Bi(t)dt.
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Abstract: In this paper, we consider the second order parabolic equation. In many cases, the results of

all possible lateral boundary measurements are available. However in this case we have a severely ill posed

problem that is challenging both theoretically and numerically. we will describe some basics solvability and

regularity results about the inverse problem.
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1 INTRODUCTION

In many physical problem in heat conduction, one

of the boundary of the body is inaccessible for tem-

perature measurements. since it is then impossible

to obtain an boundary temperature distribution

within the body. In this case, one can often use

both measurements of temperature and heat flux

at the one boundary to compensate for the lack of

temperature on another boundary.

Many studies for various parabolic problem have

appeared in the literature [2], [3] and [4].

Let us consider the problem of finding func-

tion u(x, t) and q(t), satisfying in the following

problem for 0 < x < s(t) and 0 < t < T

∂tu(x, t) = ∂x(a(x)ux(x, t)); (1)

u(x, 0) = f(x); 0 < x < s(t), (2)

u(s(t), t) = g(t); 0 < t < T, (3)

∂xu(0, t) = q(t); 0 < t < T. (4)

Many important physical and engineering inverse

problems provide us with additional lateral data as

follow:

a(x)ux(x, t) = h(t); x = s(t), 0 ≤ t ≤ T. (5)

We will make use of the known transform [1]

u(x, t) = 2(2πt)−1/2
∫ ∞
0

exp(−τ
2

4t
)u?(x, τ)dτ. (6)

We observe that

u(x, t) = v(x, 0, t). (7)

where v = v(x, τ, t) is the solution to the following

standard parabolic problem:

vτ = vττ ; τ > 0, t > 0, (8)

vτ (x, 0, t) = 0; t > 0, (9)

v(x, τ, 0) = u?(x, τ); τ > 0. (10)

For solve the problem (8)-(10), first we extend the

initial data u? onto R as an even function. we can

apply the Fourier transform method to derive a for-

mal representation of a solution. If we set t = 0,
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from the solution (8)-(9), we can obtain u?(x, τ).

In fact, we can write:

v(x, τ, t) =

∫ ∞
−∞

K(τ − ξ, t)u?(x, ξ)dξ,

where the fundumental solution is the following

form:

K(x, t) =
1√
4πt

exp(−x
2

4t
), t > 0.

We have

v(x, τ, t) =

∫ ∞
−∞

1√
4πt

exp(− (τ − ξ)2

4t
)u?(x, ξ)dξ,

set τ = 0, we can obtain the transform (6):

u(x, t) = v(x, 0, t) = 2(2πt)−1/2∫ ∞
0

exp(−τ
2

4t
)u?(x, τ)dτ.

2 REDUCING the PARABOLIC

PROBLEM

We will make use of the transform (6) this time re-

ducing our parabolic problem to the following hy-

perbolic one for 0 < x < s(τ) and 0 < τ < T ?:

u?ττ (x, t) = ∂x(a(x)u?x); (11)

u?(x, 0) = f(x); 0 < x < s(τ), (12)

u?τ (x, 0) = 0; 0 < x < s(τ), (13)

u?(s(τ), τ) = g?(τ); 0 < τ < T ?, (14)

∂xu(s(τ), τ) = h?(τ); 0 < τ < T ?. (15)

We observe that when ∂2τu
? ∈ L2(0, k) for any

positive k and ∂τu
?(0) = 0, one can differentiate

the equation and the initial condition of the ex-

tended Cauchy problem (8)-(10). Since from the

heat equation ∂tv solve the Cauchy problem with

the initial data ∂2τu
?, we conclude that the opera-

tor (6) transform ∂2τu
? into ∂tu. The transforma-

tion u? −→ u is very stable, while the inverse one

is quit unstable (as a solution of the lateral Cauchy

problem).
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1 INTRODUCTION

Consider the generalized Eigenvectors problem

Ax = λBx ,

where A is real matrix and B is a nonnegative di-

agonal matix. This problem for fuzzy Eigenvec-

tors and Real Eigenvalues called generalized fuzzy

eigenvector problem. Fuzzy eigenvalues were first

studied by Buckley to analyze input-output of sys-

tems. This problem in the case of B=I has been

studied by many researchers [1,2]. The generalized

real eigenvalues and fuzzy eigenvectors of real ma-

trices play a center role in mathematics and engi-

neering. For example, the natural frequencies and

mode shapes in vibration problems, the principal

axes in elasticity and dynamics, the markov chain

in stochastic modeling and queueing theory, and

the the alytical hierarchy process for decision mak-

ing ...etc. all come up with eigenvalue problems.

2 Preliminaries

Definition 2.1. A fuzzy number is a fuzzy set

ũ : R → I = [0, 1] which satisfies:

(1) ũ is upper semicontinuous.

(2) ũ(x) = 0 outside some interval [c, d].

(3) There are two real numbers a, b : c ≤ a ≤ b ≤ d

for which

- ũ(x) is monotonic increasing on [c, a].

- ũ(x)is monotonic decreasing on [b, d].

- ũ(x) = 1, a ≤ x ≤ b.

Definition 2.2. A fuzzy number ũ is an ordered

pair of functions (u(r), u(r)), 0 ≤ r ≤ 1, which sat-

isfy the following requirements:

(1) u(r) is a bounded left continuous non-

decreasing function over [0,1].

(2) u(r) is a bounded left continuous non-increasing

function over [0,1].

(3) u(r) ≤ u(r), 0 ≤ r ≤ 1.

A n-dimensional fuzzy vector is a column

vector that is composed of n fuzzy numbers. In

particular, each entry of zero fuzzy vector 0̂ is the

fuzzy number zero 0̂. Denote ξn the family of all
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n-dimensional fuzzy number vectors. Define the

addition and scalar multiplication of fuzzy vectors

as those of real vector except the usual addition

and multiplication of entries replaced by addition

and scalar multiplication for fuzzy numbers, respec-

tively. Denote ξn[0, 1] the family of all the vector-

valued functions mapping from [0, 1] into Rn.

Definition 2.3. For a real matrix A and nonnega-

tive diagonal matix B, if there exist a real number

λ and a non-zero real vector x ∈ Rn satisfy:

Ax = λBx, (1)

then we call λ the real eigenvalue (associated with

real eigenvectors) of system (A,B), x the real eigen-

vector of system (A,B) corresponding to λ.

If there exist a real number λ and a non-zero

fuzzy vector x̃ ∈ ξn satisfy (1), then we call λ the

real eigenvalue associated with fuzzy eigenvectors

of system (A,B), x̃ the fuzzy eigenvector of system

(A,B) corresponding to λ.

Eq.(1) as a dual fuzzy linear system can be rep-

resented in the form of following functional linear

system:

λΣn
j=1bijxj = Σn

j=1aijxj (2)

λΣn
j=1bijxj = Σn

j=1aijxj , i = 1, 2, ..., n

where xi = (xi(r), xi(r)).

The functional linear system (2) can be

rewritten in partitioned vector-matrix form as fol-

lows:

λ

(
B 0

0 B

)(
x

−x

)
=

(
S1 S2

S2 S1

)(
x

−x

)
, if λ ≥ 0, (3)

λ

(
0 −B

−B 0

)(
x

x

)
=

(
S1 S2

S2 S1

)(
x

x

)
, if λ < 0; (4)

where x = (x1, · · · , xn,−x1, · · · ,−xn) =

(xT ,−xT )T and the entries of matrix S above are

defined as follows:

aij ≥ 0 ⇒ sij = si+n,j+n = aij ,

aij < 0 ⇒ si,j+n = si+n,j = −aij ;

and any sij which is not determined is zero such

that A = S1 − S2. The n × n matrix S1 contains

the nonnegative entries of A while S2 is made of

the absolute values of negative entries of A and

S1 − S2 = A, S1 + S2 = |A| = (|aij |)n×n.

3 Generalized fuzzy eigenvec-

tors of system(A,B)

Lemma 3.1. The homogenous fuzzy linear system

Ax̃ = 0̂ has only real solution vectors if A has no

column which consists of zeros [7].

Theorem 3.1.

(i) A real number λ and a non-zero fuzzy vector x̃

satisfy (1) only if λ is one of eigenvalues of system

(A,B) or one of the positive eigenvalues of (|A|, |B|)
or one of the opposite numbers of positive eigenval-

ues of system (|A|, |B|).
(ii) If there exist a real number λ and a non-zero

fuzzy vector x̃ satisfy (1) and λ is one of the posi-

tive eigenvalues of system (|A|, |B|) or its opposite
number but not eigenvalue of system (A,B) then x̃

is a symmetric fuzzy number with 0 being its cen-

ter.

(iii) If there exist a real number λ and a non-zero

fuzzy vector x̃ satisfy (1) and λ is one of eigenval-

ues of (A,B) but not of (|A|, |B|) then x̃ ∈ Rn.

(iv) If λ is an eigenvalue of (|A|, |B|) but not of

(A,B), then there exist a nonzero fuzzy vector x̃

satisfy Eq.(1) if and only if (|A| − λ|B|)α = 0 has

nontrivial nonnegative solution in Rn.

Proof. Case(i): When λ is one of eigenvalues of

(A,B), it is obvious that the result holds. Next we

suppose that det(B − A) ̸= 0.The real number λ

and non-zero fuzzy vector x̃ = (x̃1, · · · , x̃n)
T sat-

isfy (1) only if λ and non-zero functional vector

X = (x1, · · · , xn,−x1, · · · ,−xn)
T ∈ ξ2n[0, 1] sat-

isfy (3) or (4).

If λ > 0, the system of linear equations

(3) in ξ2n[0, 1] has non-zero solutions only if

det

(
λB-S1 −S2

−S2 λB-S1

)
= 0. A simple calculation
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shows that det

(
λB-S1 −S2

−S2 λB-S1

)
= det(λB −

A)det(λB − |A|). Then λ is a positive eigenvalue

of (|A|, B).

If λ = 0 is an eigenvalue of (|A|, B) but not of

(A,B), then Ax = 0̂ has only trivial solution due to

lemma 1.

If λ < 0, the system of linear equations

(4) in ξ2n[0, 1] has non-zero solutions only if

det

(
−S1 λB-S2

λB-S2 −S1

)
= 0. Same calcula-

tion gives det

(
−S1 λB-S2

λB-S2 −S1

)
= det(−λB −

|A|)det(λB − A). Hence λ is one of the opposite

number of positive eigenvalues of (|A|, B).

Case(ii): If λ > 0 and det(λB − A) ̸= 0, det(λB −
|A|) = 0 then (3) is equivalent to

S1X − λBX − S2X = 0,

S2X + λBX − S1X = 0. (5)

Thus

(A− λB)(X +X) = 0,

(|A| − λB)(X −X) = 0.

So, X = X. Because X̃ ∈ ξn, X(r) is

monotonously increasing on [0, 1] andX(r) ≤ X(r)

for all r ∈ [0, 1]. It follows that each entry of X̃ is

a symmetric fuzzy number with 0 being its center.

If λ < 0 and det(λB − A) ̸= 0, det(λB − |A|) = 0

then (4) is equivalent to

−S1X − λBX + S2X = 0,

−S2X − λBX + S1X = 0. (6)

The result follows similar argument as the preced-

ing caseλ > 0.

3.1 Conclusion

In this paper, we investigate generalized fuzzy

eigenvectors, and real eigenvalues of system(A,B)

and the relationships between generalized fuzzy

eigenvector and real eigenvector.
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1 INTRODUCTION

Second derivative general linear methods (SGLMs)

are an extension of general linear methods (GLMs)

[?, ?, ?] for the numerical solution of an au-

tonomous system of ordinary differential equation

y′ = f(y(x)), y : R → Rm, f : Rm → Rm. (1)

SGLMs were introduced by Butcher and Hojjati

in [?] and were studied more in [?, ?, ?] by Abdi

and Hojjati. An SGLM makes use of r input and

output values, and s stage values and stage first

and second derivative values. Let p and q be re-

spectively order and stage order of the method,

Y [n] = [Y
[n]
i ]si=1 be an approximation of stage order

q to the vector y(xn+ch) = [y(xn+cih)]
s
i=1 and the

vectors f(Y [n]) = [f(Y
[n]
i )]si=1 where if r = p + 1

(this means that we can assume y[n] is written as a

Nordsieck vector), y[n] = [y
[n]
i ]ri=1 is an approxima-

tion of order p to the Nordsieck vector y(xn, h) =

[hi−1y(i−1)(xn)]
r
i=1 and g(Y [n]) = [g(Y

[n]
i )]si=1 de-

note the stage first and second derivative values,

where g(·) = f
′
(·)f(·). Also let us denote by

y[n−1] = [y
[n−1]
i ]ri=1 and y[n] = [y

[n]
i ]ri=1 the input

and output vectors at the step number n, respec-

tively. An SGLM used for the numerical solution

of (??) is given by

Y [n] =h(A⊗ Im)f(Y [n]) + h2(A⊗ Im)g(Y [n])

+ (U ⊗ Im)y[n−1],

y[n] = h(B ⊗ Im)f(Y [n]) + h2(B ⊗ Im)g(Y [n])

+ (V ⊗ Im)y[n−1], (2)

where n = 1, 2, · · · , N, Nh = x− x0, h is the step-

size and ⊗ is the Kronecker product of two matri-

ces. Here A,A ∈ Rs×s, U ∈ Rs×r, B,B ∈ Rr×s,

V ∈ Rr×r where the coefficients matrix V has the
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form

V =

[
1 vT

0 V̇

]
,

where v = [v1, · · · , vr−1]
T ∈ Rr−1, V̇ ∈

R(r−1)×(r−1). In this paper, the methods will be

restricted to the case when p = q = r − 1 = s and

eigenvalues of V̇ are zero, which the later ensures

zero-stability. It is convenient to write coefficients

of the method, that is elements of A, A, U , B, B

and V, as a partitioned (s+ r)× (2s+ r) matrix

[
A A U

B B V

]
.

SGLMs have been divided into four types, depend-

ing on the nature of the differential system to be

solved and the computer architecture that is used

to implement these methods. For type 1, matrices

A and A are lower triangular with the same ele-

ment 0 on the diagonal and for type 2, matrices A

and A are lower triangular with the same element

λ > 0, µ < 0 on the diagonal, respectively. Con-

struction and the main features of SGLMs includ-

ing pre-consistency, consistency, stability and types

of these methods have been discussed in [?, ?]. At-

tempts have already been made to find members of

this large class. One approach was to use the class

of second derivative diagonally implicit multistage

integration methods (SDIMSIMs). These methods

were introduced by Abdi et al. in [?]. In this paper,

we construct sequential SDIMSIMs, types 1 and 2,

which are efficient for solving nonstiff and stiff ini-

tial value problems.

Next sections of this paper are organized as follows:

In Section 2, we recall order conditions and stabil-

ity matrix for SGLMs. In Section 3, we construct

sequential methods with RKS property of order 3

to solve nonstiff and stiff IVPs numerically.

2 Order conditions and stabil-

ity matrix for SGLMs

Given a vector c of stage abscissae, it will be written

1 as the vector with the dimension s and with each

element equal to 1. Similarly, for any integer j, it

will be written cj as the component-by-component

power of c, with component number i equal to cji .

Also, it will be written C for the scaled Vander-

monde matrix

C =
[
1 c

c2

2!
· · · cp

p!

]
.

If Z is the p+1 dimensional vector with component

number i equal to zi−1, thus it can be written

exp(cz) = CZ +O(zp+1),

where exp(cz) is the component-by-component ex-

ponential of cz. Denote K as the shifting matrix

K = [0 e1 e2 · · · ep−1 ep] and E = exp(K).

Theorem 2.1. [?] A SGLM in Nordsieck form has

order and stage order p if and only if

exp(cz) =zA exp(cz) + z2A exp(cz)

+ UZ +O(zp+1), (3)

exp(cz)Z =zB exp(cz) + z2B exp(cz)

+ V Z +O(zp+1). (4)

Corollary 2.2. [?] An equivalent condition for or-

der and stage order p is that U and V are related

to A, A, B and B by

U = C −ACK −ACK2, (5)

V = E −BCK −BCK2. (6)

The stability behavior of these methods

is defined using the standard test problem of

Dahlquist y′ = ξy, where ξ is a (possibly complex)

number. If method (??) is applied to this problem,

then the stability matrix is

M(z) = V +
(
zB + z2B

)(
I − zA− z2A

)−1
U,

where z = hξ.

2

116

116



Definition 2.3. If the characteristic polynomial of

M(z), known as the stability function, has the spe-

cial form

p(w, z) = det
(
wI −M(z)

)
= wr−1

(
w −R(z)

)
,

then the method is said to possess “Runge–Kutta

stability”.

3 The sequential methods

with RKS property

For the order of a GLM of type 2 with RKS prop-

erty, Enenkel and Jackson have proved p ≤ s + 1

[?]. In the following theorem, we recall an upper

bound on the order of SGLMs of type 2 with RKS

property.

Theorem 3.1. [?] Let p be the order of an SGLM

of type 2 with RKS property. Then

p ≤


2s+ 2, if µ < −λ2

4
,

2s+ 1, if µ ≥ −λ2

4
,

where s is the number of internal stages.

Coefficients matrices for the method of order
3 for Type 1 are given by ( p = q = r − 1 = s)

[
A A U

B B V

]
=



0 0 0 0 0 0 u11 u12 u13 u14
a21 0 0 a21 0 0 u21 u22 u23 u24
a31 a32 0 a31 a32 0 u31 u32 u33 u34
a31 a32 0 a31 a32 0 1 u32 u33 u34
0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0

b41 b42 b43 b41 b42 b43 0 v42 v43 v44


.

We select abscissae vector c = [ 13
2
3 1]T , the co-

efficients for the method are

A =

 0 0 0
627
965 0 0

1 −1787
635 0

 , A =

 0 0 0
1010
29841 0 0
793
433

494
2619 0

 ,

B =


1 −1787

635 0

0 0 1

0 0 0

0 −279
2899

681
941

 , B =


793
433

494
2619 0

0 0 0

0 0 1

0 −279
2899

681
941

 ,

U =

1
1

3

1

18

1

162
1 12

709
−90
3191

74
36927

1 1787
635

191
8394

25
93811

 ,

V =


1 1787

635
191
8394

25
93811

0 0 0 0

0 0 0 0

0 −1819
2899

−287
223 0

 .

Our aim in this section is to construct methods for
Type 2 with p = q = s = 3 and with r = 4. Coef-
ficients of the method are given by the partitioned
matrix

[
A A U

B B V

]
=



λ 0 0 µ 0 0 u11 u12 u13 u14
a21 λ 0 a21 µ 0 u21 u22 u23 u24
a31 a32 λ a31 a32 µ u31 u32 u33 u34
a31 a32 λ a31 a32 µ 1 u32 u33 u34
0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0

b41 b42 b43 b41 b42 b43 0 v42 v43 v44


.

As a preliminary step, we consider how to choose

λ and µ to ensure the L-stability property. That

is, we will look for methods for which the stability

function has the form

R(z) =
1 + n1z + n2z

2 + n3z
3 + n4z

4 + n5z
5

(1− λz − µz2)3
,

where, because of the order conditions,

1 + n1z + n2z
2 + n3z

3 + n4z
4 + n5z

5 =

exp(z)(1− λz − µz2)3 − C1z
4 − C2z

5 +O(z6),

where C1 and C2 is the error constant. The corre-

sponding E-polynomial takes the form

E(y) = y4
(
E0 + E1y

2 + E2y
4 + E3y

6 + E4y
8
)
,

where the coefficients are expression in λ, µ,C1 and

C2 . We need to choosing C1 = C2 = 0.0001, we

need to choose λ and µ such that E0+E1x+E2x
2+

E3x
3 + E4x

4 is never negative for all positive real

numbers x, and so that λ > 0, µ < 0. Pairs of (λ, µ)

values in domain [0, 2] × [−2, 0] giving A-stability

are shown in Figure 1.
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Figure 1: A-stable choices of (λ, µ) in domain [0, 2] × [−2, 0]

for p = s = 3.

We give a single example, characterized by

λ =
1

2
, µ = − 1

20
, c = [

1

3

2

3
1]T .

The coefficients for the method are

A =

 1
2 0 0

− 606
797

1
2 0

1 1523
1318

1
2

 , A =

 − 1
20 0 0

− 569
30442 − 1

20 0

− 425
14978 − 2015

3958 − 1
20

 ,

B =


1 1523

1318
1
2

0 0 1

0 0 0

− 25719
50

9499
27

6179
141

 , B =


− 425

14978
−2015
3958 − 1

20

0 0 0

0 0 1

0 10712
67

10712
67

 ,

U =

1 −
1

6
−

11

180
−

2

405
1 1321

1425
655
3772

67
8797

1 − 1091
659 − 716

1387
73

22956

 ,

V =


1 − 1091

659 − 716
1387

73
22956

0 0 0 0

0 0 0 0

0 35362
43

16505
74 0

 .
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Abstract: We investigate E2BD methods of Cash from second derivative general linear methods point of

view. Some perturbations of these methods are constructed which improve their stability properties while

preserve their order. The constructed methods are efficient to solve stiff initial value problems.
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1 INTRODUCTION

Let us consider the stiff initial value problem for an

autonomous system of differential equations

y′(x) = f(y(x)), y(x0) = y0, (1)

on the finite interval I = [x0, xN ] where y :

[x0, xN ] → Rm and f : Rm → Rm is continuous

and differentiable. In recent years, numerous works

have focused on the development of more advanced

and efficient methods for stiff problems. A poten-

tially good numerical method for the solution of

stiff systems of ODEs must have good accuracy and

some reasonably wide region of absolute stability.

One of the first and most important stability re-

quirement, particulary for linear multistep method,

is A-stability which was proposed in [2]. However,

the requirement of A-stability puts severe limita-

tions on the choice of suitable methods for stiff

problems. Dahlquist proved that the order of an

A-stable linear multistep method ≤ 2 and that an

A-stable multistep method must be implicit. The

search for higher order A-stable multistep methods

is carried out in the two main directions:

• use higher derivatives of the solutions,

• throw in additional stages, off-step points,

super-future points and like. This leads into

the large field general linear methods [3].

One successful scheme in this direction was pro-

posed by Enright [2] that used second derivative

of solution in his algorithm. Also numerous works

have focused on more advanced methods like mul-

tistep methods which use second derivative of so-

lution. For more details see [3,4,5]. Cash [1] in-

troduced second derivative extended backward dif-

ferentiation formulas (E2BD) which posses more

extensive stability region. The class 2 of E2BD

methods take the form

yn+k − yn+k−1 = h
k+1∑
j=0

β̂jfn+j + h2γ̂kgn+k (2)

where g(y) = y′′ = fyf , fn+j = f(yn+j), j =

0, . . . , k + 1 and gn+k = g(yn+k). The coefficients

∗Corresponding Author
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β̂j , j = 0, . . . , k+1, γ̂k are chosen so that (2) has the

order k + 3. Assuming that the solution values of

yn+k−1, fn, . . . , fn+k−1 are available, the way that

in which (2) is used in practice is applying the pre-

dictor that takes the following form

yn+k−yn+k−1 = h

k−1∑
j=0

βjfn+j+hβkfn+k+h2γkgn+k,

(3)

where the coefficients are chosen so that equation

(3) has order k+2. The coefficients of k-step meth-

ods of class (3) are given in [1].

This paper is organized as follows: In Section 2

the E2BD methods will be reformulated as Sec-

ond derivative general linear methods (SGLMs) for

ODEs. In Section 3 we propose a perturbation of

E2DB methods which will preserve their order and

improve their stability properties. In Section 4 we

provide examples of perturbed E2BD methods.

2 E2BD in SGLM form

SGLMs are an extension of general linear meth-

ods (GLMs) [8] for the numerical solution of (1).

SGLMs were introduced by Butcher and Hojjati in

[9]. An SGLM makes use of r input and output val-

ues, and s stage values and stage first and second

derivative values. Let p and q be respectively or-

der and stage order of the method, Y [n] = [Y
[n]
i ]si=1

be an approximation of stage order q to the vector

y(xn−1 + ch) = [y(xn−1 + cih)]
s
i=1 and the vectors

f(Y [n]) = [f(Y
[n]
i )]si=1 and g(Y [n]) = [g(Y

[n]
i )]si=1

denote the stage first and second derivative val-

ues, where g(·) = f ′(·)f(·). Also let us denote by

y[n−1] = [y
[n−1]
i ]ri=1 and y[n] = [y

[n]
i ]ri=1 the input

and output vectors at the step number n, respec-

tively. An SGLM used for the numerical solution

of (1) is given by

Y [n] =h(A⊗ Im)f(Y [n]) + h2(A⊗ Im)g(Y [n])

+ (U ⊗ Im)y[n−1],

y[n] = h(B ⊗ Im)f(Y [n]) + h2(B ⊗ Im)g(Y [n])

+ (V ⊗ Im)y[n−1], (4)

where n = 1, 2, · · · , N, Nh = xN − x0, h is the

stepsize, ⊗ indicates the Kronecker product of two

matrices, and Im stands for the identity matrix

of dimension m. Here A,A ∈ Rs×s, U ∈ Rs×r,

B,B ∈ Rr×s and V ∈ Rr×r.

The algorithm based on E2BD methods is defined

by the following three steps:

(i) use the predictor (3) to compute yn+k

yn+k−yn+k−1 = h
k−1∑
j=0

βjfn+j+hβkfn+k+h2γkgn+k,

(5)

(ii) use the predictor (3) to compute yn+k+1

yn+k+1 − yn+k = h
k−2∑
j=0

βjfn+j+1 + hβkfn+k+1

+ hβk−1fn+k + h2γkgn+k+1, (6)

(iii) compute yn+k as the solution of

yn+k − yn+k−1 = h
k−1∑
j=0

β̂jfn+j + hβ̂kfn+k

+ hβ̂k+1fn+k+1 + h2γ̂kgn+k. (7)

The overall algorithm (i)-(iii) based on (5)-(7) is

order of k + 3 [1].

Disadvantage of the algorithm given above is that

stages (i) and (ii) represent nonlinear systems with

the same Jacobian I − hβk
∂f
∂y − h2γk

∂g
∂y , but stage

(iii) has a different Jacobian, I − hβ̂k
∂f
∂y − h2γ̂k

∂g
∂y ,

which requires extra LU decomposition. To rem-

edy this situation, we consider stage 3 as follows

(iii) compute yn+k as the solution of

yn+k − yn+k−1 =h
k−1∑
j=0

β̂jfn+j + hβ̂k+1fn+k+1

+ hβkfn+k + h(β̂k − βk)fn+k

+ h2(γ̂k − γk)gn+k + h2γkgn+k.

(8)

We are going to write E2BD as SGLMs. Now

for the algorithm based on formulas (5), (6) and

(8) written in the SGLM form (4) with s = 3,

r = k + 1, the vectors of internal approximations
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Y [n], f(Y [n]), g(Y [n]), and the vector of external ap-

proximations y[n] are defined by

Y [n] =

 yn+k

yn+k+1

yn+k

 , f(Y [n]) =

 fn+k

fn+k+1

fn+k

 ,

g(Y [n]) =

 gn+k

gn+k+1

gn+k

 , y[n] =



yn+k

hfn+k

hfn+k−1

...

hfn+1

 ,

and the coefficients matrices A,A,B,B,V,U are
given by

A =

 βk 0 0

βk−1 + βk βk 0

β̂k − βk β̂k+1 βk

 ,A =

 γk 0 0

γk γk 0

γ̂k − γk 0 γk

 ,

B =



β̂k − βk β̂k+1 βk
0 0 1

0 0 0

.

.

.

.

.

.

.

.

.

0 0 0

0 0 0


,B =



γ̂k − γk 0 γk
0 0 0

.

.

.

.

.

.

.

.

.

0 0 0

0 0 0


,

V =



1 β̂k−1 · · · β̂1 β̂0
0 0 · · · 0 0

0 1 · · · 0 0

.

.

.

.

.

.

.
.
. 0 0

0 0 · · · 1 0


,

U =

 1 βk−1 · · · β1 β0
1 βk−2 + βk−1 · · · β0 + β1 β0
1 β̂k−1 · · · β̂1 β̂0

 ,

where B,B ∈ R(k+1)×3, A,A ∈ R3×3, U ∈
R3×(k+1), V ∈ R(k+1)×(k+1).

3 Perturbed E2BD

Observe that for E2BD methods written as SGLMs

we have

Y
[n]
3 = y

[n]
1 ,

and

y
[n]
i = y

[n−1]
i−1 , i = 3, 4, . . . , k + 1.

In the perturbed E2BD, the coefficient matrices B

and B, which will be denoted by the same symbols,

take the forms

B =



β̂k − βk + b11 β̂k+1 + b12 βk + b13

0 0 1

b21 b22 b23
...

...
...

bk−1,1 bk−1,2 bk−1,3

bk,1 bk,2 bk,3


,

B =



γ̂k − γk + b11 b12 γk + b13

0 0 0

b21 b22 b23
...

...
...

bk−1,1 bk−1,2 bk−1,3

bk,1 bk,2 bk,3


.

We observe that to preserve the order of the un-

derlying E2BD, the coefficients bij and bij must be

chosen in such a way that

Y
[n]
3 = y

[n]
1 +O(hp+1)

and

y
[n]
i = y

[n−1]
i−1 +O(hp+1), i = 3, 4, . . . , k + 1,

where p = k + 3 is the order of E2BD.

For the coefficients bij and bij , we find that

bi1 = bi, bi2 = 0, bi3 = −bi,

bi1 = bi, bi2 = 0, bi3 = −bi, i = 1, 2, . . . , k.

We consider two different cases for which b1 = b1 =

0, which we call perturbed E2BD (PE2BD) and

b1 ̸= 0, b1 ̸= 0, which we call fully perturbed E2BD

(FPE2BD), respectively. Now, we search for the

optimum values for the free parameters bi and bi

to maximize the angle α of A(α)-stability of the

methods. Using boundary locus technique, we de-

fine an objective function which approximates the

negative value of the angle α for specific choices

of parameters bi and bi, i = 1, 2, · · · , k. Then us-

ing fminsearch command from Matlab, we minimize

this function started with initial values bi = bi = 0

which correspond to E2BD. In the next section we

will report the obtained perturbed methods in this

way.
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4 Examples of PE2BD and

FPE2BD

For k = 5, an example of PE2BD with the large

region of A(α)-stability is given by

b =

[
0

1019

151

6

113

295

149

−172

633

]T
,

b =

[
0

−343

372

83

377

217

335

373

258

]T
,

which is A(α)-stable for α = 89.65◦. An example

of the FPE2BD with k = 5 is given by

b =

[
−5

33

−3

62

71

88

3452

39

9326

101

]T
,

b =

[
33

166

1

30

320

83

−23

32

−2191

23

]T
.

TABLE 1

Angles of A(α)-stability of E2BD, PE2BD and FPE2BD for

k = 4, 5, 6, 7.

k 4 5 6 7

α for E2BD 89.36◦ 87.27◦ 83.83◦ 65.23

α for PE2BD 89.99◦ 89.65◦ 89.15◦ 82.77◦

α for FPE2BD 90◦ 89.94◦ 89.35◦ 84.49◦

In order to provide a numerical confirmation

of this improvement in the stability properties, con-

sider the following stiff system

y′1 = −ay1 − by2 + (a+ b− 1)e−x,

y′2 = by1 − ay2 + (a− b− 1)e−x,
(9)

with initial value y(0) = [1 1]T which has the ex-

act solution y1(x) = y2(x) = e−x. Eigenvalues of

the Jacobian of the system are −a ± bi. We com-

pared the E2BD and its perturbed and fully per-

turbed versions on this problem with fixed stepsizes

h1 = 0.05 and h2 = 0.1 for k = 7. For h1 the points

h1(−6 ± 25i) are inside of stability regions for all

methods. For h2 the points h2(−6±25i) are outside

of stability region for E2BD method and inside of

stability regions for PE2BD and FPE2BDF meth-

ods. We report the global error at the end of the

interval of integration [0, 60] in Table 2.

TABLE 2

The global error for methods E2BD, PE2BD and FPE2BD

applied to problem (9).

h E2BD PE2BD FPE2BD

0.1 2.4152e+6 2.6759e−21 5.9949e−20

0.05 2.8342e−21 2.8352e−21 2.8348e−21
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point theorems such as Banach’s theorem to obtain the mentioned aims in Banach space.

Keywords: Nonlinear integral equation, Fixed point theorem, Cauchy sequence.

1 Introcuction

Nonlinear functional-integral equations have arisen

in many branches of science [4, 5] such as in the

theory of optimal control, economics etc [1, 2, 9]. In

this paper, we investigate to existence and unique-

ness of the solution for the following nonhomoge-

neous nonlinear Volterra double integral equations:

u(x, y) = f(x, y)+φ

(∫ x

a

∫ y

a

K(x, ξ, y, η, u(ξ, η))dξdη

)
(1)

where (x, y) ∈ Ω := [a, b]× [a, b],−∞ < a < b < ∞,

D2 := {(x, ξ, y, η, u)|a ≤ ξ < x ≤ b, a ≤ η < y ≤ b}
and K ∈ C(D2), f ∈ C(Ω).

In this study, we will use an iterative method to

prove that (1) has the mentioned cases under some

appropriate conditions.

2 Background concepts

In this section, we recall basic result which we

will need in this paper. Consider the nonhomoge-

neous nonlinear Volterra double integral equation

(1). Through this article, we consider the complete

metric space (X, d) which

d(f, g) = sup
x∈[a,b]

sup
y∈[a,b]

|f(x, y)− g(x, y)|

for all f, g ∈ X and assume that φ is a bounded

linear transformation on X = (C(Ω),Rn).

Note that the linear mapping φ : X −→ X is

called bounded, if there exists M > 0 such that

∥φx∥ ≤ M∥x∥; for all x ∈ X. In this case, we de-

fine ∥φ∥ = sup{∥φx∥/∥x∥ | x ̸= 0, x ∈ X}. Thus, φ
is bounded if and only if ∥φ∥ < ∞, [9].

Remark 2.1. As φ is a bounded linear mapping

on X, then φ(x) = λx, where λ does not depend on

x ∈ X.

∗Corresponding Author
†Speaker
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Definition 2.2. Let S denote the class of those

functions α : [0,∞) −→ [0, 1) satisfying the condi-

tion

lim sup
s−→τ+

α(s) < 1, ∀τ ∈ [0,∞) (2)

Definition 2.3. Let B denoted the class of those

functions ϕ : [0,∞) −→ [0,∞) which satisfies the

following conditions:

i) ϕ is increasing,

ii) for each x > 0 , ϕ(x) < x,

iii) α(x) = ϕ(x)/x ∈ S, x ̸= 0.

3 Main result

In this section, we will study the existence and

uniqueness of the nonlinear functional-integral

equation (1) on X.

Theorem 3.1. Consider the integral equation (1)

such that:

i) φ : X −→ X is a bounded linear transformation,

ii) K : D2 −→ Rn and f : Ω −→ Rn are continu-

ous,

iii) there exists an integrable function

P : [a, b]× [a, b]× [a, b]× [a, b] −→ R such that

(3)

|K(x, ξ, y, η, u)−K(x, ξ, y, η, ν)| ≤ P(x, ξ, y, η)ϕ(|u−ν|)

for each x, ξ, y, η ∈ [a, b] and u, ν ∈ Rn.

iv) sup
x∈[a,b]

sup
y∈[a,b]

∫ b

a

∫ b

a

P2(x, ξ, y, η)dξdη ≤ 1

∥φ∥2(b− a)2
.

Then, the integral equation (1) has a unique fixed

point u in X.

Proof. Consider the iterative scheme

Tun(x, y) ≡ un+1(x, y) = f(x, y) (4)

+φ

(∫ x

a

∫ y

a

K(x, ξ, y, η, un(ξ, η))dξdη

)
, n = 0, 1, ...

|Tun(x, y)− Tun−1(x, y)|

= |φ
(∫ x

a

∫ y

a

K(x, ξ, y, η, un(ξ, η))dξdη

)
−φ

(∫ x

a

∫ y

a

K(x, ξ, y, η, un−1(ξ, η))dξdη

)
|

≤ ∥φ∥
∫ x

a

∫ y

a

|K(x, ξ, y, η, un(ξ, η))dξdη

−K(x, ξ, y, η, un−1(ξ, η))|dξdη

≤ ∥φ∥
∫ x

a

∫ y

a

P(x, ξ, y, η)ϕ(|un(ξ, η)−un−1(ξ, η)|)dξdη

≤ ∥φ∥
(∫ x

a

∫ y

a

P2(x, ξ, y, η)dξdη

) 1
2

(∫ x

a

∫ y

a

ϕ2(|un(ξ, η)− un−1(ξ, η)|)dξdη
) 1

2

.

As the function φ is increasing then

ϕ(|un(ξ, η)− un−1(ξ, η)|) ≤ ϕ (d(un, un−1))

so, we obtain

d2(un+1, un) ≤ ∥φ∥2
(

sup
x∈[a,b]

sup
y∈[a,b]

∫ b

a

∫ b

a

P2(x, ξ, y, η)dξdη

)
(∫ b

a

∫ b

a

ϕ2 (d(un, un−1))

)
≤ ϕ2 (d(un, un−1))

Therefore,

d(un+1, un) ≤ ϕ (d(un, un−1)) =
ϕ (d(un, un−1))

d(un, un−1)
d(un, un−1)

= α (d(un, un−1)) d(un, un−1)

and so the sequence {d(un, un−1)} is nonincreasing

and bounded below. Thus, there exists τ ≥ 0

such that limn−→∞ d(un, un−1) = τ. Since

lim sups−→τ+ α(s) < 1 and α(τ) < 1 then there

exist r ∈ [0, 1) and ϵ > 0 such that α(s) < r for

all s ∈ [τ, τ + ϵ]. We can take ν ∈ N such that

τ ≤ d(un, un−1) ≤ τ + ϵ for all n ∈ N with n ≥ ν.

On the other hand, we have

2
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d(un+2, un+1) ≤ α (d(un+1, un)) d(un+1, un)

≤ rd(un+1, un)

for all n ∈ N with n ≥ ν. It follows that

∞∑
n=1

d(un+1, un) ≤
ν∑

n=1

d(un+1, un)+
∞∑

n=1

rnd(uν+1, uν) < ∞

and hence, {un} is a Cauchy sequence. Since (X, d)

is a complete metric space, then there exists a

u ∈ X such that limn−→∞ un = u. Now, by taking

the limit of both sides of (4),we have

u = lim
n−→∞

un+1(x, y)

= lim
n−→∞

(
f(x, y) + φ

(∫ x

a

∫ y

a

K(x, ξ, y, η, un(ξ, η))dξdη

))
= f(x, y)+φ

(∫ x

a

∫ y

a

K(x, ξ, y, η, lim
n−→∞

un(ξ, η))dξdη

)
= f(x, y) + φ

(∫ x

a

∫ y

a

K(x, ξ, y, η, u(ξ, η))dξdη

)
.

So, there exists a solution u ∈ X such that Tu = u.

It is clear that the xed point of T is unique.
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Abstract: In 2001, A.V. Borisov and I.S.Mamaev discovered a new integrable case on the Lie algebra so(3, 1)

. This is a Hamiltonian system with two degrees of freedom, where both the Hamiltonian and additional

integral are homogeneous polynomials of degrees 2 and 4 ,respectively. In this paper, bifurcation diagram of

the Hamiltonian for the integrable case under consideration on the Lie algebra so(3, 1) for different values

of parameters is constructed.
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1 INTRODUCTION

The fondations of the theory of topological classifi-

cation of integrable Hamiltonian systems with two

degrees of freedom was established in [3,4]. In the

sequel,various methods of calculation of invariants

classifying systems on isoenergy surfaces were de-

veloped in [2].Those invariants were calculated for

many classic integrable cases appearing in the me-

chanics and mathematical physics.We construct the

bifurcation diagram of one of integrable cases re-

vealed recently (Borisov-Mamaev case on so(3, 1))

.

1.1 Euler,s equations on Lie algebras

Let g be a finite -dimensional Lie algebra and g∗ the

corresponding coalgebra (the space of linear func-

tions on g ). Consider a basis e1, e2, ..., en in the

Lie algebra g and the corresponding structural con-

stants ckij of the algebra g in this basis .Thus, the

Lie bracket corresponding to the Lie algebra g is

written in the following form:

[ei, ej ] = ckijek

Let x1, x2, ..., xn be the linear coordinates on g∗

corresponding to the basis e1, e2, ..., en .

Definition 1.1. The Poisson bracket on g∗ defined

by the formula:

{f, g}(x) = ckijxk
∂f

∂xi

∂g

∂xj

where f, g are smooth functions on g∗ , is called the

Lie− Poisson bracket for the Lie algebra g

∗Corresponding Author
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Definition 1.2. The equations:

ẋi = {xi,H}

which define a dynamical system on g∗ , where H

is a smooth function on g∗ , are called Euler,s

equations for the Lie algebra g.

It is well known that the dynamical system

defined by Euler,s equations is Hamiltonian (with

Hamiltonian H) on orbits of the coadjoint repre-

sentation of the Lie algebra g. The corresponding

vector field on the orbits is called the skew-gradient

of the function H and is denoted by sgradH.

Many dynamical systems describing mechanical

and physical problems can be written in the form of

Euler,s equations for a certain Lie algebra.For ex-

ample , various problems on the motion of a rigid

body are described by Euler,s equations for the

Lie algebra e(3) .Those systems are Hamiltonian

systems with two degrees of freedom on orbits of

the Lie algebra e(3). The integrability of such sys-

tems means the existence of an integral that is func-

tionally independent with the Hamiltonian H on

orbits. In the section 2, we describe an integrable

system on the Lie algebra so(3, 1) with quadratic

Hamiltonian and integral of degree of four, which

was found by A.V. Borisov and I.S.Mamaev in [1].

2 Borisov-Mamaev Integrable

case on the Lie Algebra

so(3, 1)

On the space so(3, 1)
∗

dual to the Lie al-

gebra so(3, 1) we consider linear coordinates

S1, S2, S3, R1, R2, R3 for which the Lie-Poisson

bracket has the form:

{Si, Sj} = εijkSk, {Si, Rj} = εijkRk

{Ri, Rj} = −εijkSk

where εijk is the sign of the permutation (123) →
(ijk).It is convenient to regard the coordinates

(S1, S2, S3) and (R1, R2, R3) as components of two

three-dimensional vectors S and R.

Euler,s equations on so(3, 1)
∗
with Hamiltonian

H take the following form:

Ṡi = {Si,H}, Ṙi = {Ri,H}

The Euler equations mentioned above always have

two Casimir functions on the space so(3, 1)
∗
has

the form :

f1 = −S2 +R2, f2 =< S,R >

where < .,> is the Euclidean scalar product in R3

(in particular , S2 and R2 denote the scalar squares

of the vectors S and R). The functions f1 and f2

commute with respect to the Lie-Poisson bracket

with all functions , and their common levels

M4
c,g = (S,R)

∣∣ f1(S,R) = c, f2(S,R) = g

are orbits of the coadjoint representation of the Lie

algebra so(3, 1). The restriction of the Lie-Poisson

bracket to M4
c,g is nondegenerate, that is , it defines

a symplectic structure on orbits. The Hamiltonian

H and additional integral K in Borisov - Mamaev

case on the Lie algebra so(3, 1) have the following

form:

H = (α+
1

4α
)S2

1 + 2αS2
2 + αS2

3 + S1R2 − S2R1

K = 4α2S2
2S

2+4αS2(S2Q3−S3Q2)+Q2
2+Q2

3−S2
1R

2,

where Q = S × R (in which × is the vector prod-

uct).

3 The bifurcation diagram for

the Hamiltonian H

By definition, bifurcation values of the Hamiltonian

are critical values of the map H : M4
1,g −→ R(h).

Critical points of the Hamiltonian are zeros of its

skew gradient. We can write out the vector field

sgrad H , for the Hamiltonian H on the Lie alge-

bra so(3, 1) explicitly , in the following form :

{S1,H} = 2αS2S3 + S1R3 − S3R1,

{S2,H} = − 1
2αS1S3 + S2R3 − S3R2,

{S3,H} = −2(α− 1
4α )S1S2,

2
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{R1,H} = 4αS2R3 − 2αS3R2 − S1S3 −R1R3,

{R2,H} = −2(α + 1
4α )S1R3 + 2αS3R1 − R2R3 −

S2S3 ,

{R3,H} = 2(α+ 1
4α )S1R2 − 4αS2R1 + R2

1 + R2
2 +

S2
1 + S2

2 .

setting sgrad H equal to zero we obtain the follow-

ing results.

Theorem 3.1. For an arbitrary α ̸= 1
2 the criti-

cal points of the Hamiltonian H are formed by the

following two-parameter families (the skew gradient

sgrad K also vanishes at these point) in the space

so(3, 1)∗ = R6(S,R):

1) (0, 0, S3, 0, 0, R3)

2) (0, S2, 0, R1, R2, 0);

where

−4αS2R1 +R2
1 +R2

2 + S2
2 = 0

3) (0, S2, S3, 2αS2,
√
4α2 − 1S2,

√
4α2 − 1S3);

for α> 1
2

4) (0, S2, S3, 2αS2,−
√
4α2 − 1S2,−

√
4α2 − 1S3);

for α> 1
2

5) (S1, 0, 0, R1, R2, 0);

where

2(α+ 1
4α )S1R2 +R2

1 +R2
2 + S2

1 = 0

Theorem 3.2. For any α> 1
2 the critical points of

the Hamiltonian H on M4
1,g are listed below as five

series corresponding to the five families from The-

orem 3.1:

1)For any g , there exist four points of the form

(0, 0, S3, 0, 0, R3);

where

−S2
3 +R2

3 = 1, S3R3 = g

here

h = α
2 (−1 +

√
1 + 4g2) .

2) For any g , there exist four points of the form

(0, S2, 0,
1

4αS2
+

S2

2α
,
g

S2
, 0);

where

S2
2 = −1

2
+ α

√
1 + 4g2

4α2 − 1

here

h = α+ 1
2

√
(4α2 − 1)(1 + 4g2) .

3) For any 1
2
√
4α2−1

≤ g ≤
√
4α2−1
4α2−2 there exist four

points of the form

(0, S2, S3, 2αS2,
√

4α2 − 1S2,
√
4α2 − 1S3)

where

S2
2 =

√
4α2 − 1− (4α2 − 2)g

4α2
√
4α2 − 1

;S2
3 =

2
√
4α2 − 1g − 1

4α2

here

h = 2
√
4α2−1g−1

4α .

4) For any −
√
4α2−1
4α2−2 ≤ g ≤ − 1

2
√
4α2−1

there exist

four points of the form

(0, S2, S3, 2αS2,−
√

4α2 − 1S2,−
√
4α2 − 1S3)

where

S2
2 =

√
4α2 − 1 + (4α2 − 2)g

4α2
√
4α2 − 1

;S2
3 =

2
√
4α2 − 1g + 1

−4α2

here

h = −2
√
4α2−1g+1

4α .

5) For any g there exist four points of the form

(S1, 0, 0,
g

S1
,− 4αS1

4α2 + 1
− 2α

(4α2 + 1)S1
, 0)

where

S2
1 = −1

2
+

1

2

√
(1 + 4g2)(4α2 + 1)2

(4α2 − 1)2

here

h = −4α2+1
8α + 1

8α

√
(1 + 4g2)(4α2 − 1)2 .

Theorem 3.3. The bifurcation diagram in the

case so(3, 1) the plane R2(g, h) for the mapping

f2 × H consists of the following one -dimensional

trajectories:

1) ( 2hα − 1)2 − 4αg2 = 1 ; g ∈ R

2) (2h+2α)2

4α2−1 − 4g2 = 1 ; g ∈ R

3) ( 8αh+4α2+1
4α2 − 1)2 − 4g2 = 1 ; g ∈ R

4) h =
√
4α2−1
2α g − 1

4α ; 1
2
√
4α2−1

≤ g ≤
√
4α2−1
4α2−2

5) h = −
√
4α2−1
2α g− 1

4α ; −
√
4α2−1
4α2−2 ≤ g ≤ − 1

2
√
4α2−1

3
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Note that the bifurcation diagram is sym-

metric about the axis g = 0.

Figure: Bifurcation diagram for Hamiltonian H on the Lie

algebra so(3, 1)
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A numerical solution for the two-dimensional Volterra

integral equations of the first kind
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Department of Mathematics, Shahed University, Tehran, Iran

Abstract: In this paper, we study solving the two-dimensional nonlinear Volterra integral equations of the

first kind (2DNVIEF). Here we convert 2DNVIEF to the two-dimensional linear Volterra integral equations

of the first kind (2DLVIEF) then we solve it by using operational approach of the Tau method. But for

solving the 2DLVIEF we convert it to an equivalent equation of the second kind then by giving some theorems

we formulate the operational Tau method with standard base for solving the equation of the second kind.

We will see that by a simple linearization, many important equations can be solved. Finally, some numerical

examples are given to clarify the efficiency and accuracy of presented method.

Keywords: Two-dimensional Volterra integral equations, linearization, Operational Tau method.

We consider the two-dimensional nonlinear
Volterra integral equations of the form∫ t

c

∫ x

a

K(x, t, y, z)H(v(y, z))dydz = f(x, t), (1)

(x, t) ∈ Ω = [a, b] × [c, d]

where K and f are given analytic functions on
Ω× Ω and Ω, respectively. Also, v is the unknown
function to be find and H is a nonlinear function in
v. Here, we assume that the function H has con-
tinuous converse.
For solving (1), we set u(x, t) = H(v(x, t)), to ob-
tain the linear equation∫ t

c

∫ x

a

K(x, t, y, z)u(y, z)dydz = f(x, t), (2)

(x, t) ∈ Ω = [a, b] × [c, d]

with the new unknown function u(x, t).
Obviously we require

f(x, c) ≡ 0, f(a, t) ≡ 0, ∀(x, t) ∈ Ω (3)

to be satisfied. It is also known that smoothness
of K(x, t, y, z) and f(x, t) and the condition

K(x, t, x, t) ̸= 0, ∀(x, t) ∈ Ω (4)

guarantee a unique solution for Eq.(2) (see [1]).

Numerical solution of equations of the form

(2) has been investigated in some papers. For ex-

ample, an interesting proof for the existence and

uniqueness of solution and an Euler-type method

has been proposed for (2) in [1]. In [2], Bel’tyukov

and Kuznechikhina proposed an explicit Rung-

Kutta-type method of order three. Authors of [3]

applied the two dimensional block-pulse functions

for solving nonlinear Volterra integral equations of

the first kind of the form (2).

In this paper, we are interested in solving dif-

ferentiated form of (2) by the operational approach

of the Tau method. The operational Tau method

(see Ortiz [4], Ortiz and Samara [5] ) is a well

known method for solving functional equations. Up

to now, this method has been developed for solving

differential, integral and integro-differential equa-

tions (see [4− 13]).

In this paper, we give some theorems and

∗tari@shahed.ac.ir, at4932@gmail.com
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lemmas to write a matrix representation for

u(x, t) =

∫ t

c

∫ x

a

K1(x, t, y, z)u(y, z)dydz+

∫ t

c

K2(x, t, z)u(x, z)dz

+

∫ x

a

K3(x, t, y)u(y, t)dy + F (x, t) (5)

where

K1(x, t, y, z) = −
∂2K

∂x∂t
(x, t, y, z)/K(x, t, x, t)

K2(x, t, z) = −
∂K

∂t
(x, t, x, z)/K(x, t, x, t)

K3(x, t, y) = −
∂K

∂x
(x, t, y, t)/K(x, t, x, t)

F (x, t) =
∂2f

∂x∂t
(x, t)/K(x, t, x, t)

which is obtained by differentiating from both sides

of (2). Since integral equations of the first kind are

inherently ill-posed problems, meaning that the so-

lution of these equations is generally unstable and

small changes to the problem can make very large

changes to the answers obtained [14], we transform

(2) to (5). To show preference of this transform,

we also formulate the operational Tau method di-

rectly to (2) in examples and the results show the

efficiency of this manner.

To covert (5) to the corresponding system of lin-

ear equations by the operational Tau method, it is

necessary the functions K and f to be polynomials,

otherwise, we should approximate these functions

by polynomials of suitable degree.

Let us consider the approximate solution of (5) as

uN (x, t) =

N∑
i=0

N∑
j=0

Cijx
i
t
j
= X

T
CT (6)

which is a partial sum of the series solution

u(x, t) =

∞∑
i=0

∞∑
j=0

Cijx
i
t
j
= X

T
CT (7)

of (5), where X = (1, x, x2, ..., xN , ...)T , T =

(1, t, t2, ..., tN , ...)T and X = (1, x, x2, ..., xN )T ,

T = (1, t, t2, ..., tN )T and C = [Cij : i, j = 0, 1, · · · ]
and C is a matrix including first N + 1 rows and

columns of C.

The following fundamental theorem is from [15].

Theorem 0.1.
(a) Let K1(x, t, y, z) =

∑N
i=0

∑N
j=0

∑N
m=0

∑N
n=0 k

(1)
ijmnx

itjymzn,

then ∫ t

c

∫ x

a

K1(x, t, y, z)u(y, z)dydz = X
T
Π1T (8)

where

Π1 =
N∑

i=0

N∑
j=0

N∑
m=0

N∑
n=0

k
(1)
ijmnP

(1)
ijmn (9)

with

P
(1)
ijmn =

[
(µ

m
ιµ

i
)
T − ei+1ξ

(m)T
(a)

]
C

[
µ
n
ιµ

j − ξ
(n)

(c)e
T
j+1

]
(10)

and
ξ
(m)

(x) = µ
m
ιX, ξ

(n)
(x) = µ

n
ιX.

(b) If K2(x, t, z) =
∑N

i=0

∑N
j=0

∑N
n=0 k

(2)
ijnx

itjzn, then∫ t

c

K2(x, t, z)u(x, z)dz = X
T
Π2T (11)

where

Π2 =

N∑
i=0

N∑
j=0

N∑
n=0

k
(2)
ijnP

(2)
ijn (12)

with
P

(2)
ijn = (µ

i
)
T
C

[
µ
n
ιµ

j − ξ
(n)

(c)e
T
j+1

]
. (13)

(c) For K3(x, t, y) =
∑N

i=0

∑N
j=0

∑N
m=0 k

(3)
ijmxitjym,, we

have ∫ x

a

K3(x, t, y)u(y, t)dy = X
T
Π3T (14)

where

Π3 =

N∑
i=0

N∑
j=0

N∑
m=0

k
(3)
ijmP

(3)
ijm (15)

with

P
(3)
ijm =

[
(µ

m
ιµ

i
)
T − ei+1ξ

(m)T
(a)

]
Cµ

j
. (16)

I in the following theorem we give the struc-

ture of matrices P
(1)
ijmn, P

(2)
ijn and P

(3)
ijm which help

us to obtain the matrices Π1,Π2 and Π3 ([15]).

Theorem 0.2.
(a)The nonzero entries of the matrix P

(1)
ijmn in the-

orem 0.1(a) are :

pi+1,j+1 =

N−n∑
r=1

N−m∑
k=1

(
cr+n

r + n
)(

ak+m

k + m
)Ck−1,r−1.

pi+1,(n+j+1)+r = −
1

r + n

N−m∑
k=1

ak+m

k + m
Ck−1,r−1,

r = 1, 2, · · · , N − n − j.

p(m+i+1)+k,j+1 = −
1

k + m

N−n∑
r=1

cr+n

r + n
Ck−1,r−1,

k = 1, 2, · · · , N − m − i.

p(m+i+1)+k,(n+j+1)+r =
1

(k + m)(r + n)
Ck−1,r−1,

k = 1, · · · , N−m−i, r = 1, · · · , N−n−j.
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(b) The nonzero entries of the matrix P
(2)
ijmn in

theorem 0.1(b) are :

pi+r,j+1 = −
N−n∑
k=1

ck+n

k + n
Cr−1,k−1, r = 1, 2, · · · , N−i+1.

pi+r,(n+j+1)+k =
1

k + n
Cr−1,k−1,

r = 1, 2, · · · , N−i+1, k = 1, · · · , N−n−j.

(c) The nonzero entries of the matrix P
(2)
ijmn in

theorem 0.1(c) are :

pi+1,j+k = −
N−m∑
r=1

ar+m

r + m
Cr−1,k−1, k = 1, 2, · · · , N−j+1,

p(m+i+1)+r,j+k =
1

r + m
Cr−1,k−1,

r = 1, 2, · · · , N−m−i, k = 1, · · · , N−j+1.

Now by using theorem 0.1, we convert (5) to
a linear system of algebraic equations. To this end,
note that our assumption on the functions let us to
write F (x, t) of the form :

F (x, t) =
N∑

i=0

N∑
j=0

Fijx
i
t
j
= X

T
FT (17)

where F = [Fij ] is an (N + 1)× (N + 1) matrix.
Consequently substituting from (6), (8), (11), (14)
and (17) in (5) leads to

X
T
CT − X

T
Π1T − X

T
Π2T − X

T
Π3T = X

T
FT

or equivalently to the matrix equation

C − Π1 − Π2 − Π3 = F (18)

since X and T basis vectors.
Equation (18) is the matrix representation of (5)
and it is solved for the unknown coefficients Cij ,
therefore the approximate solution uN (x, t) of (5)
is obtained in the form of (6). Then from

vN (x, t) = H
−1

(uN (x, t))

we obtain the approximate solution of (1). Now,
we give some examples to demonstrate accuracy
and efficiency of the presented method.
Example 1. (See [3], example 3)

∫ t

0

∫ x

0

e
x+t

v
3
(y, z)dydz = f(x, t), x, t ∈ [0, 1]. (19)

where f(x, t) is selected in such a way that

v(x, t) = ex+2t to be the exact solution.

To solve this equation we substitute u(x, t) =

v3(x, t) to get a linear equation , then we ap-

proximate K1(x, t, y, z), K2(x, t, z), K3(x, t, y)

and F (x, t) by polynomials of degree N by us-

ing truncated Taylor series around the point

(x0, t0, y0, z0) = (0, 0, 0, 0) and finally we apply the

method to obtain the results of Tables 2 forN = 16

and N = 18 which is represented for the absolute

errors |ev(x, t)| = |v(x, t) − vN (x, t)| at some se-

lected points of [0, 1]× [0, 1].

Table 1 : Absolute errors of example 1

(x, t) N = 16 N = 18

( 1
16 ,

1
16 ) 0.2000e − 18 0.1000e − 18

( 1
8 ,

1
8 ) 0.5200e − 17 0.2000e − 18

( 1
4 ,

1
4 ) 0.4756e − 12 0.3101e − 14

( 1
2 ,

1
2 ) 0.3234e − 7 0.8348e − 9

(0.75, 0.5) 0.4215e − 7 0.1081e − 8

(1, 0.75) 0.2149e − 4 0.1230e − 5

(1, 1) 0.1171e − 2 0.1178e − 3

For comparing, we report the results of [3] in Table

2.

Table 2 : Results of [3] for example.1

(x, t) = 2−l m = 32 m = 64

l = 1 0.2100 0.1000

l = 2 0.9300e − 1 0.4600e − 1

l = 3 0.6000e − 1 0.2900e − 1

l = 4 0.4700e − 1 0.2300e − 1

l = 5 0.6300e − 1 0.2000e − 1

l = 6 0.1200e − 1 0.3100e − 1

Example 2. (Constructed) Consider∫ t

0

∫ x

0

e
2y−z 1

v(y, z)
dydz = f(x, t), x, tϵ[0, 2] (20)

where f(x, t) is selected in such a way that
v(x, t) = 1

x2+t2+1 to be the exact solution.

By setting u(x, t) = 1
v(y,z) we obtain∫ t

0

∫ x

0

e
2y−z

u(y, z)dydz = f(x, t), x, tϵ[0, 2] (21)

and applying the Tau method gives u(x, t) =

x2 + t2 + 1 and v(x, t) = 1
x2+t2+1 which is the ex-

act of equation (20). But using the Tau method
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directly to linear equation (21) leads to an incon-

sistent system.
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Abstract: In this paper a numerical method consists of inverse hyperbolic problems using noisy data is

presented. By using a sensor located at a point inside the body and measuring the temperature at a point

x = a, 0 < a < 1 and applying Haar basis method to the inverse hyperbolic problems, we determine a

stable numerical solution to these problems. Numerical results show that a good estimation on the unknown

functions of the inverse problems can be obtained within a couple of minutes CPU time at pentium IV-2.53

GHz PC.

Keywords: Inverse problems, Haar basis method, Noisy data.

1 INTRODUCTION

Inverse problems are applied in many important,

scientific and technological fields. Hence analysis,

design, implementation and testing of inverse algo-

rithms all also the great scientific and technological

interest.

Mathematically, the inverse problems belong

to the class of problems called the ill-posed prob-

lems,i.e. small errors in the measured data can lead

to large deviations in the estimated quantities. As

a consequence, their solution does not satisfy the

general requirement of existence, uniqueness, and

stability under small changes to the input data. To

overcome such difficulties, a variety of techniques

for solving inverse problems have been proposed

[1, 3, 4, 5, 6].

2 Main Results

Definition 2.1. The Haar wavelet family for x ∈
[0, 1) is defined as follows [2],

hi(x) =


1, x ∈ [ km , k+0.5

m ),

−1, x ∈ [k+0.5
m , k+1

m ),

0, o.w.

∗Corresponding Author
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integer m = 2j , (j = 0, 1, . . . , J) indicates the level

of the wavelet, k = 0, 1, . . . ,m − 1 is the trans-

lation parameter. Maximal level of resolution is

J . The index i is calculated according the formula

i = m + k + 1. In the case of minimal values

m = 1, k = 0 we have i = 2, the maximal value

of i is 2J+1 = M . It is assumed that the value

i = 1 corresponds to the scaling function for which

h1 ≡ 1 in [0, 1). Let us defined collocation points

xl =
l − 0.5

M
, (l = 1, 2, . . . ,M) and discretis the

Haar function hi(x); in this way we get the coeffi-

cient matrix H and the operational matrices of in-

tegration P, Q, which are M square matrices, are

defined by the equations

(H)il = (hi(xl)),

(PH)il =

∫ xl

0

hi(x) dx,

(QH)il =

∫ xl

0

∫ t

0

hi(s) ds dx.

For QT = Ω× (0, tf ), a domain in R2, where

tf > 0, We consider the following inverse hyper-

bolic problem in the dimensionless form

utt(x, t) = uxx(x, t) + f(u(x, t)), in QT , (1a)

u(x, 0) = f(x), x ∈ [0, 1], (1b)

ut(x, 0) = g(x), x ∈ [0, 1], (1c)

u(0, t) = p(t), t ∈ [0, tf ],

(1d)

u(1, t) = q(t), t ∈ [0, tf ], (1e)

and the overspecified condition

u(a, t) = k(t), 0 < t < tf ,

(1f)

where 0 < a < 1 is a fixed point, f(x) and g(x) are

continuous known functions, q(t) and k(t) are in-

finitely differentiable known functions and tf repre-

sents the final time of interest for the time evolution

of the problem, while the function p(t) is unknown

which remains to be determined from some interior

temperature measurements.

Now, let us divide the interval [0, tf ] into

N equal parts of length ∆t =
tf
N

and denote

ts = (s − 1)∆t, s = 1, 2, . . . , N − 1. We assume

that ü′′ can be expanded in terms of Haar wavelets

as [2],

ü′′(x, t) =

M∑
i=1

cs(i)hi(x) = CT
MHM (x), (2)

where . and ′ mean differentiation with respect to t

and x, respectively and the vector CT
M is constant

in each subinterval [ts, ts+1], s = 1, 2, . . . , N .

Integrationg equation (2) twice with respect

to t from ts to t and then twice with respect to x

from a to x and by the boundary conditions, we

obtain

u′′(x, t) =
1

2
(t− ts)

2CT
MHM (x) + u′′(x, ts)

+ (t− ts)u̇
′′(x, ts), (3)

ü(x, t) = CT
M

[
QMHM (x)− x− a

1− a
PMF

+
x− 1

1− a
QMHM (a)

]
+
x− a

1− a
q′′(t)

+
1− x

1− a
k′′(t), (4)

u(x, t) =
1

2
(t− ts)

2CT
M

[
QMHM (x)

− x− a

1− a
PMF +

x− 1

1− a
QMHM (a)

]
+ u(x, ts) + (t− ts)u̇(x, ts)

+
x− a

1− a
[q(t)− q(ts)] +

1− x

1− a
[k(t)− k(ts)]

+
t− ts
1− a

[(x− 1)k′(ts)− (x− a)q′(ts)] ,

(5)

where the vector F is definde as F = [1, 0, . . . , 0︸ ︷︷ ︸
M−1

]T .

In the following schem

ü(xl, ts) = u′′(xl, ts) + f(u(xl, ts)). (6)

Substituting equations (3)-(5) into equation (6), we
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obtain

CT
M

[
QMHM (xl)−

xl − a

1− a
PMF +

xl − 1

1− a
QMHM (a)

]
= u′′(xl, ts) + f(u(xl, ts))−

xl − a

1− a
q′′(ts)

− 1− xl

1− a
k′′(ts). (7)

From the formula (7), the wavelet coefficient CT
M

can be calculated.

Remark 2.2. The Haar basis method will be con-

vergent, moreover, the convergence is of order ex-

ponential, that is,

∥eJ∥2 = O(
1

2J+1
) = O(

1

M
).

3 Numerical Results

In this section, we are going to demonstrate numer-

ically, some of results for the unknown boundary

condition in the inverse problem (1). The propose

of this section is to illustrate the applicability of

the present method described in section 2 for solv-

ing inverse problem (1). As expected the inverse

problems is ill-posed and therefore it is necessary

to investigate the stability of the present method

by giving a test problem.

Remark 3.1. In an inverse problem there are two

sources of error in the estimation; the first source

is the unavoidable bias deviation, and the second

source of error is the variance due to the amplifi-

cation of measurement errors, [1]. Therefore, we

compare exact and approximate solutions by con-

sidering total error S defined by

S =
[ 1

N − 1

N∑
i=1

(Φ̂i − Φi)
2
] 1

2

, (8)

where N ,Φ and Φ̂ are the number of estimated

values , the estimated values and the exact values,

respectively.

Example 3.2. In this example we solve the prob-

lem (1) with given data,

f(u(x, t)) = u(x, t), in QT ,

u(x, 0) = sin(x) + 1, x ∈ [0, 1],

ut(x, 0) = 0, x ∈ [0, 1],

u(1, t) = sin(1) + cosh(t), t ∈ [0, tf ],

u(0.1, t) = sin(0.1) + cosh(t), t ∈ [0, tf ].

The exact solution of this problem is u(x, t) =

sin(x) + cosh(t) and p(t) = cosh(t). The re-

sults obtained for u(0, t) with tf = 1, ∆t = 0.01

and M = 4 with noisy data (noisy data=input

data+(0.01)rand(1)) are presented in Table 1.

t Exact Numeric Error

0.01 1.000050 1.000050 3.113342e− 08

0.02 1.000200 1.000200 9.338730e− 08

0.1 1.005004 1.005004 5.837910e− 07

0.11 1.006056 1.006055 6.427118e− 07

0.5 1.127626 1.127625 1.441219e− 06

0.51 1.132893 1.132892 1.387501e− 06

0.8 1.337435 1.337435 1.018808e− 07

0.81 1.346383 1.346383 1.146700e− 07

0.9 1.433086 1.433087 1.427130e− 07

0.91 1.443423 1.443424 1.440623e− 07

1 1.543081 1.543081 2.770156e− 07

S 1.009177e− 07

Execution Time (second) 32.530557

Table 1. The comparison between exact solution

and numerical solution of p(t) with noisy data.

Example 3.3. In this example we solve the prob-

lem (1) with given data,

f(u(x, t)) =
3

2
(u(x, t))3 − 3

4
u(x, t), in QT ,

u(x, 0) = −sech(x), x ∈ [0, 1],

ut(x, 0) =
1

2
sech(x) tanh(x), x ∈ [0, 1],

u(1, t) = −sech(1 +
t

2
), t ∈ [0, tf ],

u(0.1, t) = −sech(0.1 +
t

2
), t ∈ [0, tf ].

The exact solution of this problem is u(x, t) =

−sech(x +
t

2
) and p(t) = −sech(

t

2
). The re-

sults obtained for u(0, t) with tf = 1, ∆t = 0.01
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and M = 4 with noisy data (noisy data=input

data+(0.01)rand(1)) are presented in Table 2.

t Exact Numeric Error

0.01 −0.999988 −0.999988 2.473732e− 07

0.02 −0.999950 −0.999951 8.207509e− 07

0.1 −0.998751 −0.998760 8.571891e− 06

0.11 −0.998489 −0.998499 9.555767e− 06

0.5 −0.969544 −0.969547 3.375617e− 06

0.51 −0.968346 −0.968351 5.080444e− 06

0.8 −0.925007 −0.925021 1.373605e− 05

0.81 −0.923242 −0.923256 1.376339e− 05

0.9 −0.906643 −0.906653 1.040726e− 05

0.91 −0.904723 −0.904732 9.376309e− 06

1 −0.886819 −0.886808 1.128544e− 05

S 1.052611e− 06

Execution Time (second) 34.015727

Table 2. The comparison between exact solution

and numerical solution of p(t) with noisy data.

4 Conclusion

A numerical method, to estimate unknown bound-

ary condition is proposed for these kinds of inverse

problems for hyperbolic equations and the follow-

ing results are obtained.

1. The present study, successfully applies the

numerical method to inverse problems for two-

dimensional parabolic and hyperbolic equations.

2. Numerical results show that a good estimation

can be obtained within a couple of minutes CPU

time at pentium(R) 4 CPU 2.53 GHz.

References

[1] J. M. G. Cabeza, J. A. M Garcia, and A. C. Ro-

driguez, ”A Sequential Algorithm of Inverse Heat

Conduction Problems Using Singular Value De-

composition,” International Journal of Thermal

Sciences 44, pp. 235-244, 2005.

[2] G. Hariharan, K. Kannan, and K. R. Sharma,

”Haar wavelet method for solving Fisher’s equa-

tion,” Applied Mathematics and Computation,

211, pp. 284-292, 2009.

[3] C. H. Huang, and Y. L. Tsai, ”A tran-

sient 3-D inverse problem in imaging the time-

dependentlocal heat transfer coefficients for plate

fin,” Applied Therma Engineering 25, pp. 2478-

2495, 2005.

[4] H. Molhem, and R. Pourgholi, ”A numerical

algorithm for solving a one-dimensional inverse

heat conduction problem,” Journal of Mathe-

matics and Statistics 4 (1), pp. 60-63, 2008.

[5] R. Pourgholi, N. Azizi, Y. S. Gasimov, F. Aliev,

and H. K. Khalafi, ”Removal of Numerical In-

stability in the Solution of an Inverse Heat Con-

duction Problem,” Communications in Nonlin-

ear Science and Numerical Simulation 14 (6), pp.

2664-2669, 2009.

[6] M. Tadi, ”Inverse Heat Conduction Based on

Boundary Measurement,” Inverse Problems, 13,

pp. 1585-1605, 1997.

4

137

137



Hybrid BDF with two off-step points for stiff initial

value problems

A. Movahedinejad∗, Ph. D. student of Faculty of Mathematical Sciences,

University of Tabriz, a−movahedinejad@tabrizu.ac.ir

G. Hojjati, Academic member of Faculty of Mathematical Sciences,

University of Tabriz, ghojjati@tabrizu.ac.ir

S. Fazeli, Academic member of Marand faculty of engineering,

University of Tabriz, fazeli@tabrizu.ac.ir

Abstract: In this paper, we present the details of hybrid methods which are based on backward differenti-

ation formula (BDF) for the numerical solution of ordinary differential equations (ODEs). In these hybrid

BDF, which are considered from general linear methods point of view, two additional off-step points have

been used in the first derivative of the solution to improve the absolute stability regions. The constructed

methods are A(α)-stable up to order 9 so that, as it is shown in the numerical experiments, they are superior

for stiff systems.

Keywords: Stiff ODEs, Multistep Methods, Hybrid Methods, General Linear Methods, A-stability, A(α)-

stability.

1 INTRODUCTION

Numerical solution of an autonomous ordinary dif-

ferential equation in the form

y′(x) = f(y(x)), y(x0) = y0, (1)

on the finite interval I = [x0, x] where y : [x0, x] →
Rm and f : [x0, x] × Rm → Rm are continuous

and differentiable, is still a great challenge, espe-

cially for stiff systems. Many codes have been in-

troduced for solving stiff initial value problems in

class of linear multistep methods with a good accu-

racy and reasonably wide region of absolute stabil-

ity. Most of these improvements have been based

on backward differentiation formulae (BDF), be-

cause of their special properties [1, 2, 5]. Backward

differentiation formulas (BDF)

k∑
j=0

αjyn+j = hβkfn+k (2)

of order k are A(α)-stable up to order 6 [4]. In

1966, Butcher [3] introduced general linear meth-

ods (GLMs) which are the natural generalization

of Runge–Kutta (multistage) methods and linear

multistep (multivalue) methods. In this paper we

introduce a modification of BDF which applies two

off-step points technique from general linear meth-

ods point of view by the aim of obtaining extensive

absolute stability regions. These methods are effi-

cient for stiff ODEs.

Next sections of this paper are organized

∗Corresponding Author
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as follows: Section 2 is devoted to the construc-

tion and the order of truncation error of presented

methods. In section 3, we write the methods in

the GLMs form and obtain optimal values for off-

step points that conserve zero stability and give the

largest absolute stability region. In section 4, we

give a numerical experiment to confirm the theo-

retical results.

2 Hybrid BDF with two off-

step points

Assume that the system of ordinary differential

equations of the form (1) has a solution displayed

by y(x) with desired continuous derivatives in the

interval [x0, x]. Let us consider that xn = x0 + nh

and h = x−x0

n . Hybrid BDF methods take the form

yn−θ =
k∑

j=1

αjyn−j + hβ1fn−θ, (3)

yn+η =
k∑

j=1

α̂jyn−j + hβ2fn−θ + hβ3fn+η, (4)

yn =
k∑

j=1

ᾱjyn−j + hβ4fn−θ + hβ5fn+η (5)

+hβ6fn,

where 0 < θ < 1, η > 0, fn = f(yn), fn−θ =

f(yn−θ), fn+η = f(yn+η). In this method, we

need the first derivative of the solution y(x) in

two off-step points, i.e. xn−θ, xn+η. To obtain

our new hybrid BDF, at first we consider (3) with

α1, α2, · · · , αk, β1 as parameters to be determined.

By using Taylor expansion the method (3) is of or-

der q if and only if

(−θ)q =

k∑
j=1

αj(−j)q + qβ1(−θ)q−1, q = 0, . . . , p.

From (3) we can see that the order of this stage

is p = k for k = 1, 2, 3, . . . , 9. Then all needed

coefficients β1, αj , for j = 1, . . . , k will be ob-

tained by solving the existing system of k + 1 lin-

ear equations with a selected value for θ from the

open interval (0, 1). Later we determine parameters

β2, β3, α̂1, . . . , α̂k in (4). By using Taylor expansion

the method (4) is of order p if and only if

ηq =

k∑
j=1

α̂j(−j)q + q(β2(−θ)q−1 + β3η
q−1),

q = 0, . . . , p. We put q = k, then all needed co-

efficients β2, α̂j , for j = 1, . . . , k, will be obtained

by solving the existing system of k+1 linear equa-

tions with a selected value for η that η > 0 and

we will have β3 as free parameter. Now, similarly

by using Taylor expansion, we determine param-

eters β4, β5, β6, ᾱ1, . . . , ᾱk in (5). This stege have

the order of p = k + 1 if and only if

k∑
j=1

ᾱj = 1,

k∑
j=1

jᾱj = β4 + β5 + β6,

k∑
j=1

(−j)qᾱj + q(β4(−θ)q−1 + ηq−1β5) = 0,

where q = 2, . . . , p, and β6 remains as free param-

eter.

We note that the order of stages (3) and (4) are

k and the order of (5) is k + 1. Now, we are go-

ing to prove that the new method (3-5) is of order

k + 1. We assume that y(x) be as a solution of (1)

with desired continues derivatives. Then the local

truncation error for (3) of order k is

y(xn−θ)− yn−θ = C1h
k+1y(k+1)(xn) +O(hk+2), (6)

where xn−θ = xn − θh, 0 < θ < 1, and C1 is the

error constant when the method is being used to

get y(xn−θ), and the local truncation error for (4)

of order k is

y(xn+η)− yn+η = C2h
k+1y(k+1)(xn) +O(hk+2). (7)

Similarly, the local truncation error for method (5)

of order p = k + 1 is

y(xn)− yn = Chk+2y(k+2)(xn) +O(hk+3), (8)

where C is the error constant of the method. Thus,

we state the following theorem:
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Theorem 2.1. Assume that

1. formula (3) is of order k,

2. formula (4) is of order k,

3. formula (5) is of order k + 1,

then, the method (3-5) has order k + 1.

Proof. Assuming that yn−j , j = 1, 2, . . . , k, be ex-
act, then from (3), (4) and (5) the difference oper-
ator associated with method is

y(xn)− yn = hβ4 (f(y(xn−θ))− f(yn−θ))

+ hβ5 (f(y(xn+η))− f(yn+η)) + hβ6 (f(y(xn))− f(yn))

+ Chk+2y(k+2)(xn) +O(hk+3).

For some ξn−θ in the interval whose end points
are yn−θ and y(xn−θ) and some ξn+η in the inter-
val whose end points are yn+η and y(xn+η) we can
write

f(y(xn−θ))− f(yn−θ) =
∂f

∂y
(xn−θ, ξn−θ)(y(xn−θ)− yn−θ),

and

f(y(xn+η))− f(yn+η) =
∂f

∂y
(xn+η , ξn+η)(y(xn+η)− yn+η).

Now, by (6), (7) we have

y(xn)− yn = hβ4
∂f

∂y
(xn−θ, ξn−θ)(y(xn−θ)− yn−θ)

+ hβ5
∂f

∂y
(xn+η , ξn+η)(y(xn+η)− yn+η)

+ hβ6C
∂f

∂y
(xn, ξn)h

k+2y(k+2)(xn) +O(hk+3)

= Khk+2y(k+2)(xn) +O(hk+3).

where K is a constant. It results from the above

that the order of new method (3-5) is k + 1.

3 Hybrid BDF with two off-

step points as GLMs

General Linear Methods (GLMs) have been intro-

duced by Butcher as unifying framework for the

traditional methods [3]. GLMs for the numerical

solution of ODEs are defined by

Y [n] = h(A⊗ Im)f(Y [n]) + (U⊗ Im)y[n−1],

y[n] = h(B⊗ Im)f(Y [n]) + (V ⊗ Im)y[n−1],
(9)

where n = 1, 2, · · · , N, Nh = x− x0, h is the step-

size and ⊗ is the Kronecker product of two matri-

ces. Here A ∈ Rs×s, U ∈ Rs×r, B ∈ Rr×s and

V ∈ Rr×r. Putting

Y [n] =


Y

[n]
1
...

Y
[n]
s

 , y[n] =


y
[n]
1
...

y
[n]
r

 .

the GLM (9) can be written in vector form as fol-

lows[
Y [n]

y[n]

]
=

[
A⊗ I U ⊗ I

B ⊗ I V ⊗ I

][
hF (Y [n])

y[n−1]

]
, (10)

n = 1, 2, . . . , N [6]. Now it can be verified that an

algorithm based on formulas (3), (4) and (5) can

be written as a GLM of the form (10) with s = 3,

r = k, and with the vectors of internal approxima-

tions Y [n], and the vector of external approxima-

tions y[n] defined by

Y [n] =

 yn−θ

yn+η

yn

 , y[n] =


yn−1

...

yn−k

 ,

and with the coefficient matrices A, U , B, and V

given by

A =

 β1 0 0

β2 β3 0

β4 β5 β6

 , U =

 α1 α2 · · · αk

α̂1 α̂2 · · · α̂k

ᾱ1 ᾱ2 · · · ᾱk

 ,

B =


β4 β5 β6

0 0 0
...

...
...

0 0 0

 , V =


ᾱ1 ᾱ2 · · · ᾱk

1 0 · · · 0
...

. . . · · ·
...

0 0 1 0

 .

Here, we have A ∈ R3×3, U ∈ R3×k, B ∈ Rk×3

and V ∈ Rk×k.

3.1 Stability Analysis

We investigate stability properties of GLMs (10)

with respect to the standard linear test equation

y′ = λy,

3
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where λ is a complex parameter. Applying this test

problem to (10) and assume that the matrix I−zA

is nonsingular, we get

y[n] = M(z)y[n−1],

where M(z) = V + zB(I − zA)−1U is the stabil-

ity matrix and p(w, z) = det(wI − M(z)) is the

stability function of the method. To obtain the

absolute stability region of the presented method,

we used the boundary locus method for A(α)-

stability of HBDF. We set w = eiν and then by

using p(w, z) = 0, we obtain three roots zj(θ, η),

j = 1, 2, 3 that gives us the stability domain of

HBDF. The optimal values of θ and η, that con-

serve zero stability and give the largest absolute

stability region, are listed in Table 1. For these

values of θ and η, HBDF is A-stable up to order 3

and A(α)-stable up to order 9.

TABLE 1

The values of optimal θ, η to obtain maximum value of α

HBDF BDF

k θ η p αmax p α

1 0.1 0.1 2 90 1 90

2 0.5 0.5 3 90 2 90

3 0.1 0.1 4 90 3 88

4 0.1210 1.6030 5 88.56 4 73

5 0.1320 1.4155 6 84.05 5 51

6 0.1677 0.8321 7 77.31 6 18

7 0.0904 0.9 8 66.78 —

8 0.2 0.9 9 61.45 —

9 0.19 0.9 10 45.52 —
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Figure 1: Stability region of BDF methods for k = 4, 5, 6 and

HBDF for k = 3, 4, 5.

3.2 Numerical computations

The coefficient matrix A plays main role in deter-

mining of the implementation cost of GLMs. So,

to reduce implementation cost we will assume that

β3 = β6 = β1. In order to provide a numerical

confirmation of this improvement in the stability

properties, consider the following stiff system

y′1 = −3y1 − 5y2 + 7e−x,

y′2 = 5y1 − 3y2 − 3e−x,

with initial value y(0) = [1, 1]T which has the exact

solution y1(x) = y2(x) = e−x. We compare the re-

sults of BDF with HBDF methods applied to this

problem and report absolute error of methods at

x = 100 in Table 2.

TABLE 2

Absolute error of HBDF, BDF for h = 0.1, h = 0.01 at

x = 100.
Method k h = 0.1 h = 0.01

4 3.91e−45 3.58e−46

HBDF 5 3.91e−45 4.39e−46

6 3.92e −45 4.53e−46

BDF 5 42.19 0.08

References

[1] A. K. Ezzeddine and G. Hojjati, “Hybrid Ex-

tended Backward Differentiation Formulas for

Stiff Systems”, Int. J. Nonlinear Science, vol. 12,

pp. 196–204, 2011.

[2] E. Hairer and G. Wanner, “Solving ordinary

differential equation II: Stiff and Differential-

Algebric Problems”, Springer, Berlin, 1996.

[3] J. C. Butcher, “Numerical Methods for Ordi-

nary Differential Equations”, Wiley, New York,

2008.

[4] J. D. Lambert, “Computational methods in

ordinary differential equations”, Wiley Eastern

Limited, 1984.

[5] M. Ebadi and M. Y. Gokhale, “Hybrid BDF

methods for the numerical solutions of ordinary

differential equations”. Numer. Algor., vol. 55,

pp. 1–17, 2010.

[6] Z. Jackiewicz, “General linear methods for ordi-

nary differential equations”, Wiley, New Jersey,

2009.

4

141

141



Solving a class of fractional optimal control problems

by Homotopy Perturbation Method

M. Alipour∗, Ph. D. student,

Shahid Bahonar University of Kerman, alipour@math.uk.ac.ir

M. A. Vali

Academic member of School of Mathematics,

Shahid Bahonar University of Kerman, mvali@mail.uk.ac.ir

Abstract: In this paper, the Homotopy Perturbation method (HPM) has been applied for a class of frac-

tional optimal control problems. In this approach, first, the original fractional optimal control problem is

transformed into a fractional problem via the Pontryagins maximum principle, and then, we apply Homotopy

perturbation method for solving the fractional problem. Solving this system, in a recursive manner leads to

the optimal control law and the optimal trajectory in the form of rapid convergent series.

Keywords: Fractional Optimal control problems; Caputo fractional derivative; Riemann-Liouville fractional

integration; Homotopy Perturbation method; Pontryagin’s maximum principle.

1 INTRODUCTION

Many real-world physical systems display fractional

order dynamics, that is their behavior is governed

by fractional-order differential equations [5, 6]. In

[1] the necessary conditions of optimization are

achieved for FOCPs with the Caputo fractional

derivative. In this paper, we consider Homotopy

perturbation method as a well known method for

finding both analytic and approximate solutions of

some fractional optimal control problems.

2 Preliminaries

In this section, we give some basic definitions and

properties of fractional calculus theory for the back-

ground of this paper. A real function f(x), x > 0

is said to be in the space Cµ, µ ∈ R if there exists

a real number p > µ, such that f(x) = xpf1(x),

where f1(x) ∈ C[0,∞), and it is said to be in the

space Cn
µ if fn ∈ Cµ, n ∈ N. The left and right

Riemann-Liouville fractional integral operators of

order α ≥ 0 of a function f ∈ Cµ, µ ≥ −1 is de-

fined as follows:

aI
α
t f(t) =

1

Γ(α)

∫ t

a

(t−τ)α−1f(τ)dτ, α > 0, t > 0,

(1)

and

tI
α
b f(t) =

1

Γ(α)

∫ b

t

(τ−t)α−1f(τ)dτ, α > 0, t > 0,

(2)

respectively. Here, we define the fractional op-

timal control problems in terms of the left and the

∗Corresponding Author
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right Caputo fractional derivative which are given

as:

The Left Caputo Fractional Derivative (LCFD):

C
a D

α
t f(t) =

1

Γ(n− α)

∫ t

a

(t−τ)n−α−1(
d

dτ
)nf(τ)dτ.

(3)

The Right Caputo Fractional Derivative (RCFD):

C
t D

α
b f(t) =

1

Γ(n− α)

∫ b

t

(t−τ)n−α−1(− d

dτ
)nf(τ)dτ.

(4)

Where f(t) is a time dependent function, and α is

the order of the derivative (n− 1 ≤ α < n), where

n is a positive integer. If n − 1 < α < n, n ∈
N, f(t) ∈ Cn

µ , µ ≥ −1, then the following properties

hold[7]:

(i)Ca D
α
t aI

α
t f(t) = f(t), α > 0

(ii)Ct D
α
b tI

α
b g(t) = g(t), α > 0

(iii)aI
α
t
C
a D

α
t f(t) = f(t)−

n−1∑
k=0

(t− a)k

k!
f (k)(a), (5)

(iv)tI
α
b
C
t D

α
b g(t) = g(t)−

n−1∑
k=0

(−1)k(b− t)k

k!
g(k)(b).

3 Statement of the problem

Find the optimal control u(t) for a fractional dy-

namic system (FDS) that minimizes the perfor-

mance index

J(u) =

∫ 1

0

f(x, u, t)dt, (6)

and satisfies the system dynamic constraints

C
0 D

α
t x = g(x, u, t),

and the initial condition

x(t0) = x0, (7)

where x(t) denoting the state variable, u(t) is the

control variable, f and g are two arbitrary func-

tions. The following expression defines a modified

performance index

J̄(u) =

∫ 1

0

[H(x, u, t)− λC
0 D

α
t ]dt, (8)

whereH(x, u, λ, t) is the Hamiltonian of the system

defined as

H(x, u, λ, t) = f(x, u, t) + λg(x, u, t), (9)

and λ is the Lagrange multiplier. Taking variations

of Eq. (8) and using (9), the necessary equations

for the optimal control are given as

tD
α
1 λ =

∂H

∂x
, (10)

∂H

∂u
= 0, (11)

0D
α
t x =

∂H

∂λ
, (12)

following the approach presented in [2], we also re-

quire that

λ(1) = 0. (13)

Equations (10) - (13) represent the necessary con-

ditions in terms of a Hamiltonian for the optimal

control of the FOCP defined above. In this paper

we shall strictly focus on the following quadratic

performance index

J [x, u] =
1

2

∫ 1

0

[q(t)x2(t) + r(t)u2(t)]dt, (14)

where q(t) ≥ 0, r(t) > 0, and the system whose

dynamics is described by the following linear FDE,

C
0 D

α
t x(t) = a(t)x(t) + b(t)u(t). (15)

Using Eqs. (10) to (12), it can be demonstrated

that the necessary Euler-Lagrange equations for

this system are (see [2])

C
0 D

α
t x(t) = a(t)x(t)− r−1(t)b2(t)λ(t),(16)

C
t D

α
1 λ(t) = q(t)x(t) + a(t)λ(t), (17)

and

u = −r−1(t)b(t)λ(t). (18)
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4 Basic idea of HPM

The principles of the HPM can be described as fol-

lows [3]. Consider the following non-linear differ-

ential equation

L(u) +N(u)− f(r) = 0, r ∈ Ω, (19)

subject to the boundary condition

B(u,
∂u

∂n
) = 0, r ∈ Γ, (20)

where L is a linear operator, while N is a non-

linear operator, B is a boundary operator, f(r) is

a known analytical function and Γ is the bound-

ary of domain Ω. By the homotopy technique, He

constructed a homotopy v(r, p) : Ω × [0, 1], which

satisfies

H(v, p) = (1−p)[L(v)−L(u0)]+p[A(v)−f(r)] = 0,

(21)

where p ∈ [0, 1] is an embedding parameter and u0

is an initial guess approximation of (19), which sat-

isfies the boundary conditions. It follows from (21)

that

H(v, 0) = L(v)− L(u0) = 0,

H(v, 1) = A(v)− f(r) = 0.

Here we assume that the solution of (21) is a power

series in p:

v = v0 + pv1 + p2v2 + .... (22)

Setting p = 1, we obtain the approximate solution

of (19),

u = limp→1v = v0 + v1 + v2 + .... (23)

The convergence of series (23) has been proved in

He[4].

Example 4.1.

minJ =

∫ 1

0

u2(t)dt

s.t. C
0 D

α
t x(t) =

1

2
x2(t)sinx(t) + u(t), t ∈ [0, 1]

x(0) = 0, x(1) = 0.5.
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Keywords: Chebyshev Series, Power Series, Rootfinding.

1 INTRODUCTION

In chebfun system [1], [5], each smooth piece is de-

scribed to interval [−1, 1]. Then it is created by an

expansion in Chebyshev polynomials of the form

fN (x) =
N∑
i=0

aiTi(x) x ∈ [−1, 1], (1)

where Ti(x) = cos(i arccos(x)). The coefficients

ai in Chebfun system computes by interpolating

the target function f at N + 1 Chebyshev extreme

points,

xi = cos
πi

N
, i = 0, 1, . . . , N.

This expansion is extremely well-conditioned and

stable. Finding roots of this function has a main

role in the chebfun system. In [2] is shown two

strategies, for converting a Chebyshev polynomial

to an ordinary polynomial with series of powers

form. One of them is the Convert-to-Powers algo-

rithm, it uses mutilation by mildly ill-conditioned

matrices to create a polynomial of degree N and

other algorithm is Degree-Doubling method. The

Convert-to-Powers algorithm is faster than the

Degree-Doubling algorithm. About the Degree-

Doubling process we can say it creates a polyno-

mial of degree 2N , that is very well-conditioned.

The Chebyshev series computes of a function, f(x)

by evaluating a set of discrete points on the target

interval; the Chebyshev coefficients are shown by a

matrix-vector multiply where the vector holds the

set of grid values of f(x) and the elements of the

matrix are trigonometric functions:

fN ≡
N∑
j=0

ajTj(y) =
N∑
j=0

bjy
j , y(x) ∈ [−1, 1] (2)

y ≡ 2x− (b+ a)

b− a
, y ∈ [−1, 1]←→ x ∈ [a, b]. (3)

The polynomial degree N is automatically com-

puted so that the representation is as accurate as

possible in double precision arithmetic.

Rootfinding is an basic part in the chebfun system.

This work is done by a recursion process in [2].

Namely this process tried to compute the eigenval-

ues of an N ×N colleague matrix [3].

∗Corresponding Author
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2 Main Results

Let the Chebyshev expansion of f(x) on x ∈ [a, b]

is given by

fN ≡
N∑
j=0

ajTj(y) =
N∑
j=0

bjy
j , y(x) ∈ [−1, 1] (4)

by [2] we can show:

beven = Qeven × aeven, bodd = Qodd × aodd, (5)

beven = [b0, b2, b4, . . .]
t, bodd = [b1, b3, b5. . . .]

t, (6)

aeven = [a0, a2, a4, . . .]
t, aodd = [a1, a3, a5. . . .]

t, (7)

Qeven and Qodd are upper triangular matrices that

the elements can be evaluted by the following re-

currence relations:

Qeven
11 = 1, Qeven

jj = 22j−3, j = 2, 3, . . . (8)

Qeven
j−k,j = −

(2j − 2k)(2j − 2k − 1)

2k(4j − 2k − 4)
Qeven

j−k+1,j (9)

Qodd
jj = 22j−2, j = 1, 2, 3, . . . (10)

Qodd
j−k,j = −

(2j − 2k + 1)(j − k)

k(4j − 2k − 2)
Qodd

j−k+1,j (11)

The author in [2] tried to avoid sacrificing more

than six decimal places of accuracy, or more pre-

cisely by restricting the size of Qeven and Qodd nine

or less. He tried to put the even and odd polyno-

mials together for getting a general nonsymmetric

polynomial of degree 17. If N is restricted to mod-

erate values, such as N < 18, by subdividing the

original interval, then the Chebyshev-to-Powers al-

gorithm will be well-conditioned. Another process

that is shown in [2] is Degree-Doubling algorithm.

It is deriving an ordinary polynomial of a trun-

cated Chebyshev series. The Chebyshev expansion

of f(x) on x ∈ [a, b] is given similar (4). We have

the following relations by [2]:

h2N (z) =

2N∑
j=0

bjz
j , bj =


aj−N , j>N

2a0, j=N

aN−j , j<N

(12)

If xk will be the roots of fN (x), and zk will be

the roots of hN (z), respectively on the real interval

x ∈ [−1, 1] and unit disk in the complex plane so

xk = real(zk).

This algorithm requires more computations be-

cause in the final process, must be solved a poly-

nomial of degree 2N instead of N for root finding.

Now we try to introduce other algorithms for con-

verting a truncated Chebyshev series to an ordinary

polynomial by the next theorem:

Theorem 2.1. Let Chebyshev expansion of f(x)

on x ∈ [−1, 1] is given by fN (x):

fN (x) =

N∑
i=0

ai+1Ti(x) (13)

that aN+1 ̸= 0, by the following statements can con-

clude an ordinary polynomial of fN (x), by:

QN (x) = P0 +

N∑
k=1

Pk2
k−1xk, (14)

where

P0 =

[N/2]∑
j=0

Sj+1a2j+1, Sj+1 = (−1)j , j = 0, 1, 2, . . .

(15)

Pk =

[(N−k)/2]∑
j=0

qk(j)Sj+1a2j+k+1 k ≥ 1. (16)

q1(j) = 2j+1, qk(j) =

j∑
i=0

qk−1(i), k ≥ 2. (17)
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Corollary 2.2. By analysis of the recursive se-

quence in Theorem 2.1, we have:

QN (x) = (a1 − a3 + a5 − a7 + . . .)

+ (a2 − 3a4 + 5a6 − 7a8 + . . .)x

+ 2(a3 − 4a5 + 9a7 − . . .)x2

+ 4(a4 − 5a6 + 14a8 − . . .)x3 + . . .

...

+ 2N−2aNxN−1 + 2N−1aN+1x
N .

Now we try to transfer above sequence to matrix

form by the following relations for a matrix with

small dimision:

R =



1 0 −1 0 1 0 −1
0 1 0 −3 0 5 0

0 0 1 0 −4 0 9

0 0 0 1 0 −5 0

0 0 0 0 1 0 −6
0 0 0 0 0 1 0

0 0 0 0 0 0 1


,

and

R×



a1

a2

a3

a4

a5

a6

a7


=



b1

b2
b3
2
b4
4
b5
8
b6
16
b7
32


,

namely

f6(x) = b7x
6 + b6x

5 + b5x
4 + b4x

3 + b3x
2 + b2x+ b1.

Generally, RN×N = (aij), i, j = 1, 2, . . . , n is

an upper triangular matrix with the following el-

ements:

ajj = 1, j = 1, 2, . . . , N

a1j = 0, j = 2, 4, 6, ...

a1j = −a1,j−2, j = 3, 5, 7, . . .

a2j = −sign(a2,j−2)(|a2,j−2|+ 2), j = 4, 6, 8, . . .

and for i ≥ 3 we have:

ai,j = −sign(ai,j−2)(|ai,j−2|+|ai−1,j−1|), j = 5, 7, . . .

and other elements are zero, we called this

Coefficients-to-Vector algorithm.

The elements are integers, so can be elimi-

nated roundoff error in the recurrences by rounding

to the nearest integer.
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Figure 1: L∞ matrix norms.

Figure 1 shows L∞ matrix norms in the

Coefficients-to-Vector and Convert-to-Powers

methods.

If we put the even and odd polynomials with

each other in Convert-to-Powers method, we ob-

tain a general nonsymmetric polynomial of degree

17, that ∥Qodd∥∞ = 559104 and ∥Qeven∥∞ =

243712 while we obtain similar polynomial with

Coefficients-to-Vector method, ∥R∥∞ = 1782.

It is important that the size of the matrix ele-

ments increases rapidly by high degree Chebyshev

coefficients that is created these matrices very ill-

conditioning. The Coefficients-to-Vector method

can be used for finding coefficients of the poly-

nomials easilily and vice versa for computing co-

efficients of Chebyshev polynomial from ordinary

polynomials with back substitution. Also we can

conclude

∥ RN,N ∥∞= max |a(:, N + 1)|, a(:, N + 1) ∈ SN+1,N+1

For example (∥ R7,7 ∥∞= max |S(:, 8)| = 14) in the
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following matrix:

S =



1 0 −1 0 1 0 −1 0

0 1 0 −3 0 5 0 −7
0 0 1 0 −4 0 9 0

0 0 0 1 0 −5 0 14

0 0 0 0 1 0 −6 0

0 0 0 0 0 1 0 −7
0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1


.

If N be large, (aj → aj + ϵ) in the k-th Chebyshev

coefficient so it will produce changes in the coeffi-

cients of the powers-of-x form.

These changes make more perturbation in co-

efficients of relations in Recursive-Sequences,

Coefficients-to-Vector and Convert-to-Powers

methods than Degree-Doubling method. Thus

the powers-of-x form is not ill-conditioned. The

author in [2] concluded that if N is restricted to

moderate values, such as N < 18, by subdividing

the original interval, then the Convert-to-Powers

algorithm will give acceptable results. We can

show upper bound with the acceptable results

for Coefficients-to-Vector method is smaller than

Convert-to-Powers method.

Also we can show, when f(x) is a polynomial of

degree N , only the upper right N
2 ×

N
2 blocks of the

transformation matrices have anything to operate

on. The effective condition number is determined

by these blocks and not by the actual size of N. Also

the other half of elements up the diagonal of this

upper triangular matrix is zero, so this work helps

us for saving memory and decreasing time of com-

plexities in all computations. Recursive-Sequences

algorithm has not ill-conditioned that we have in

the transformation matrices in the Convert-to-

Powers and Coefficients-to-Vector.

Also it can solve a polynomial of degree N in com-

pared with the Degree-Doubling method that it

needs to solve a polynomial of degree 2N. Prac-

tically we can see the computational cost for

Recursive-Sequences method is smaller than the

Degree-Doubling method and more than Convert-

to-Powers and Coefficients-to-Vector methods.
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Homotopy analysis method for solving Cauchy integral

equations of the first kind
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Abstract: In this paper, by combined homotopy analysis method (HAM) and regularization method we

present a new efficient and applicable method and named homotopy regularization method (HRM). For

solving Cauchy integral equations of the first kind by using regularization method, we transform the first

kind integral equations to integral equations of the second kind. Then, we apply the homotopy analysis

method to solve obtained integral equation. Also, the convergence of the proposed method is proved. An

example is solved to show that this method is accurate and effective. Also, by plotting the h-curve, we show

the convergence region of the example.

Keywords: Homotopy analysis method, Regularization method, Cauchy integral equations of first kind,

h-curve.

1 INTRODUCTION

Cauchy singular integral equations are often en-

countered in contact and fracture problems in solid

mechanics. Baker [1], Golberg [3], Junghanns and

Luther [4] and others have investigated such type

of equation. Cauchy integral equations are usually

difficult to solve analytically, and it is required to

obtain approximate solutions. So many different

methods have been developed to obtain an approx-

imate solution of a Cauchy integral equation [1, 2].

In this paper, by using the HAM and reg-

ularization method we present a new method for

solving a Cauchy singular integral equations of

the first kind in the general case. The regular-

ization method was established independently by

Tikhonov [8] and Phillips [7]. The regularization

method consists of transforming the first kind inte-

gral equations to the second kind one. M. Wazwaz

in [9] used this method for solving Fredholm and

Volterra integral equations of first kind.

The homotopy analysis method (HAM) was

proposed by Liao [5, 6]. In this method, the solu-

tion is considered as the summation of an infinite

series, which usually converges rapidly to the ex-

act solution. The HAM is based on homotopy, a

fundamental concept in topology and differential

geometry. Until recently, the application of the ho-

motopy analysis method in nonlinear problems has

been devoted by scientists and engineers.

∗Corresponding Author and Speaker
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2 Main Idea

We consider the following general Cauchy integral

equation of the first kind

1

π

∫ 1

−1

w(t)φ(t)

t− x
dt = f(x), − 1 ≤ x ≤ 1 (1)

The functions φ(t), w(t)
t−x and f(x) are assumed to

be continuous. We shall assume that the function
w(t)
t−x is continuous on the square

D = {(t, x) : −1 ≤ t ≤ 1,−1 ≤ x ≤ 1}.

Now, a new technique could be used in order to

transform integral equations such as Eq. (1) into

second-kind integral equations. More precisely we

consider the following related problem

1

π

∫ 1

−1

w(t)

t− x
[φ(t)− φ(x) + φ(x)]dt = f(x), (2)

We transform Eq. (2) into the following integral

equation

φ(x)
1

π

∫ 1

−1

w(t)

t− x
dt

= f(x)− 1

π

∫ 1

−1

w(t)

t− x
[φ(t)− φ(x)]dt.

(3)

Consequently,

φ(x) = g(x)− 1

πc(x)

∫ 1

−1

w(t)

t− x
[φ(t)−φ(x)]dt, (4)

where c(x) = 1
π

∫ 1

−1
w(t)
t−x dt and g(x) = f(x)

c(x) . It is

clear that Eq. (4) is an integral equation of second

kind and we can solve by the homotopy analysis

method that will be described in the sequel.

L. Bougoffa et al. in [2], proved that the so-

lution φ(x) of Eq. (4) converges to the solution

φ(x) of Eq. (1). For solving equation (4) let

N [φ] = φ(x)−g(x)+
1

πc(x)

∫ 1

−1

w(t)

t− x
[φ(t)−φ(x)]dt

(5)

and we can write that

ℜ(φ−→
m−1(x)) = φm−1(x) +

1

πc(x)

∫ 1

−1

w(t)

t− x

× [φm−1(t)− φm−1(x)]dt− (1− χm)g(x)

(6)

where χm =


0 m ≤ 1

1 m > 1

. The mth-order

deformation equation is

L [φm(x)− χmφm−1(x)] = hH(x) [φm−1(x)

+
1

πc(x)

∫ 1

−1

w(t)

t− x
[φm−1(t)− φm−1(x)]dt

−(1− χm)g(x)]

(7)

We choose Lφ = φ as the auxiliary linear opera-

tor, φ0(x) = g(x) as a zero-order approximation to

the desired function φ(x), h = −1 as the nonzero

auxiliary parameter and H(x) = 1 as the auxiliary

function. This is substituted into (7) to obtain the

following simple iteration formula for φm(x)

φ0(x) = g(x),

φm(x) = − 1

πc(x)

∫ 1

−1

w(t)

t− x
[φm−1(t)− φm−1(x)]dt,

m ≥ 1.

(8)

Now, by summing the first m + 1 terms of

φ(x) =
∑∞

m=0 φm(x), we obtain the (m + 1)th

approximate solution of φ(x). By the recursion

scheme (8), we find a solution φ(x) of Eq. (4).

2.1 Convergence analysis

We prove a theorem to demonstrate the conver-

gence of HRM.

Theorem 1. As long as the series solution

φm(x) = φ0(x) +
∞∑

m=1

φm(x) (9)

is convergent, where φm(x) is governed by Eq.(7),

it must be the exact solution of Eq. (4).

Proof. If the series (9) converges,we can write

S(x) =

∞∑
m=0

φm(x) (10)
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and it holds that limm→∞ φm(x) = 0. We can ver-

ify that

n∑
m=1

[φm(x)− χmφm−1(x)] = φ1 + (φ2 − φ1)

+ ...+ (φn − φn−1) = φn(x),

(11)

which gives us, according to (11),

∞∑
m=1

[φm(x)− χmφm−1(x)] = lim
n→∞

φn(x) = 0.

(12)

Furthermore, using (12) and the definition of the

linear operator L, we have

∞∑
m=1

L [φm(x)− χmφm−1(x)]

= L

[ ∞∑
m=1

(φm(x)− χmφm−1(x))

]
= 0.

(13)

Therefore, we can obtain that

∞∑
m=1

L [φm(x)− χmφm−1(x)]

= hH(x)
∞∑

m=1

ℜm−1(φ
−→
m−1(x)) = 0,

(14)

which gives, since h ̸= 0 and H(x) ̸= 0, that

∞∑
m=1

ℜm−1(φ
−→
m−1(x)) = 0. (15)

Substituting ℜm−1(φ
−→
m−1(x)) into the above ex-

pression and simplifying it, we have∑∞
m=1 ℜm−1(φ

−→
m−1(x))

=

∞∑
m=1

[
φm−1(x) +

1

πc(x)

∫ 1

−1

w(t)

t− x

×[φm−1(t)− φm−1(x)]dt− (1− χm)g(x)]

=

∞∑
m=1

φm−1(x) +
1

πc(x)

∫ 1

−1

w(t)

t− x

×

[ ∞∑
m=1

φm−1(t)−
∞∑

m=1

φm−1(x)

]
dt− g(x)

=

∞∑
m=0

φm(x) +
1

πc(x)

∫ 1

−1

w(t)

t− x

×

[ ∞∑
m=0

φm(t)−
∞∑

m=0

φm(x)

]
dt− g(x)

= S(x) +
1

πc(x)

∫ 1

−1

w(t)

t− x
[S(t)− S(x)] dt− g(x)

(16)

From (15) and (16), we have

S(x) +
1

πc(x)

∫ 1

−1

w(t)

t− x
[S(t)− S(x)] dt− g(x) = 0

(17)

and so, S(x) must be the exact solution of Eq.(4).

3 Numerical illustration

Let us consider the following integral equation [2]:

1

π

∫ 1

−1

√
1− t

1 + t

φ(t)

t− x
dt = −tn(x), − 1 ≤ x ≤ 1

(18)

where

tn(x) = 2−n
n∑

k=0

(−1)k
(
2n+1
2k

)
(1 + x)n−k(1− x)k

(19)

are the airfoil polynomials of first order and the

exact solution to this equation φ(x) is expressed in
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terms of the airfoil polynomials of the second kind

un, that is φ(x) = un(x), where

un(x) = 2−n
n∑

k=0

(−1)k(2n+1
2k+1)(1 + x)n−k(1− x)k

(20)

If we choose n = 2, then t2(x) = −1 − 2x + 4x2.

Thus the exact solution to this equation is given by

φ(x) = u2(x) = −1 + 2x+ 4x2 (21)

As discussed before, by using iteration formula (8),

we have

φ0(x) =
f(x)
c(x) = −1− 2x+ 4x2,

φ1(x) = − 1

πc(x)

∫ 1

−1

√
1−t
1+t

t− x
(φ0(t)− φ0(x))dt

= −4 + 4x,

φ2(x) = − 1

πc(x)

∫ 1

−1

√
1−t
1+t

t− x
(φ1(t)− φ1(x))dt = 4,

...

φn(x) = − 1

πc(x)

∫ 1

−1

√
1−t
1+t

t− x
(φn−1(t)− φn−1(x))dt

= 0, n ≥ 3

(22)

In figure 1, by plotting the h-curve we see the con-

vergence region for this problem.

Figure 1: The h-curve for example with n = 5.

In HRM we have great freedom to choose the aux-

iliary linear operator L, and the auxiliary function

H(x) so that the solution of high-order deformation

equation can be expressed by other base functions.

But most importantly, solutions given by the HRM

contain the auxiliary parameter h, which provides

us with a simply way to adjust and control conver-

gence region and rate of series solution.
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خط معادالت اه دست حل برای جدید راری ت روش ی
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کردن اضافه با روش این در است. شده ارایه خط معادالت اه دست حل برای راری ت روش مقاله، این در یده: چ
استفاده �یابیم. م دست خط معادالت اه دست حل برای راری ت روش به نرمال معادالت اه دست به w تخفیف پارامتر
با نهایت، در �شود. م گاوس-سایدل و SOR روش به نسبت رای هم سرعت افزایش سبب شده ارایه راری ت روش از

است. گرفته قرار مقایسه مورد شده ذکر روش دو به نسبت جدید روش رای هم سرعت عددی مثال�های
تخفیف. پارامتر گاوس-سایدل، روش ،SOR روش ، خط معادالت� اه کلیدی:دست کلمات

معادالت اه دست برایحل راری ت روش مقاله، این در ما
رار ت تعداد در که است این آن مزیت که دادیم ارایه خط
جواب به گاوس-سایدل و SOR روش به نسبت کمتری
مورد اه دست �که زمان همچنین، و �شود م را هم مساله
�تواند روشم این باشد واگرا روشگاوس-سایدل به نظر

شود. را هم

پیشنهادی روش کل ساختار

و n × n ماتریس �A آن در که Ax = b خط اه دست
n × ١ بعد از b راست سمت مقادیر و x مجهول بردار
در شده ارایه راری ت روش یرید. ب نظر در را �باشند، م
مانند تخفیف پارامتر ی از SOR روش مانند مقاله این

�کند. م استفاده �باشد، م ٠ < w < ٢ که w

سه�قطری و مثبت معین نظر مورد ماتریس �که زمان
�آید:[١] م به�دست زیر رابطه از بهینه w باشد،

مقدمه

از وسیع دامنه در Ax = b خط اه دست حل مساله
گفته باید حقیقت ی به�عنوان �شود. م مطرح کاربرد�ها
مهندس مسایل همه تقریبا عددی جواب�های که شود

و انی م برق، مهندس مانند کاربردی علوم و عمل
دارند[١]. خط مساله جواب به نیاز معمول به�طور شیم
�باشد، م n × n بعد از A که Ax = b خط اه دست در
راری ت روش�های باشد، نامنفرد Aماتریس �که صورت در
وجود مفروض خط معادالت اه دست حل برای زیادی
گاوس- ، ژاکوب روش راری ت روش�های جمله از دارند.
روش�های همچنین، �باشند. م �SOR روش و سایدل
برای [٣]Bi−CGSTAB و [٢]GMRES مانند راری ت
از کارآمدتر روش�های و دارند، وجود خط اه دست حل
برای پیش�شرط ی از آن�ها اما دارند، وجود روش�ها این
ببینید). را [۴،۵] مثال �کنند.(برای م استفاده مساله حل

١
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مثال١.

یرید: ب نظر در را زیر اه دست

٢x١ − x٢ = ٧

−x١ + ٢x٢ − x٣ = ١

−x٢ + ٢x٣ = ١

�باشد. م x(t) = (۶, ۵, ٣) واقع جواب دارای اه دست این

این�که گرفتن نظر در با و اولیه x٠ =


٠

٠

٠

 انتخاب با

و سه�قطری ماتریس ی A =


٢ −١ ٠

−١ ٢ −١

٠ −١ ٢

ماتریس

به�دست (١) رابطه از را بهینه w �توان م مثبتاست، معین
w ∼= ١٫ ١٧١۶ با برابر آن مقدار مساله این در که آورد،
در اولیه x٠ و آمده به�دست w دادن قرار با حال �باشد. م

داریم: (۶) راری ت رابطه

جدید روش رار ت
x(١) = [٧٫ ٠٢٩۶, ۵٫ ٨۵٨٠, ٣٫ ۵١۴٨]T ١
x(٢) = [۵٫ ٨٢٣٣, ۴٫ ٨۵٢٨, ٢٫ ٩١١٧]T ٢

... ...
x(٧) = [۶٫ ٠٠٠٠, ۵٫ ٠٠٠٠, ٣٫ ٠٠٠٠]T ٧

ببریم، کار به مساله این برای را SOR روش اگر حال
جواب به �١۴ام رار ت در روش این که �شود م مشاهده
مثال مطابق �کنید م مالحظه همانطور�که �رسد. م مساله
کمتری رار ت تعداد در مقاله این در شده ارایه روش باال،
این که است رسیده� مساله جواب به SORروش به نسبت
روش به نسبت شده ارایه روش بیشتر سرعت نشان��دهنده

�باشد. م SOR

w =
٢

١ +
√

١ − ρ(Bg)
=

٢
١ +

√
١ − [ρ(Bj)]٢

(١)

ماتریس �پردازیم. م شده ارایه روش معرف به حال
نظر در را Ax = b اه دست در n × n بعد از A نامنفرد

یرید: ب

Ax = b (٢)

�کنیم: م ضرب AT در را طرفین
×AT

→ ATAx = AT b (٣)

ضرب (٣) رابطه طرفین در را w تخفیف پارامتر حال
داشت: خواهیم بنابراین �کنیم، م

wATA = wAT b (۴)

و اضافه (۴) رابطه چپ سمت به را ATAx عبارت حال
این�صورت، در �نماییم م کم

wATAx+ATAx−ATAX = wAT b

=⇒ATAx = (١ − w)ATAx+ wAT b

داریم: ATA وارون�پذیری صورت در

x = (١ − w)x+ w(ATA)−١AT b (۵)

و راست سمت متغیر برای k اندیس گرفتن نظر در با
داشت: خواهیم چپ سمت متغیر برای k + ١ اندیس

xk+١ = (١ − w)xk + w(ATA)−١AT b (۶)

در مقاله این در شده ارایه روش شد، گفته همانطور�که
را هم جوابمساله به SORروش نسبتبه کمتری تعداد
واگرا گاوس-سایدل روش �که زمان همچنین و �شود م
در شود. را هم مساله جواب به �تواند م روش این باشد

است. شده آورده شده، ارایه روش از مثال�های زیر
٢
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SORروش نسبتبه باالتری رای دارایسرعتهم (۶)
ارایه راری ت روش به�عالوه، �باشد. م گاوس-��سایدل و
�تواند م باشد واگرا گاوس-���سایدل روش ه امی هن شده

شود. را هم اه دست جواب به
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مثال٢.

یرید: ب نظر در را زیر اه دست

x١ + ٢x٢ − ٢x٣ = ١

x١ + x٢ + x٣ = ٢

٢x١ + ٢x٢ + x٣ = ۵

x(t) = (٧,−۴,−١) واقع جواب دارای اه دست این
مساله برای گاوس-سایدل روش بردن کار به با �باشد. م

داریم: فوق
SORروش رار ت

x(١) = [١, ١, ١]T ١
x(٢) = [١, ٠, ٣]T ٢
x(٣) = [٨−,٧, ٧]T ٣

x(۴) = [٣−,٣١۶, ١۵]T ۴

�دهند م نشان رار�ها ت �کنید، م مالحظه همانطور�که
�باشد. م واگرا مساله این برای گاوس-سایدل روش که
w انتخاب با را مقاله این در شده ارایه روش اگر حال
مشاهده ببریم به�کار مساله این برای (w = ٠٫ مناسب(٠٠١
را هم مساله جواب به شده ارایه جدید روش که �شود م

�شود. م

نتایج

معادالت اه دست حل برای راری ت روش مقاله، این در
در شده روشپیشنهاد که دادیم نشان ما دادیم. ارایه خط

٣
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Abstract: We show that a coded system is mixing if and only if it is totally transitive. Then we define a

generator for half-synchronized systems and will use that to prove that a half-synch is mixing if and only if

it has strong property P .
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1 INTRODUCTION

A TDS is a pair (X, T ) such that X is a compact

metric space and T is a homeomorphism. The re-

turn time set is defined to be N(U, V ) = {n ∈
Z : U ∩ T−nV ̸= ∅} where U and V are opene

(nonempty and open) sets. A TDS (X, T ) is tran-

sitive if N(U, V ) ̸= ∅; and it is totally transitive

if (X, Tn) is transitive for any n. We call a TDS

(X, T ) weak mixing if N(U, V ) is a thick set (i.e.

containing arbitrarily long intervals of Z) for any

two opene sets U and V ; and is strong mixing if

N(U, V ) is cofinite for opene sets U, V .

Let A be a finite alphabet, i.e. a finite set

of symbols. The shift map σ : AZ → AZ is defined

by σ((ai)i∈Z) = (ai+1)i∈Z, for (ai)i∈Z ∈ AZ. If AZ

is endowed with the product topology of the dis-

crete topology on A, then σ is a homeomorphism

and (AZ, σ) is a TDS called two-sided shift space.

Similarly, one-sided shift space can be defined on

AN0 , then σ is a finite-to-one continuous map. A

subshift is the restriction of σ to any closed non-

empty subset Σ of AN0 that is invariant under σ.

A word (block) of length n is a0a1 · · · an−1 ∈ An if

there is x ∈ Σ such that xi = ai, 0 ≤ i ≤ n − 1.

The language L(Σ) is the collection of all words

of Σ and Ln(Σ) is the collection of all words in

Σ of length n. Also, a cylinder is defined as

[a0 · · · an]qp = {x ∈ Σ : xp = a0, . . . , xq = an}.

2 General Results in Coded

Systems

A subshift (Σ, σ) is called sofic, if there is a finite

directed graph with labeled edges such that read-

ing off the labels along the bi-infinite paths in the

graph gives the points of Σ. A system (Σ, σ) is

synchronized if it has a synchronizing word w, i.e.

whenever uw and wv are allowed in Σ, then also

uwv is allowed.

In [1, Theorem 3.3], the authors show that

sofic systems are mixing if and only if they are to-

tally transitive. In [5, Proposition 4.8], it is ex-

tended for synchronized system. But in this sec-

tion, we consider the coded systems and we show

∗Corresponding Author
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that for these systems mixing property and totally

transitive are equivalent.

Definition 2.1. A shift space is coded if its lan-

guage L is freely generated by concatenating words

in a countable set W called the generator set. We

denote a coded space by Σ(W).

Also, we will assume that a word in W will

not decompose to two other words in W: if w, w1

and w2 are in W and w = w1w2 then either w1 or

w2 is an empty word.

Lemma 2.2. Suppose a1, a2 ∈ N and (a1, a2) =

gcd{a1, a2} = 1. Then there is L ∈ N such that for

any n ≥ L, there are r1, r2 ∈ N0 = N ∪ {0} with

n = r1a1 + r2a2.

Theorem 2.3. A coded system is mixing if and

only if it is totally transitive.

Proof. The necessity is clear. So let X, our coding

system, be totally transitive. Since a coded system

has a dense set of periodic points, X is weak mixing

[3, Corollary 3.6].

Let W be the generator of X and gcd(W) =

k. First assume that there is v∗ ∈ W such that

|v∗| = k.

To see that X is mixing, it suffices to show

that for any u, v ∈ W, N([u], [v]) is cofinite. We

do this by showing that there exists some m ∈ N
such that N([u], [v])− |u| ⊃ kN∪ (kN+mk+ 1)∪
· · ·∪(kN+mk+k−1). As a result, N([u], [v])−|u|
will contain all numbers greater than (m+1)k and

so it is cofinite.

Since u∗, u, v ∈ W, for any n we have

u(u∗)nv ∈ L(X) and this implies that kN ⊂
N([u], [v]) − |u|. But X is weak mixing and

N([v], [u]) must be thick. Hence there does ex-

ist some s ∈ N such that s − 1, s − 2, . . . , s − k ∈
N([v], [u]) − |v|. This means that vαiu ∈ L(X)

where |αi| = s− i.

Observe that for any i, vαiu is a subword of

wi = vivαiuui (2.1)

where wi is constructed by some concatenation of

some words in W. By the fact that gcd(W) = k,

|wi|, |u|, |v| ∈ kN and this implies that |ui|+ |vi|+
s− i ∈ kN. Without loss of generality assume that

s ∈ kN. Hence |ui|+ |vi| ≡ i( mod k) and so there

is mi ∈ N such that |ui| + |vi| = mik + i. By con-

sidering (2.1), for any n ∈ N, uui(u
∗)nviv ∈ L(X)

and this in turn implies that nk + mik + i ∈
N([u], [v])− |u|.

Since n is arbitrary, by setting m =

max{m1, . . . , mk}, for any i we have kN+mk+ i ∈
N([u], [v])− |u|.

Now suppose for some l > 1, |u∗| = lk. Re-

place u and v with ul and vl respectively and we

consider wl
i instead of wi. So |u|, |v|, |wi| are in lkN

and by a similar reasoning as above we are done.

Let P[0,∞) be the projection which maps

(xi)i∈Z onto its future (xi)i∈Z+ . For a subshift

S ⊂ AZ, let S+ = P[0,∞)(S). Analogously, P(−∞, 0)

projects (xi)i∈Zonto (xi)i<0 and S− = P(−∞, 0)(S).

Elements x+ = (xi)i∈Z+ ∈ S+ (resp. x− =

(xi)i<0 ∈ S−) are called right (resp. left) infinite

S-rays.

For a left infinite S-ray x− its follower set

is ω+(x−) = {x+ ∈ S+ : x−x+ is a point of S}.
There also is a notion of follower sets for S-blocks.

Definition 2.4. A transitive subshift S is half-

synchronized if and only if there is a block m of

S and a left transitive point x ∈ S such that

x−|m|+1 · · ·x0 = m and ω+(x−) = ω+(m). Then

m is called a half-synchronizing block of S.

Theorem 2.5. A half-synchronized system is mix-

ing if and only if it has a generator with relatively

prime length.

Proof. The sufficiency is obviously true. To prove

the necessity, we first define a generator for a given

half-synchronizing system and we will show that if

it is mixing, then this generator is relatively prime.

Let (X, σ) be a half-synchronized system and let x
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and m be as provided in Definition 2.4. Set

W = {wm : mwm = x−n · · ·x0 for some n}.

Note that if wm ∈ W, then w ∈ ω+(m) and since

ω+(m) = ω+(x−), any concatenations of elements

of W is in L(X). On the other hand x is left transi-

tive and so any word of L(X) appears as a subword

of x−. This means that W is in fact a generator.

Now supposeX is mixing and let k > 2 be an

integer. SinceN([m], [m]) is cofinite, for all 1 ≤ i ≤
k − 1, there is ui ∈ L(X) such that muim ∈ L(X)

and |uim| ∈ kN + i. By transitivity of x− there is

some ti such thatmuim = x−ti · · ·x−ti+|muim|. By

the definition of W, there are some vi ∈ L(X) so

that vim, uimvim ∈ W and so |um|+|vim| ∈ kN+i

for some k ∈ N. This is true for all 1 ≤ i ≤ k−1 and

this in turn means that W is relatively prime.

3 Mixing half-synchronized

system

Since any half-synchronized system is coded,

a half-synchronized system is mixing if and only if

it is totally transitive. But there are more prop-

erties which are equivalent to total transitivity in

half-synchronized systems.

A TDS (X,T ) is said to have strong prop-

erty P [4, Definition 6.2], if for any finite non-

empty open sets U1, U2, . . . , Un in X there ex-

ists N ∈ N such that for any k ≥ 2 and any

s = (s(1), s(2), · · · , s(k)) ∈ {1, 2, . . . , n}k there ex-

ists x ∈ X with

x ∈ Us(1) ∩T−NUs(2) ∩ · · · ∩T−(k−1)NUs(k). (3.1)

Clearly a TDS with specification property has

strong property P . The converse is not true

though. In fact in [2, Example 5], Blanchard gives

an example of a subshift which has u.p.e but not

mixing, so cannot have specification property. By

[2, Proposition 4], this example has strong property

P . A consequence of this argument is that mixing

in a general TDS is different from having property

P.

In the following, we prove that a totally tran-

sitive half-synchronized system has strong property

P .

Theorem 3.1. A half-synchronized system is mix-

ing if and only if it has strong property P .

Proof. The sufficiently is obviously true. To prove

the necessity, we first define a generator for a given

half-synchronizing system and we will show that if

it is mixing, then this generator is relatively prime.

Let (X, σ) be a half-synchronized system and let x

and m be as provided in Definition 2.4. Set

W = {wm : mwm = x−n · · ·x0 for some n}.

Note that if wm ∈ W, then w ∈ ω+(m) and since

ω+(m) = ω+(x−), any concatenations of elements

of W is in L(X). On the other hand x is left transi-

tive and so any word of L(X) appears as a subword

of x−. This means that W is in fact a generator.

Now supposeX is mixing and let k > 2 be an

integer. SinceN([m], [m]) is cofinite, for all 1 ≤ i ≤
k − 1, there is ui ∈ L(X) such that muim ∈ L(X)

and |uim| ∈ kN + i. By transitivity of x− there is

some ti such thatmuim = x−ti · · ·x−ti+|muim|. By

the definition of W, there are some vi ∈ L(X) so

that vim, uimvim ∈ W and so |um|+|vim| ∈ kN+i

for some k ∈ N. This is true for all 1 ≤ i ≤ k − 1

and this in turn means that W is relatively prime.

By [4, Lemma 6.3], any system with strong

property P is K-system. In fact, we have the fol-

lowing implications

strong property P ⇒ K-system ⇒ weak mixing

⇒ totally transitive.

By the above results, all the converses are true for

the half-synchronized systems.
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Abstract: In this paper, we consider an implicit Continuous Block Backward Differentiation formula(CBBDF)

for solving Volterra Integro-Differential Equations (VIDEs). The approach given in this paper leads to nu-

merical methods for solving VIDEs which avoid the need for special starting procedures. Convergence order

and linear stability properties of the methods are analyzed. Also, methods with extensive stability region of

orders 2, 3 and 4 are constructed which are suitable for solving stiff problems.

Keywords: Volterra Integro-Differential Equations, Backward Differentiation formula, Block meth-

ods, Linear stability.

1 INTRODUCTION

Consider Volterra Integro-Differential Equations

(VlDEs) of the form

y′(t) = g(t, y(t)) +
∫ t

0
K(t, τ, y(τ))dτ,

t ∈ I := [0, T ], y(0) = y0,

(1)

where g ∈ C(S) and the kernel K ∈ C(Ω) with

S = {(t, y) : t ∈ I, y ∈ R}, Ω = {(t, τ, y) : 0 ≤ τ ≤
t ≤ T, y ∈ R} and satisfies the Lipschitz condition

with respect to y. These assumptions guarantee the

existence and uniqueness of a sufficiently smooth

solution (see [4]).

It is convenient to rewrite this equation in

the form

y′(t) = f(t, y(t)),

where

f(t, y(t)) = g(t, y(t)) +

∫ t

0

K(t, τ, y(τ))dτ.

In this paper we are concerned with the

Backward differentiation formula for solving VIDEs

which is generally written as

k∑
j=0

αjyn+j = hβkfn+k, (2)

where h is the step size, αk = 1, αj , j =

1, 2, · · · , k−1, βk are unknown constants which are

uniquely determined such as the formula is of or-

der k. The block methods were first introduced by

Milne [6] and several block methods for numerical

integration of ordinary differential equations have

been introduced [3]. Recently continuous block

BDF have been used for solving stiff ODEs [1]. The

aim of these methods is to develop of self-starting

implicit block BDFs where the starting values are

not computed by other methods. Here, we use this

technique for numerical treatment of VIDEs in or-

der to construct high order methods with extensive

stability regions. In many of numerical approaches,

∗Corresponding Author
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one or more starting values are required which must

be found by another methods. The method which

we now describe, gives starting values directly.

2 Construction of the method

In this section, we describe construction of the main

block method of the form (2) where the solution of

(1) is approximated by assuming a continuous so-

lution of the form

Y (t) =
k∑

j=0

mjφj(t), (3)

where t ∈ [0, T ], the coefficients mj are unknown,

the functions φj(t) are polynomial basic functions

and The integer k ≥ 1 denotes the step number of

the method. Let us define a uniform partition of

[0, T ] in the form 0 = t0 < t1 < · · · < tN = T , such

that tn = nh, n = 0, · · · , N . We construct the k-

step method with φj(t) = tj−1 where imposing the

interpolation condition for unknown function at the

points tn+i, i = 0, 1, · · · , k−1 and the interpolation

condition for derivative of unknown function at the

point tn+k lead to k+1 equation for determination

of mj in the form

k∑
j=0

mjt
j
n+i = yn+i, i = 0, · · · , k − 1, (4)

k∑
j=0

mjjtn+i = fn+i, i = k. (5)

Let us define

A = (tj−1
n+i−1)i,j ∈ Rk+1×k+1, M = [m0,m1, · · · ,mk],

C = [yn, yn+1, · · · , yn+k−1, fn+k].

The equations (4) and (5) lead to a system of k+1

equations of the form AM = C to obtain the co-

efficients mj . Then the k−step block BDF method

is obtained by substituting the values of mj in (3)

which yields the expression in the form

Y (t) = −
q−1∑
j=0

αj(t)yn+j + hβk(t)fn+k, (6)

where αj(t) and βk(t) are continuous functions. By

differentiating from (6) and evaluating it at the

point t(n+1)k, and also evaluating (6) at the points

tnk+1, · · · , tnk+k−1, the block method is obtained

in the form

fn̄+1 = (β1,1hfn̄+k − α1,1yn̄ − · · · − α1,kyn̄+k−1) /h,
...

fn̄+k−1 = (βk−1,1hfn̄+k − αk−1,1yn̄

− · · · − αk−1,kyn̄+k−1) /h,

yn̄+k = βk,1hfn̄+k − αk,1yn̄ − · · · − αk,kyn̄+k−1,

(7)

with n̄ = nk. By solving the nonlinear system (7)

for unknowns yn̄+1, · · · , yn̄+k, the method is ob-

tained. In practice, we need to compute fnk+i

which is in the form

f(tnk+i, ynk+i) = gnk+i

+

∫ tnk+i

0

K(tnk+i, τ, y(τ))dτ, i = 1, · · · , k,

= gnk+i +
n∑

j=1

∫ tjk

t(j−1)k

K(tnk+i, τ, y(τ))dτ

+

∫ tnk+i

tnk

K(tnk+i, τ, y(τ))dτ

= gnk+i + h
n∑

j=1

∫ k

0

K(tnk+i, tjk + sh, y(tjk + sh))ds

+h

∫ i

0

K(tnk+i, tnk+sh, y(tnk + sh)ds

where gnk+i := g(tnk+i, ynk+i). The integrals on

the subintervals [0, k] and [0, i] are approximated

by the integration formula with the weights bν , ων,i

ν, i = 1, 2, · · · , k for integrations in the subintervals

[0, k] and [0, i], respectively and nodes 1, 2, · · · , k.
These quadrature formulas are specified by the vec-

tor and matrix of weights

W =


ω11 · · · ω1k

...
. . .

...

ωk1 · · · ωkk

 , b =


b1
...

bk


It can be shown that the k-step method is of

convergence order k.
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3 Linear stability analysis

In this section, we analyze the stability properties

of the introduced methods with respect to the basic

test equation [4, 5]

y′(t) = g(t)+ξy(t)+η

∫ t

0

y(τ)dτ, t > 0, y(0) = y0,

(8)

where ξ, η ∈ C. The solution of (8) is stable if

Re(r1) < 0 and Re(r2) < 0 where r1,2 = (ξ ±√
ξ2 + 4η)/2 (see [2]). We observe that, particu-

larly for real ξ and η, these conditions reduce to

ξ < 0 and η < 0.

Definition 3.1. We set z = ξh and w = ηh2. The

absolute stability region is the set R of all the pairs

(z;w) ∈ C− × C− such that the numerical solu-

tion yn of test equation (8) with a constant step-

size h, tends to zero as n → ∞. The method is

A0-stable if R ⊇ R− × R− and is A-stable if it is

stable for any value of (z, w) such that Re(r1) < 0

and Re(r2) < 0. An A-stable method is A0-stable

too.

The new k-step CBBDF (7) can be generally

rearranged and rewritten as a matrix finite differ-

ence equation of the form

A(1)Y [(n+1)k] = A(0)Y [nk] + hB(1)F [(n+1)k],

where

Y [(n+1)k] = [ynk+1, ynk+2, · · · , y(n+1)k]

Y [nk] = [y(n−1)k+1, y(n−1)k+2, · · · , ynk]

F [nk] = [Fnk+1, Fnk+2, · · · , F(n+1)k],

the matrices A(0), A(1), B(1) are in Rk×k where

their entries are determined by the coefficient of

the methods.

Theorem 3.2. The discretized CBBDF, applied to

the test equation (8), leads to the following recur-

rence relation[
Y[(n+1)k]

Z[(n+1)k]

]
= R(z, w)

[
Y[nk]

Z[nk]

]
+ hG

[nk]
,

where

R(z, w) = [Q(z, w)]−1M(z, w),

and

Q(z, w) =

[
A(1) − zB(1)W − wB(1) 0k×k

−Ik Ik

]
,

M(z, w) =

[
A(0) zB(1)Q

0k×k Ik

]

and

G
[nk]

= [Q(z, w)]−1

[
Gn+1 −Gn

0k,k

]
,

with

Q =


bT

...

bT

 ∈ Rk×k, Z [nk] =

n∑
ν=1

Y [νk].

R(z, w) is called the stability matrix of the

method. Now, the method is stable if ρ(R(z, w)) <

1. Hence, the stability region of the method is

R = {(z, w) ∈ C × C : ρ(R(z, w) < 1}. Here, the

term Gn does not influence stability. The stability

function of the method with respect to (8) is then

defined as

p(z, w;λ) = det(λI2m+r −R(z, w)). (9)

Remark 3.3. The methods with k = 2, 3 are A0-

stable methods of order 2 and 3 respectively. Also,

stability region of 4-step method is shown in Fig-

ure 1 which is not A0-stable methods but has wide

stability region.
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Figure 1: The stability region for k = 4.
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1 INTRODUCTION

The spread of infectious diseases has always been

of concerns and a threat to public health. It has

caused serious problems for the survival of human

beings and other species, and for the economic and

social development of the human society. The fight-

ing with infectious diseases has had a long history,

and great progresses had been achieved, especially

during the 20th century [4].

Most of mathematical models which introduced by

different mathematicians were deterministic. But

by using of stochastic models we able to determine

the final size distribution of an epidemic and the

expected duration of an epidemic.

One of the most important differences between

the deterministic and stochastic epidemic models

is their asymptotic dynamics. Eventually stochas-

tic solutions converge to the disease-free state even

though the corresponding deterministic solution

converges to an endemic equilibrium [6].

In this paper we introduce entropy for stochastic

models which determines the average uncertainty

about outcomes of a random experiment.

In the first section, the stochastic processes and ho-

mogenous Markov processes is introduced.

The SIS, DTMC model is introduced in seconed

section.

2 RANDOM VARIABLES

AND STOCHASTIC PRO-

CESSES

Let (Ω, β, µ) be a probability state that called sam-

ple space and (S,A) be a measurable space which

called state space. A random variable over Ω with

state space S, is a measurable function X : Ω −→
S. If S is a finite set, then X is called finite state

random variable.

A stochastic processes is a collection of random

variables X = {Xt}t∈τ which Xt is a random vari-

able with sample space (Ω, β, µ) and the state space

(S,A). The index t ∈ τ is conveniently interpreted

as time, the usual choices for τ being (1) τ is the

set of real numbers or τ = [0,∞), in which case

X is called a continuous-time stochastic process or

∗Corresponding Author
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(2) τ be the set of integer numbers, in which case

X is called a discrete- time, and if τ be the set of

natural numbers, it is called a discrete- time, one-

sided stochastic process [5, 3].

In this paper we consider discrete- time, finite-

state and one sided stochastic processes with state

space S = {0, 1, 2, ..., N}.

Definition 2.1. A stochastic process X =

{Xn}n>0 is called a Markov process or Markov

chain if Prob{Xn = xn | Xn−1 = xn−1, ..., X0 =

x0} = Prob{Xn = xn | Xn−1 = xn−1}, n ≥ 1,

where x0, x1, ..., xn ∈ S = {0, 1, 2, ..., N}.

Definition 2.2. The one-step transition probabil-

ity or only transition probability is noted as pji(n),

is defined as pji(n) = Prob{Xn+1 = j | Xn = i}.

If the transition probabilities pji(n) in a

Markov chain do not depend on time n, then the

Markov process X is called time homogenous or

homogenous.

Let X = {Xn}n>0 be a homogenous Markov chain,

the matrix P = (pji) is called transition matrix of

X.

3 THE ENTROPY OF A

DISCRETE RANDOM

VARIABLE

Let X be a random variable with sample space

(Ω, β, µ) and finite state S [1]. The entropy of X is

defined by

H(X) = −
∑
x∈S

p(x)logp(x), (1)

where p(x) = µ({ω ∈ Ω : X(ω) = x}).
Let X,Y be two random variables on a common

sample space (Ω, β, µ) but, in general, with differ-

ent finite state spaces S1 and S2 respectively.

IfX,Y have the joint probability function p(x, y) =

µ({ω ∈ Ω | X(ω) = x, Y (ω) = y}) = Prob(X =

x, Y = y) where x ∈ S1 and y ∈ S2, then the joint

entropy of X and Y is defined as

H(X,Y ) = −
∑
x∈S1

∑
y∈S2

p(x, y)logp(x, y). (2)

The conditional probability function p(y | x) =
p(x,y)
p(x) allows us to define the conditional entropy

of Y given X which is

H(Y | X) = −
∑
x∈S1

∑
y∈S2

p(x, y)logp(y | x). (3)

It’s clear that H(X,Y ) = H(X) +H(Y | X)

Definition 3.1. The entropy of a stochastic pro-

cess X = {Xn}∞n=0 on a probability space (Ω, β, µ)

with finite state S is defined by

h(X) = limn−→∞
1

n
H(X0, ..., Xn−1), (4)

provided that the limit exists [5, 3].

4 SIR DTMC epidemic model

and it’s entropy

Let S(t), I(t) and R(t) denote discrete ran-

dom variables for the number of susceptible, in-

fected and immune individuals at time t, respec-

tively. The population size is constant (N), so

R(t) = N − S(t) − I(t). Therefore the SIR

DTMC, epidemic model is the bivariate process

{S(t), I(t)}∞t=0 that t ∈ {0,∆t, 2∆t, ...} and has a

joint probability function given by

p(s,i)(t) = Prob{S(t) = s, I(t) = i}.

We consider ∆t sufficiently small such that at most

one change occurs in the states. For t = n∆t define

p
(n)
(s,i) := Prob{S(t) = s, I(t) = i}.

We consider an order on the states (s, i) that

(s, i) < (s
′
, i

′
) ⇔ s < s

′
ors = s

′
, i < i

′
.

We consider a random variable Xn is defined by
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Xn : [0, 1) −→ {(s, i) : s, i ∈ {0, 1, ..., N}}.
The number of infected and susceptible individu-

als at time t is just depend on the number of these

individuals at time t− 1 so, we have

Lemma 4.1. The stochastic process X = {Xn}∞n=0

is a homogenous Markov chain.

The transition probabilities are denoted as

follows:

p(s′ ,i′ ),(s,i)(∆t) = Prob{Xn+1 = (s
′
, i

′
)|Xn = (s, i)}.

Hence p(s+k,i+j),(s,i)(∆t) is

βis∆t (k, j) = (−1, 1)

γi∆t (k, j) = (0,−1)

bi∆t (k, j) = (1,−1)

b(N − s− i)∆t (k, j) = (1, 0)

1− βis∆t (k, j) = (0, 0)

−[γi+ b(N − s)]∆t

0 otherwise

.

The time step must be chosen sufficiently small

such that each of transition probabilities lie in the

interval [0, 1].

Theorem 4.2. Let X = {Xn}∞n=0 be the stochastic

process of the SIR epidemic model and X0 = (s, k),

then h(X0, X1, ..., Xn) is the summation of (s, k)th

column entries of the matrix

Hn = H(P )( 0+I+P+...+Pn−1

n+1 ), where P is the tran-

sition matrix and

H(P ) = (−p(s,i)(s′ ,i′ )logp(s,i)(s′ ,i′ ))(N+1)2×(N+1)2 .

Example 4.3. Consider N = 10, t = 0.1,

β = 0.01, γ = 0.5, I(0) = 2, b = 0 and S(0) = 8

the result table is

n 20 60 100 200 300

h 0.2755 0.1545 0.0996 0.0507 0.0338

In the next section, we introduce a different

model simillar SIR then compare these models by

entropy.

5 Chain binomial epidemic

models

Let Sn be discrete random variable for the num-

ber of susceptible individuals at time n. The time

interval n to n + 1 is of length ∆t and represents

the infectious period, and In represents new in-

fected individuals. There are no births and deaths,

so the number of susceptible individuals is nonin-

creasing over time. Therefore, Sn+1 + In+1 = Sn

and Sn, In ∈ {0, 1, ..., s0}, where S0 = s0. Let

α be the probability of a contact between a sus-

ceptible and an infected individual, also β be the

probability that the susceptible individual is in-

fected after contact. Let P be the probability that

a susceptible individual does not become infected.

In Greenwood and Reed- Frost models we assume

that P is constant [2, 4], but it is clear that P

is a function of infected individuals. Hence if at

time t there is I(t) infected individuals and N(t)

is population size at time t, then P = 1 − I(t)
N(t)β.

In this model assume that ∆t = 1
γ , γ is recovery

rate, and the model is a bivariate Markov chain.

This process is denoted by {Sn, In} = {(S, I)n} for

n = 0, 1, 2, .... In represents infected individuals at

time n∆t. Thus during time interval n to n + 1,

Pin = 1− in
N β.

The transition probability P(s,i)n+1,(s,i)n is a bino-

mial probability, and

P(s,i)n+1,(s,i)n =

(
Sn

Sn+1

)
P

Sn+1

in
(1−Pin)

Sn−Sn+1 .

(5)

This model similar DTMC SIR epidemic model is

a bivariate process.

Consider the random variable as follow

Xn : [0, 1) −→ {(s, i) : s ∈ {0, 1, ..., s0}, i ∈
{0, 1, ..., s0}}. Since it is possible that i0 > s0, then

for computing of the entropy, firstly we ignore the

start time t = 0. So we have the following theorem.

Theorem 5.1. let X = {Xn}∞n=1 be the

stochastic process of this model and X1 =

3
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(s1, i1), then h(X1, ..., Xn+1) is the summation

of (s1, i1)th column entries of matrix Hn(s1) =

H(P )(0+I+P+...+Pn−1

n+1 ).

Corollary 5.2. Let X = {Xn}∞n=0 be the stochas-

tic process of the model and X0 = (s0, i0), then

h(X0, X1, ..., Xn+1) is
H(X1)+(n+1)Σ

s0
s1=0P (S1=s1)Hn(s1)

n+2 .

Example 5.3. The population size is N = 10, the

infectious period is ∆t = 2, β = 0.01, γ = 0.5,

b = 0, S(0) = 8 and I(0) = 2. The result table is

n 1 3 5 10 15

h 0.0275 0.0166 0.0118 0.0069 0.0049

The results which observed in examples say

prediction in this chain binomial model is more rig-

orous than SIR model.
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1 INTRODUCTION

In this work, we study the following problem:

Ut(x, t) = c2Uxx(x, t)+f(x); 0 < x < 1, 0 < t < T,

(1)

U(x, 0) = φ(x); 0 ≤ x ≤ 1, (2)

U(1, t) = g(t); 0 ≤ t ≤ T, (3)

with two overspecified conditions:

U(x∗, t) = k(t); 0 ≤ t ≤ T, (4)

U(x∗∗, t) = h(t); 0 ≤ t ≤ T, (5)

where T, c2 and 0 < x∗ < x∗∗ < 1 are specified pos-

itive constants, x∗ and x∗∗ are the locations of in-

terior sensors recording the temperature measure-

ments (4) and (5) and φ, g, k and h are known con-

tinuous functions satisfying the compatibility con-

ditions

k(0) = φ(x∗), h(0) = φ(x∗∗), g(0) = φ(1), (6)

and the functions f(x), Ux(0, t) = q(t) and U(x, t)

are unknowns.

This problem arises in physical phenomena,

for example, in the process of transportation, diffu-

sion and conduction of natural materials [1]. The

unique solvability of these case of problems can be

found in [2]. In this paper, we use the the method

of fundamental solutions (MFS) for numerical solv-

ing of problem (1)-(5). The MFS has been exten-

sively applied to solve some inverse problems [1],

[3]-[6]. This method does not require any domain

discretization and any singular integration [6].

This article is organized as follows: In Sec-

tion 2, we present the numerical procedure to ap-

proximate the solution. In Section 3, a numerical

example is given.

∗Corresponding Author
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2 Numerical procedure

Employing the transformations:

V (x, t) = U(x, t) + r(x), (7)

r(x) =
1

c2

∫ x

0

(x− α)f(α)dα, (8)

and apply (6), the problem (1)-(5) which contains

three unknown functions, transform to a partial dif-

ferential equation (PDE) containing only one un-

known function as follows:

Vt(x, t) = c2Vxx(x, t); (9)

V (1, t)− V (1, 0) = g(t)− g(0); (10)

V (x∗, t)− V (x∗, 0) = k(t)− k(0); (11)

V (x∗∗, t)− V (x∗∗, 0) = h(t)− h(0); (12)

where in (9), 0 < x < 1, 0 < t < T and in

(10)-(12), we have 0 ≤ t ≤ T . The fundamen-

tal solution of equation (9) is given as F (x, t) =
1√

4c2πt
e−

x2

4c2tH(t), where H(t) is the Heaviside

function. Assume that T0 > T is a constant, then

the following time shift function

ϕ(x, t) = F (x, t+ T0), (13)

is a general solution of (9) into domain [0, 1]×[0, T ].

Let (xj , tj)
n
j=1, (xj , tj)

n+m
j=n+1 and

(xj , tj)
n+m+l
j=n+m+1 denote the discretizing points of

equations (10)-(12), respectively. Following the

idea of MFS [6], the approximate solution of the

problem (9)-(12) can be expressed by the following

linear combination:

V ∗(x, t) =
n+m+l∑
j=1

λjϕ(x− xj , t− tj), (14)

where the basic function ϕ(x, t) is given by equation

(13) and λj are unknown coefficients to be deter-

mined. Now from (10)-(12) in discretizing points

and (14), we obtain the following system of linear

equation for unknown coefficients λj :

Aλ = b, (15)

where

A =

 ϕ(1− xj , ti − tj)− ϕ(1− xj , 0− tj)

ϕ(x∗ − xj , tp − tj)− ϕ(x∗ − xj , 0− tj)

ϕ(x∗∗ − xj , ts − tj)− ϕ(x∗∗ − xj , 0− tj)

 ,

and

λ =


λ1

λ2

...

λn+m+l

 , b =

 gi − g(0)

kp − k(0)

hs − h(0)

 ,

where i = 1, 2, ..., n, p = n + 1, n + 2, ..., n + m,

s = n + m + 1, n + m + 2, ..., n + m + l and

j = 1, 2, ..., n + m + l. Since the inverse problem

is ill-posed, the matrix A in (15) is ill-conditioned.

Thus we use the Tikhonov regularization method

with the GCV criterion to solve (15) [1].

Denote the regularized solution of equation

(15) by λα∗
. Then the approximated solution w∗

α

for problems (9)-(12) may be given as:

V ∗
α (x, t) =

n+m+l∑
j=1

λα∗

j ϕ(x− xj , t− tj). (16)

Consequently, from (2) and (7), we obtain:

r∗(x) =
n+m+l∑
j=1

λα∗

j ϕ(x− xj , 0− tj)− φ(x). (17)

From (7) and (16) the solution of problem

(1)-(5) is then given by:

U∗
α(x, t) = V ∗

α (x, t)− r∗(x)

=
n+m+l∑
j=1

λα∗

j [ϕ(x− xj , t− tj)

− ϕ(x− xj , 0− tj)] + φ(x), (18)

and from (8) and (17) we have:

f∗(x) = c2r∗
′′

(x)

= c2
n+m+l∑
j=1

λα∗

j ϕxx(x− xj , 0− tj)− φ
′′
(x),
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hence from (18), the heat flux at surface x = 0 is

given by:

U∗
αx

(0, t) =

n+m+l∑
j=1

λα∗

j [ϕx(0− xj , t− tj)

− ϕx(0− xj , 0− tj)] + φ′(0).

3 Numerical example

Example. Let us consider the following inverse

problem:

Ut(x, t) = Uxx(x, t) + f(x); 0 < x < 1, 0 < t < 1,

U(x, 0) = 0; 0 ≤ x ≤ 1,

U(1, t) = 0; 0 ≤ t ≤ 1,

U(x∗, t) = (1− e−π2t) sin(x∗π); 0 ≤ t ≤ 1,

U(x∗∗, t) = (1− e−π2t) sin(x∗∗π); 0 ≤ t ≤ 1.

The exact solution of this problem is U(x, t) =

(1 − e−π2t) sin(πx), f(x) = π2 sin(πx), q(t) =

π(1− e−π2t).

We use the noisy data g̃ = gexact+σ.rand(1)

where gexact is the exact data and rand(1) is a ran-

dom number between (-1,1) and the magnitude σ

indicates the error level.

The results of using MFS to solve this prob-

lem are shown in tables 1, 2, 3 and in figures 1, 2,

3 and 4. Table 1 shows the values of RMS(q(t))

and RMS(f(x)) for various values of x∗, x∗∗ and

T = 1.2. The root mean square error (RMS) is

defined as:

RMS(f(x)) =

√√√√ 1

Nt

Nt∑
i=0

(f(xi)− f∗(xi))2,

where Nt is total number of testing points in the

domain [0,1].

From table 1, we conclude that the numer-

ical results are more accurate when x∗ = 0.1 and

x∗∗ = 0.2. Table 2 and figures 1 and 2, respectively,

present the values of q(t) and f(x) analytically and

numerically with noiseless data. Table 3 and fig-

ures 3 and 4, respectively, show the values of q(t)

and f(x) with noisy data when σ = 0.1%.

TABLE 1

The values of RMS(f(x)) and RMS(q(t)) with noiseless data

for various values of x∗ and x∗∗ when n = m = l = 20 and

T = 1.2.

x∗ x∗∗ RMS(f(x)) RMS(q(t))

0.1 0.9 1.55277 × 10−4 5.09988 × 10−5

0.2 0.8 0.00114915 3.52251 × 10−5

0.3 0.7 0.00165893 3.35114 × 10−4

0.4 0.6 7.49793 × 10−4 2.41873 × 10−4

0.1 0.2 1.82801 × 10−4 2.38947 × 10−5

0.8 0.9 0.00592544 0.00202986

TABLE 2

The values of exact and numerical f(x) and q(t) with noiseless

data when n = m = l = 20, T = 1.2.

x, t f(x)Exa. f(x)Num. q(t)Exa. q(t)Num.

0.0 0.00000000 0.00013880 0.00000000 0.00000000

0.2 5.80120791 5.80118176 2.70519045 2.70521484

0.4 9.38655157 9.38656515 3.08097153 3.08099591

0.6 9.38655157 9.38676156 3.13317170 3.13319608

0.8 5.80120791 5.80090255 3.14042289 3.14044740

1.0 0.00000000 −0.0000353 3.14143016 3.14145496

TABLE 3

The values of f(x) and q(t) with discrete noisy data when

σ = 0.1%, n = m = l = 11, T = 2.5.

x, t f(x)Exa. f(x)Num. q(t)Exa. q(t)Num.

0.0 0.00000000 0.01025340 0.00000000 0.00000001

0.2 5.80120791 5.80987310 2.70519045 2.70839867

0.4 9.38655157 9.39018241 3.08097153 3.08382631

0.6 9.38655157 9.39120660 3.13317170 3.13721574

0.8 5.80120791 5.81155004 3.14042289 3.14412615

1.0 0.00000000 0.01003147 3.14143016 3.14469048
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Figure 1: The values of exact and numerical Ux(0, t) = q(t)

with noiseless data when n = m = l = 20, T = 1.2.
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Figure 2: The values of exact and numerical f(x) with

noiseless data when n = m = l = 20, T = 1.2.
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Figure 3: The values of exact and numerical Ux(0, t) = q(t)

with noisy data when n = m = l = 11, T = 2.5 and σ = 0.1%.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

7

8

9

10

x

f(
x)

 

 
Exact
Numeric

Figure 4: The values of exact and numerical f(x) with noisy

data when n = m = l = 11, T = 2.5 and σ = 0.1%.

4 Conclusion

This paper presents the use of the fundamental so-

lutions method for approximating unknown heat

flux at x = 0 and heat space-dependent source in

an IHCP. This method is meshless and integrable

free approach. First an transformation is used to

reduce the problem to a problem with only one un-

known, then the MFS is considered to solve the

problem. The numerical example shows that this

method is very powerful and accurate.
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Abstract: In this paper, a novel algorithm based on new modified Homotopy Perturbation Method, called

NHPM, for fractional partial differential equations was proposed. The solution process is elucidated including

how to construct a suitable homotopy equation and how to choose an initial solution. Some examples are

given to reveal the effectiveness and convenience of the method.
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1 INTRODUCTION

In recent years, considerable research and inter-

est in fractional differential equations has been

stimulated due to their numerous applications in

many areas like physics, and engineering [1]. Many

important phenomena in electromagnetics, acous-

tics, viscoelasticity, electrochemistry, corrosion and

material science are well described by differential

equations of fractional order [2]. In this study,

a new version of the HPM[3-5], which efficiently

solves fractional differential equations, is being in-

troduced.

2. Theory of the Method

To illustrate the application and methodology of

using the proposed new method, the following frac-

tional differential equation will be considered:

A(u(X, t)− f(r) = 0, r ∈ Ω, (1)

B(u(X, t), ∂u/∂n) = 0, r ∈ Γ, (2)

where A is a general differential operator, f(r)is

a known analytic function, B is a boundary con-

dition, Γ is the boundary of the domainΩ,and

X = (x1, x2, . . . xn).

In general, the operator Acan be divided into two

operators, Land N, where L is a linear operator,

while N is a non-linear operator.

In this case, equation (1) can be re-written as fol-

lows:

L(u) +N(u)− f(r) = 0. (3)

satisfies:

H(U, p) = (1− p)[L(U)− L(u0))] +

p[A(U)− f(r)] = 0, p ∈ [0, 1], r ∈ Ω, (4)

∗Corresponding Author
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or

H(U, p) = L(U)− L(u0) + pL(u0)

+ p[N(U)− f(r)] = 0. (5)

Wherep ∈ [0, 1], is called homotopy parameter, and

u0is an initial approximation for the solution of

Eq.(1), which satisfies the boundary conditions.

Obviously from Eqs. (4) and (5), Eqs. (6) and (7)

could be derived and written as:

H(U, 0) = L(U)− L(u0) = 0, (6)

H(U, 1) = A(U)− f(r) = 0. (7)

It is assumed that the solution of Eq. (6)

or Eq. (7) could be expressed as a series inp, as

follows:

U = U0 + pU1 + p2U2 + . . . (8)

Setting p = 1, produces the approximate so-

lution of Eq. (1), which could be written in the

following form:

u = lim
p→1

U = U0 + U1 + U2 + . . .

Now Eq. (5) will be written in the following

form:

L(U(X, t)) = u0(X, t) + p[f(r(X, t))

− u0(X, t)−N(U(X, t))]. (9)

By applying the inverse operator, L−1, to both

sides of Eq. (9), Eq. (10) could be derived:

U(X, t) = L−1(u0(X, t))

+ p(L−1(f(r)))− p(L−1(u0(X, t)))

− p(L−1(N(U(X, t))). (10)

Suppose that the initial approximation of Eq. (1)

has the form:

u0(X, t) =

∞∑
n=0

an(X)Pn(t) (11)

where a1(X), a2(X), a3(X), . . .are unknown coeffi-

cients, and P0(t), P1(t), P2(t), . . .are specific func-

tions dependent on the problem. Now by substi-

tuting Eqs. (8) and (11) into Eq. (10), we get:

∞∑
n=0

pnUn(X, t) = U(X, t) = L−1(

∞∑
n=0

an(X)Pn(t))

+ pL−1(f(r))− L−1(
∞∑

n=0

an(X)Pn(t))

− L−1(N(
∞∑

n=0

pnUn(X, t))). (12)

Comparing the coefficients of terms with the iden-

tical powers of p, leads to:

p0 : U0(X, t) = L−1(
∞∑

n=0

an(X)Pn(t)),

p1 : U1(X, t) = L−1(f(r))

− L−1(
∞∑

n=0

an(X)Pn(t))

− L−1N(U0(X, t)),

p2 : U2(X, t) = −L−1N(U0(X, t), U1(X, t)),

p3 : U3(X, t) = −L−1N(U0(X, t), U1(X, t), U2(X, t)),
...

...

(13)

pj : Uj(X, t) =

− L−1N(U0(X, t), U1(X, t)

, U2(X, t), . . . , Uj−1(X, t)),

Now, if the above equations are solved in such a

way that U1(X, t) = 0, then Eq. (13) results in:

U1(X, t) = U2(X, t) = · · · = 0,

Therefore, the exact solution may be obtained as

follows:

u(X, t) = U0(X, t) = L−1

( ∞∑
n=0

an(X)Pn(t)

)
,
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To show the capability of this method, it will

be applied to some examples in the next section.

The computations associated with the following ex-

amples were performed using MAPLE 15 software.

Example 1

Let us consider the following time-fractional equa-

tion:

∂αu

∂tα
+x

∂u

∂x
+

∂2u

∂x2
= 2tα +2x2 +2, 0 < α ≤ 1.

(14)

with the initial condition:

[u(x, 0) = x2. (15)

To solve Eq. (14), the following homotopy should

be constructed:

∂αU

∂tα
(x, t) = u0(x, t)

− p(u0(x, t) + x
∂U

∂x
+

∂2U

∂x2
)

− p(2tα − 2x2 − 2), (16)

Applying the inverse operator, Jα
t to both sides of

the above equations, results in:

U(x, t) = U(x, 0) + Jα
t u0(x, t)

− Jα
t u0(x, t) + x

∂U

∂x

+
∂2U

∂x2

− 2tα − 2x2 − 2, (17)

Suppose the solution of Eq. (17) has the form of

Eq. (8), then substituting Eq. (8) into Eq. (17),

and after collecting the terms with the same pow-

ers of p, and equating each coefficient of p to zero,

Solving the above equation for U1(x, t) leads to the

following result:

U1(x, t) = − 1

Γ(α+ 1)
a0(x)t

α

− Γ(α+ 1)

Γ(2α+ 1)
a1(x)−

x

Γ(2α+ 1)
a′0(x)

− 1

Γ(2α+ 1)
a′′0(x)

+ 2
Γ(α+ 1)

Γ(2α+ 1)
t2α

− Γ(2α+ 1)

Γ(3α+ 1)
a2(x)−

Γ(α+ 1)

Γ(3α+ 1)
a′1(x)

− Γ(α+ 1)

Γ(3α+ 1)
a′′1(x)t

3α+ · · · (18)

With vanishing U1(x, t), it could easily be

shown that:

a0(x) = 0, a1(x) = 2, a2(x) = 0, a3(x) = 0, · · ·

Therefore, we get the solution of Eq. (??) as:

u(x, t) = U0(x, t) = x2 +
2Γ(α+ 1)

Γ(2α+ 1)
t2α

which is an exact solution.

Example 2

Consider the following fractional Fisher equation:

∂αu

∂tα
=

∂2u

∂x2
+ u(1− u), 0 < α ≤ 1. (19)

with a constant initial condition:

u(x, 0) = λ.

For solving Eq. (18), the following homotopy

should be constructed:

∂αU

∂tα
(x, t) = u0(x, t)

− p(u0(x, t) +
∂αU

∂tα
)

− p(
∂2U

∂x2
− U(1− U)), (20)

Applying the inverse operator, Jα
t to both sides of

the above equation, results in:
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U(x, t) = U(x, 0) + Jα
t u0(x, t)− Jα

t u0(x, t)

+
∂αU

∂tα
− ∂2U

∂x2
− U(1− U), (21)

Suppose the solution of Eq. (20) have the form

shown in Eq. (8), then substituting Eq. (8) into

Eq. (20) and equating the coefficients of p with the

same power, leads to:

U1(x, t) = (− 1

Γ(α+ 1)
a0(x) +

λ

Γ(α+ 1)

− λ2

Γ(α+ 1)
)tα

− (
Γ(α+ 1)

Γ(2α+ 1)
a1(x) +

1

Γ(2α+ 1)
a′′0(x)

+
1

Γ(2α+ 1)
a0(x)

− 2λ
1

Γ(2α+ 1)
a0(x))t

2α+ · · · (22)

Therefore, the solution of the fractional dif-

ferential equation can be expressed as follows:

u(x, t) = U0(x, t) =
λ(1−λ)
Γ(α+1) t

α + λ(1−λ)(1−2λ)
Γ(2α+1) t2α

+
(
−λ(1−λ)(1−2λ)2

Γ(2α+1) + (λ−2λ)2

(Γ(α+1))2

)
Γ(2α+1)
Γ(3α+1) t

3α + . . . ,

For the special case α = 1,the solution will be as

follows:

u(x, t) = λ(1− λ)tα +
λ(1− λ)(1− 2λ)

2
t2

+ (−λ(1− λ)(1− 2λ)(1− 6λ+ 6λ2)

6
)t3

+ . . . =
λet

1− λ+ λet
(23)

which is an exact solution.

3. Conclusion

In this manuscript, a novel algorithm for solving

fractional differential equations was successfully de-

veloped and tested. The proposed method is simple

and it finds exact solution to all equations using ini-

tial condition only. This method is also very power-

ful in finding solutions to various types of physical

problems in many important practical applications.

One of the other main advantages of this method

is its fast convergence to the solution.
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Abstract: The element free Galekin (EFG) method is a meshless procedure that employs moving least
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Using the MLS approximation reduces necessity to mesh generation for approximation and this method
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background mesh is purposed. The numerical results reveal the efficiency of the presented method.
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1 INTRODUCTION

Mesh generation has always posed challenges for

computational scientists, because it is time con-

suming and complicated. In recent decades, a

new class of methods known as meshless meth-

ods have became interesting. These methods do

not need to a mesh in the domain of the problem.

They are more flexible in practical applications.

Most of them are not really meshless methods,

since they use a background mesh for the numer-

ical integration of the weak form. To be a truly

meshless method, both interpolation and integra-

tion should be performed without a mesh. Finite

point method (FPM) [5] are meshless local Petrov-

Galerkin (MLPG) method [1] are truly meshless

methods.

Element free Galerkin (EFG) method [2, 3], is not

a truly meshfree procedure. The major features of

the EFG method are as follows:

1. The MLS approximation is used to create the

shape functions.

2. Galerkin weak form is employed to discretize

the governing partial differential equation.

3. Cells of the background mesh for integration

are required to carry out integration to calculate

matrices system.

2 THE MLS APPROXIMA-

TION SCHEME

Consider a set of N nodes scattered in the problem

domain Ω and let {xi} be the coordinate of node

i, the moving least squares (MLS) approximation

∗Corresponding Author
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uh(x) of u(x), ∀x ∈ Ω, can be defined as

uh(x) =
n∑

i=1

ϕi(x)ui = ΦT (x)u, x ∈ Ω, (1)

where ui is the value of the u at node xi. Here ϕi

is the shape function of node i, given by

ϕi(x) = DT (x)p(xi)wi(x) (2)

where p(x) is a complete monomial basis of order

m. For example for a 2D problem, by quadratic

basis

pT (x) = [1, x, y, x2, xy, y2], m = 6.

Also wi(x) is a weight function associated with

the node i, and

D(x) = A−1(x)p(xi), (3)

with

A(x) =
N∑
i=1

wi(x)p(xi)p
T (xi). (4)

An excellent details about MLS approximation can

be found in [4].

3 THE EFG METHOD

To describe the ideas a well known equation is con-

sidered. More description of the method can be

found in [2]. Consider the Poisson’s equation as

follows:

−∆u = f in Ω, (5)

Here Ω is problem domain enclosed by Γ = Γu∪Γq

with boundary conditions

u = ū on Γu,

∂u

∂n
= q̄ on Γq.

The weak form of equation (5) is written as follow:∫
Ω

∆uvdΩ =

∫
Ω

fvdΩ, (6)

where v is the test function. Applying the Diver-

gence Theorem to the above equation leads to:∫
Ω

∇u.∇vdΩ =

∫
Γ

∂u

∂n
vdΓ +

∫
Ω

fvdΩ, (7)

which is the global integral equation. The MLS

shape functions do not possess the Kroneker delta

property, therefore the Dirichlet boundary condi-

tions in the EFG method usually enforce by La-

grange multipliers or penalty method. In this work

the Lagrange multipliers are used, so∫
Ω

∇u.∇vdΩ =

∫
Γq

∂u

∂n
vdΓ−λ

∫
Γu

(u−u)dΓ+

∫
Ω

fvdΩ,

(8)

where λ is the Lagrange multiplier . It can be ex-

pressed by

λ(s) =
∑
i

Ni(s)λi,

on which Ni(s) is a Lagrange interpolant and s is

the arc length along the Dirichlet boundary Γu.

Here Γq denotes the Neumann boundary. Because

of the Galerkin method, the test function v must

be the same with the MLS shape function ϕ. The

value of u on Γu is denoted by u.

Applying the MLS scheme for approximation of

function u leads to the following system K G

GT 0


 u

λ

 =

 F

q

 , (9)

where

Kij =

∫
Ω

∇ϕi.∇ϕjdΩ, xi ∈ Ω, (10)

u = [u1, u2, ..., un].

Also

Gij =

∫
Γu

ϕiNjds, (11)

and

qi =

∫
Γu

uiNids. (12)

To assemble matrix K, the partitioning of the do-

main into integration cells is needed. Integration

cells usually produce by two methods:

• Cover the problem domain with a uniform

square mesh.

• Embedding the problem domain by a trian-

gular mesh.
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Both of them have some advantages and some dis-

advantages. For the first one, it is not necessary

to use any spacial mesh generation tool for square

cells. In fact, it can be done by uniformly dis-

tribution nodes on region, that is easy to imple-

ment. The main disadvantage of this method is

that the square cells do not create a body fitted

mesh for those regions that are not square or rect-

angle, Fig. 1, shows this shortcoming. In this cases

there are two types of the square cells: some of

them lie in the problem domain completely and

others cut the domain boundary. In this study they

called cut squares. Using a non body fitted mesh

could be yields decreasing accuracy.

Figure 1: Cell structure with the first method for circle.

In the second method, triangular meshes are more

flexible and could be match better with the com-

plex regions. Therefore the accuracy almost always

is better than using square cells, but in this case

mesh generation is more complex and time consum-

ing. Also a tool is necessary to generate triangular

mesh, see Fig. 2.

Figure 2: Cell structure with the second method for circle.

The main purpose of this article is posed a method

that does not need to any spacial tool for mesh

generation and produces integration cells that are

nearly fit with the domain.

3.1 Implementation of the Present

Procedure

The implementation of the present scheme is car-

ried out according to:

1. Cover the problem domain by square cells.

2. Determine the cut squares.

3. Find intersections of the cut squares sides and

domain boundary. we called them, intersec-

tion points. It should be noted that each cut

square has two intersection points.

4. Connect the intersection points together,

therefore the cut square is divided into two

cells. One of them is inside the problem do-

main and the other can be considered outside

of the domain, although it is not completely

outside of the domain.
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Figure 3: Cell structure with the new procedure for circle.

There are three types of the inside cells: triangle,

quadrilateral and pentagon.

To evaluate the integrals on cells, the Gaussian

quadrature rules are used for triangles and quadri-

laterals. but the pentagons are divided into one tri-

angle and one quadrilateral. Finally, integrals on

each triangle or quadrilateral are evaluated using

corresponding Gaussian quadrature rule. Fig. 3,

shows background mesh in this case. Many pa-

rameters could be effect on the results in the EFG

method, but the number of Gaussian points has

the most effect on the result. Table 1 shows the er-

rors of the second and the new procedure by nearly

equal Gaussian points. Here N1 and N2 are the

number of Gaussian points in the second method

and new method, respectively. Also E1 and E2 are

the relative error using L2 norm in each case.

TABLE 1

THE RELATIVE ERROR BY L2 NORM IN THE SECOND

AND THE NEW METHOD
N1 E1 N2 E2

408 1.6e-03 400 3.5e-03

1384 1.9e-03 1408 1.2e-03

5632 8.0e-04 5632 8.0e-04

21376 6.0e-04 21696 5.0e-04
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Integral Equation Formulation and Numerical Solution

of Blasius Boundary Layer Problem
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Abstract: The well-known Blasius boundary layer fluid flow problem is a third order nonlinear ordinary

differential equation derived from the Navier-Stokes equations. We use a kind of transformation and convert

this problem to a nonlinear Volterra integral equation with some properties such that we can apply the

quasilinearization technique to this equation which gives two coupled sequences of linear Volterra integral

equations. The coupled linear integral equations may be solved by collocation method numerically and

this gives an approximation solution for nonlinear integral equation and has this advantage that we do not

encounter solving nonlinear algebraic systems. By employing the used transformation numerical solving of

the Blasius equation are given. The error of the method has a quadratically convergence in iterative schemes

and an error of order O(hm) for collocation method.

Keywords: The author shall provide up to 5 keywords to help identify the major topics of the paper.

1 INTRODUCTION

To introduce the background of the Blasius bound-

ary layer, this problem arises when considering the

two-dimensional steady flow of an incompressible

fluid with a free-stream velocity, U∞, over a semi-

infinite flat plate which is parallel to the fluid flow.

Since the viscous effects are limited to a thin layer

near the surface, across which the velocity changes

from zero at the wall to the main-stream velocity

U∞ at the edge of this layer, such a flow is called

boundary layer flow [1, 2]. A theoretical analysis

of the Blasius boundary layer problem was given

by Weyl [3] for the first time. Many researchers in

resent years have tried to solve this problem nu-

merically. In this study by converting the Blasius

problem to a nonlinear Volterra integral equation,

we give a new computational method for solving

this problem. Arisen integral equation satisfies in

the assumptions required to the method of quasi-

linearization.

The idea of the method of quasilinearization as de-

veloped by Bellman and Kalaba [4, 5] is to pro-

vide existence results for a wide variety of nonlinear

problems and when combined with the technique

of lower and upper solutions, generalized quasilin-

earization technique is derived that yields pointwise

lower and upper estimates and it is needed that the

nonlinear function involved in convex or concave.

The lower and upper estimates are the solutions

of the corresponding linear problems that converge

quadratically to the solution of the given nonlinear

problem.

In the area of integral equations consider the fol-

∗Corresponding Author
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lowing nonlinear equation:

u(t) = h(t) +

∫ t

0

k(t, s, u(s))ds. (1)

The method of generalized quasilinearization is de-

veloped in [6] to solve Eq. (1). When k is non-

increasing in u and satisfies a Lipschitz condition,

this technique offers coupled monotonic sequences

of linear iterations

vp(t) = h(t) +

∫ t

0

(
k(t, s, wp−1(s))

+ ku(t, s, wp−1(s))
(
wp(s)− wp−1(s)

))
ds, (2)

wp(t) = h(t) +

∫ t

0

(
k(t, s, vp−1(s))

+ ku(t, s, wp−1(s))
(
vp(s)− vp−1(s)

))
ds, (3)

uniformly and quadratically convergent to the

unique solution of (1) where v0(t) and w0(t) are

coupled lower and upper solutions of (1) defined

in following. It is possible to employ numerical

methods to solve these two coupled linear integral

equations in a piecewise continuous polynomials

space and to combine it with the iterative schemes

(where with respect to their linearity and quadrat-

ically convergent is more rapid in convergence) to

approximate the unique solution of the nonlinear

integral equation (1), under some conditions on k

as mentioned above.

The idea of generalized quasilinearization provides

this computational way to the Blasius problem and

because of linearizaion property of this method, we

avoid to face with nonlinear algebraic systems be-

cause we solve a series of linear integral equations

in place of nonlinear one and it is possible to ap-

proximate the solution of Blasius equation in a

large interval rather than previous works.

2 Conversion of the Blasius

Equation to an Integral

Equation

Boundary layer flow of Newtonian fluids can be

studied by means of the Navier-Stokes equations,

which are derived from the laws of conservation

of mass and of momentum. For a fluid flow with

a velocity U∞ over a semi-infinite flat plate, the

Navier-Stokes equations and their boundary condi-

tions become

∂u

∂x
+
∂v

∂y
= 0

u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2

u(x, 0) = v(x, 0) = 0, u(x,∞) = U∞,

that are known as Prandtl boundary-layer equa-

tions. Here u and v are the velocity components

in the x and y directions, respectively, and ν is the

kinematic viscosity. The goal in this problem of the

flat plate is the shear at the plate, ∂u∂y (x, 0). Know-

ing it, we can calculate the viscous drag on the

plate. Blasius [7] in 1908 by introducing a stream

function ψ such that u = ∂ψ
∂y and v = −∂ψ

∂x and a

similarity transformation

η = y

√
U∞

νx
, f(η) =

ψ√
νxU∞

,

convert the Prandtl boundary-layer equations to a

boundary value problem (Blasius equation)

2f ′′′(η) + f(η)f ′′(η) = 0,

f(0) = f ′(0) = 0, f ′(∞) = 1.

Using transformation groups [?, ?] its equivalent

initial value problem

2F ′′′(t) + F (t)F ′′(t) = 0, (4)

F (0) = F ′(0) = 0, F ′′(0) = 1. (5)

is considered by relations η = (F ′(∞))
1
2 t and

f = (F ′(∞))
−1
2 F . The value of the shear at the

plate is

∂u

∂y
(x, 0) =

√
U3
∞
νx

f ′′(0) =

√
U3
∞
νx

F ′(∞)
−3
2 ,

2
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then the second derivative of f(η) at zero plays an

important role in solving the problem. Initial value

problem (4)-(5) can be converted to the following

nonlinear second kind Volterra integral equation

u(t) =
1

4

∫ t

0

(t− s)2e−u(s)ds, (6)

and to compute the value of the shear at the plate

we need

F ′(∞) =

∫ ∞

0

e−u(s)ds,

to be computed. Integral equation (6) is a kind

of integral equation (1) and to solve it we employ

the generalized quasilinearization technique which

yields two iterative schemes of linear Volterra inte-

gral equations. The solutions of these linear equa-

tions can easily be approximated using step-by-step

collocation method which gives an approximation

for u(t), the solution of the equation (6).

3 Volterra Integral Inequali-

ties

Definition 3.1. For T ∈ R and T > 0 let J =

[0, T ] and D = {(t, s) ∈ J × J : s ≤ t}. If for

functions v, w ∈ C[J,R],

w(t) ≥ h(t) +

∫ t

0

k(t, s, v(s))ds,

v(t) ≤ h(t) +

∫ t

0

k(t, s, w(s))ds, t ∈ J,

then v and w are said to be coupled lower and up-

per solutions of Eq. (1) on J .

Theorem 3.2. suppose that

Ω = {(t, s, u) ∈ D ×R ; v0(t) ≤ u ≤ w0(t), t ∈ J},

and

(H1) v0, w0 ∈ C[J,R], v0(t) ≤ w0(t) on J , are cou-

pled lower and upper solutions of (1) on J respec-

tively.

(H2) k ∈ C2[Ω, R], ku(t, s, u) ≤ 0 and the sign of

kuu(t, s, u) does not change on J for (t, s, u) ∈ Ω.

Then the two coupled iterative schemes (2) and (3)

define a nondecreasing sequence {vp(t)} and a non-

increasing sequence {wp(t)} in C[J,R] such that

vp −→ u and wp −→ u uniformly on J , and the

following quadratic convergent estimate holds:

∥rp(t)∥ ≤
(
TQ+

T 2

2
PQ exp(PT )

)
∥rp−1(t)∥2,

where

∥rp(t)∥i =

[
∥u(t)− vp(t)∥i

∥wp(t)− u(t)∥i

]
, i = 1, 2,

Q =

[
0 M1

2M1 M1

]
, P =

[
0 M2

M2 0

]
,

and M1 = maxΩ kuu, M2 = maxΩ ku. Also these

two sequences satisfy the relation

v0 ≤ v1 ≤ · · · ≤ vp ≤ wp ≤ · · · ≤ w1 ≤ w0.

4 Discretization and Error

Analysis

By letting

xp(t) =

[
vp(t)

wp(t)

]
, yp(t) =

[
Hp(t)

Gp(t)

]
,

fp(t, s) =

[
0 kp(t, s)

kp(t, s) 0

]
,

the coupled equations (2) and (3) may be written

in the following form of system of equations:

xp(t) = yp(t) +

∫ t

0

fp(t, s)xp(s)ds. (7)

The solution of this coupled system will be approxi-

mated by collocation method in the piecewise poly-

nomials space

S
(−1)
m−1(Jh) = {q(t) ∈ C−1[J,R2] :

q|σn ∈ πm−1 × πm−1; 0 ≤ n ≤ N − 1},

with Jh = {0 = t0 < t1 < · · · < tN = T}. The

collocation solution is denoted by

x̂p(t) =

[
v̂p(t)

ŵp(t)

]
∈ S

(−1)
m−1(Jh), p = 1, 2, . . . ,
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and defined by the system of collocation equations

x̂p(t) = yp(t) +

∫ t

0

fp(t, s)x̂p(s)ds, t ∈ Xh, (8)

where Xh contains the collocation points

Xh = {tn + cihn : 0 ≤ c1 ≤ · · · ≤ cm ≤ 1}. (9)

The collocation equation (4.7) is transformed to the

algebraic system of linear equations

(I2m − hnB
n
p )X

n
p = yp + Fnp , 0 ≤ n ≤ N − 1. (10)

Here I2m denotes the (2m)× (2m) identity matrix.

When the unknown vector Xn
p is computed from

(10), the collocation solution for t = tn + zhn ∈
σ̄n = [tn, tn+1] is given by

x̂p(t) = yp(t) + Fnp (t)

+ hn

m∑
j=1

(∫ ci

0

fp(t, tn + shn)Lj(s)ds
)
Xp
n,j .

Theorem 4.1. Suppose that in (7), fp ∈ Ci[D,R2]

and yp ∈ Ci[J,R2] , where 1 ≤ i ≤ m, and

x̂p ∈ S
(−1)
m−1(Jh) is the collocation solution of (7)

with h ∈ (0, h̄), defined by (8). If xp(t) is the exact

solution of (7), then

∥xp − x̂p∥ =

[
∥vp − v̂p∥
∥wp − ŵp∥

]

≤ C∥x(i)p ∥hi = C

[
∥v(i)p ∥
∥w(i)

p ∥

]
hi,

holds on J , for any collocation points Xh. The con-

stant C depends on the parameters {ci} but not on

h.

The inequality[
∥u− v̂p∥
∥ŵp − u∥

]
≤

[
∥u− vp∥
∥wp − u∥

]
+

[
∥vp − v̂p∥
∥wp − ŵp∥

]
,

and Theorems (3.2) and (4.1) show that the se-

quences of the collocation solutions {v̂p(t)} and

{ŵp(t)} is convergent to the unique solution u(t) of

nonlinear integral equation (3.1). In this inequality

the first term in the right hand side is quadratically

convergent and the second term has a convergent

of order O(hi), 1 ≤ i ≤ m.

5 Numerical Solution of Bla-

sius Equation

In this section the presented method is applied

to solve numerically the Blasius problem. From

the obtained results and comparing them with the

other results, it proves that the presented method

is one of the most effective methods for solving this

problem.
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دار اندیس متغیرهای سیستم برای ارگودی نظریه ی

apouhassani@gmail.com پرند. واحد ، اسالم آزاد اه دانش ، گروه ریاض علم هيأت عضو ،* پوحسن علیرضا

فرآیندهای به آن تعمیم ضمن و شده هماهنگ سیماها با توپولوژی نظم بی مفهوم ، موضع توپولوژی معرف با یده: چ
شد. خواهد استخراج ارگودی خواص پذیر، اندیس پویای های دستگاه و پذیر اندیس

پذیر. اندیس پویای دستگاه پذیر، اندیس فرآیند ، توپولوژی نظم بی ، موضع توپولوژی سیما، کلیدی: کلمات

معرف

متغیرهای «سیستم سازی مخفف برای را «سیما» کلمه
و گسسته سیماهای کرد. خواهیم استفاده « دار اندیس

شوند: م تعریف زیر ترتیب به پیوسته

و ناته مجموعه ی X کنید فرض (آ) .١ تعریف
باشد. X روی روابط از ای خانواده E = {ρi}i∈I⊆(۰,۱]

هرگاه: نامیم م گسسته سیمای ی را (X,E) زوج

که چنان باشد موجود ρ ∈ E ،x, y ∈ X هر برای ١ آ.
xρy؛

yρx؛ گاه آن xρy اگر ρ ∈ E و x, y ∈ X هر برای آ.٢

ρ ∈ E هر برای اگر تنها و اگر x = y ،x, y ∈ X برای آ.٣
.xρy باشیم داشته

α : X×X −→ و ناته مجموعه Xی فرضکنید (ب)
که چنان باشد نگاشت [۰,۱]

,α(x؛ y) = α(y, x) ب.١

x؛ = y اگر تنها و ,α(xاگر y) = ۱ ب.٢
سیمای ی را (α اختصار به (یا (X,α) زوج گاه آن

نامیم. م X روی پیوسته
بود. خواهد پیوسته سیماهای بر ما تمرکز نوشتار این در

نیم روابط همه مجموعه بین ی به ی تناظر .١ گزاره
پیوسته سیماهای همه و X ناته مجموعه روی ارزی هم

دارد. وجود ،X روی

X روی پیوسته سیمای دو β و α اگر (آ) .٢ تعریف
نمایش α ≺ β با و است β از تظریف α گوییم م باشند،
.α(x, y) ≤ β(x, y) ,x؛ y ∈ X هر برای هرگاه دهیم؛ م
Xباشند؛ روی پیوسته سیمای دو β و α فرضکنید (ب)
صورت به و داده نمایش α∇β با را β و α جبری الحاق

کنیم: م تعریف زیر

(α∇β)(x, y) = α(x, y).β(x, y) ∀x, y ∈ X

پیوسته سیمای ی α∇β تعریففوق، عالئم با .٢ گزاره
هست: هم زیر خواص دارای که است X روی

١
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α∇β؛ = β∇α آ.

.α∇β ≺ β و α∇β ≺ α ب.

X روی پیوسته سیمای دو β و α کنید فرض .٣ تعریف
و دهیم م نمایش α∨

β با را β و α الحاق باشند.

α ∨ β(x, y) =
α(x, y).β(x, y) ؛ α(x, y) ̸= β(x, y)

α(x, y) ؛ α(x, y) = β(x, y)

نظم بی و موضع توپولوژی
توپولوژی

،α و بوده X از ثابت عنصر x همواره مطالب، ادامه در
هستند. X روی ای پیوسته سیماهای ... و β

کنید فرض r ∈ [۰,۱] برای

Nr(x) = {y ∈ X;α(x, y) ≥ r}

ی τα گاه آن .τα = {Nr(x)}r∈[۰,۱] ∪ {∅} دهید قرار و
موضع توپولوژی را آن که است X روی توپولوژی

نامیم. م α به وابسته X روی پذیر) اندیس (توپولوژی

گوییم م صورت، این αدر ≺ β کنید فرض .۴ تعریف
.τα ≺ τβ نویسیم م و است τβ از تظریف τα

شده تولید موضع توپولوژی τα کنید فرض .۵ تعریف
کنید فرض چنین هم .Y ⊆ X و بوده X روی α توسط
آن .Y ⊆ Nr(x, α) که باشد عددی بزرگترین r ∈ [۰,۱]

Y در x توپولوژی نظم بی ، Hx(α, Y ) = − log r گاه
.(log ۰ = ۰ قرارداد (طبق شود م نامیده

Y ⊆ X هر Xو روی β و αسیمای دو هر برای .١ قضیه
داریم:

,Hx(α؛ Y ) ≥ ۰ آ.

,Hx(α؛ Y ) ≤ Hx(β, Y ) گاه آن τα ≺ τβ اگر ب.

.Hx(α ∨ β, Y ) ≤ Hx(α, Y ) +Hx(β, Y ) پ.

نظم بی و پذیر اندیس های نگاشت
اندیس حافظ نگاشت ی

های مجموعه بین نگاشت T : X۱ −→ X۲ کنید فرض
تصویر باشد. X۲ روی سیمایی α و بوده X۲ و X۱ ناته
دهیم؛ م نمایش T−۱α با که را T به وابسته α وارون

.T−۱α(x, y) = α(Tx, Ty) از است عبارت

بوده ی یه ی نگاشت T : X −→ X هرگاه .٢ قضیه
گاه آن باشند. X۲ روی سیمایی i = ۱,۲,۳, ... ها αi و

T−m(α۱ ▽ α۲) = T−mα۱ ▽ T−mα۲ آ.

T−m(▽n
i=۱αi) = ▽n

i=۱T
−mαi ب.

برای YT−mα ≺ T−mβ گاه آن α ≺ β اگر پ.
.m = ۱,۲, ...

نامیده پذیر اندیس T : X۱ −→ X۲ نگاشت .۶ تعریف
T−۱β ،X۲ روی β سیمای هر برای هرگاه شود، م

باشد. X۱ روی سیمایی

X۱ روی ترتیب به سیما دو α, β کنید فرض .٧ تعریف
اندیس حافظ نگاشت را T : X۱ −→ X۲ باشند. X۲ و
T−۱β(x, y) = و بوده پذیر اندیس T هرگاه گوییم،
α = β و X۱ = X۲ اگر .x, y ∈ X هر برای α(x, y)

کند. م حفظ را اندیس T گوییم م

نگاشت پذیر، اندیس های نگاشت ترکیب .٣ قضیه
است. پذیر اندیس

سیما ی α و اندیس حافظ T : X −→ X اگر .۴ قضیه
گاه آن باشد؛ X روی

Hx(T
−nα, Y ) = Hx(α, Y ), ∀Y, Y ⊂ X.

T : X −→ X و بوده X روی سیما ی α کنید فرض
«فرآیند ی را (X,α, T ) تایی کند.سه حفظ را اندیس
اندیس فرآیند این نظم بی و نامیم م پذیر» اندیس

شود: م تعریف چنین پذیر

Hx(T, α, Y ) = Hx(T, α) = lim
n→∞

۱

n
Hx(∨n−۱

i=۰ T
−iα) ∀Y, Y ⊆ X.

٢
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پذیر اندیس فرآیند ی (X,αj , T ) کنید فرض .۵ قضیه
گاه آن j)؛ = باشد(۱,۲

است؛ نامنف مقداری همواره و دارد وجود Hx(T, αj) آ.

,Hx(T؛ α) ≤ Hx(T, β) گاه آن α ≺ β اگر ب.

,Hx(T؛ α) ≤ Hx(α) پ.

,Hx(T؛ α ∨ β) ≤ Hx(T, α) +Hx(T, β) ت.

Hx(T,∨r
i=kT

−iα) = گاه آن ۰ ≤ k ≤ r اگر ث.
,Hx(T؛ α)

,Hx(T؛ T
−۱α) = Hx(T, α) ج.

.Hx(T,∨r
i=۰T

−iα) = Hx(T, α) چ.

آن باشد پذیر وارون فوق، در مذکور T هرگاه .۶ قضیه
داریم k ≥ ۱ برای گاه

Hx(T,∨k
i=−kT

−iα) = Hx(T, α).

اندیس پویای دستگاه ی نظم بی
پذیر

چهارتایی پذیر، اندیس پویای دستگاه ی .٨ تعریف
مجموعه روی سیما ی α آن در که است (X,T, α, x)

است. اندیس حافظ نگاشت T : X −→ X و X ناته

پذیر اندیس پویای دستگاه نظم بی .٩ تعریف
چنین این و دهیم م نمایش hx(T ) با را (X,T, α, x)

کنیم: م تعریف

hx(T ) = supHx(T, α)

م گرفته X روی α سیماهای همه روی سوپریمم که
.hx(T ) ≥ ۰ که است بدیه شود.

(X۲, T۲, α۲, x) پذیر اندیس پویای دستگاه .١٠ تعریف
اندیس پویای دستگاه از (عامل)ی همریخت نگاره را
حافظ نگاشت هرگاه گوییم م (X۱, T۱, α۱, x) پذیر
که چنان باشد موجود f : X۱ −→ X۲ اندیس

(X۱, T۱, α۱, x) و بوده پذیر وارون f اگر .foT۱ = T۲of

گوییم م گاه آن باشد؛ (X۲, T۲, α۲, x) همریخت نگاره
و (X۱, T۱, α۱, x) پذیر اندیس پویای های دستگاه

هستند. ریخت ی (X۲, T۲, α۲, x)

i = ۱,۲ ازای به (Xi, Ti, αi, x) اگر .٧ قضیه
گاه آن باشند، ریخت ی پذیر اندیس پویای های دستگاه

.hx(T۱) = hx(T۲)

(X,T, α, x) پذیر اندیس پویای دستگاه در .٨ قضیه
داریم:

k؛ ≥ ۱ هر ازای به hx(T
k) = khx(T ) آ.

عدد هر ازای به گاه آن باشد، پذیر وارون T اگر ب.
.hx(T

k) = |k|hx(T ) داریم: k صحیح

پویای دستگاه مولد ی Xرا روی αسیمای تعریف١١.
هرگاه نامیم م (T مولد یا ) (X,T, α, x) پذیر اندیس
روی β سیمای هر ازای به که چنان باشد موجود r ≥ ۰

.β ≺ ∨r
i=۰T

−iα باشیم داشته X

باشد، T اندیس حافظ تبدیل مولد ی α اگر .٩ قضیه
سیمای ی β آن در که Hx(β, T ) ≤ Hx(α, T ) گاه آن

است. X از دلخواه

α اگر کولموگروف) قضیه از جدیدی (تنظیم .١٠ قضیه
گاه آن باشد T : X −→ X مولد ی

hx(T ) = Hx(α, T )

.

باشد، همان تبدیل T : X −→ X فرضکنید .١١ قضیه
.hx(T ) = ۰ گاه آن .T = IX یعن

چنان T : X −→ X اندیس حافظ تبدیل اگر .١٢ قضیه
.hx(T ) = ۰ گاه آن (k ̸= ۰ و k ∈ Z) T k = IX که باشد

٣
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Intersection with the Vertical Isocline in the
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Abstract: In this work we consider a generalized Liénard system and present some new conditions under

which all trajectories of the system cross the vertical isocline, which is very important for the existence of

periodic solutions and oscillation theory. Some examples are used to illustrate our results.

Keywords: Oscillation; nonlinear differential equations; Liénard system.

1 INTRODUCTION

We consider the following autonomous system of

two differential equations

ẋ = h(y − F (x)), ẏ = −g(x), (1)

which is a generalized Liénard system.

Under the assumptions that the origin is a

unique equilibrium for system (1), we study the

problem whether all trajectories of this system in-

tersect the vertical isocline y = F (x), which is very

important in the global asymptotic stability of the

origin, oscillation theory, and existence of periodic

solutions.

In the following, we shall present the ba-

sic assumptions and auxiliary lemmas. We assume

that(see [2])

(C1) F (x) and g(x) are continuous on R with

F (0) = 0, xg(x) > 0 for x ̸= 0 and h(u)

is continuous differentiable and strictly

increasing with h(0) = 0 and h(±∞) =

±∞,

which guarantee that the origin is the unique crit-

ical point of (1) .

For simplicity to state the statements of the-

orems we give the following definition.

Definition 1.1. We say that system (1) has prop-

erty (X+) in the right half-plane (resp., in the left

half-plane) if for every point (x0, y0) with y0 >

F (x0) and x0 ≥ 0 (resp., y0 < F (x0) and x0 ≤ 0),

the positive semitrajectory of (1) passing through

(x0, y0) crosses the vertical isocline y = F (x).

In this work we will find conditions for de-

ciding whether system (1) has property (X+) in

the right half-plane. For results related to property

(X+) see [1]-[3].

In [2] the authors proved the following theo-

rem which includes most of the previous sufficient

∗Corresponding Author
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conditions for the property (X+) in the right half-

plane for system (1).

Theorem 1.2. Assume that G(+∞) = +∞ and

(C1) holds and k = h′(0) ̸= 0. Then, system (1)

has property (X+) in the right half-plane if

lim sup
x→+∞

(∫ x

b

(
h(F (s))g(s)

(2G(s))
3
2

+

√
kg(s)

G(s)

)
ds

+
h(F (x))√
2G(x)

)
= +∞

(2)

for some b > 0, where G(x) =
∫ x

0
g(s)ds.

Recently, Gyllenberg and Yan [3] proved the

following theorem.

Theorem 1.3. Suppose that G(+∞) = +∞. Then

system (1) with h(x) = x has property (X+) in the

right half-plane if

lim sup
x→+∞

(∫ x

b

(
αF (s)g(s)

(2G(s))
2+α
2

+
2
√
αg(s)

(2G(s))
1+α
2

)
ds

+
F (x)

(2G(x))
α
2

)
= +∞

(3)

for some b > 0 and α > 0, where G(x) =
∫ x

0
g(s)ds.

However, Theorem 1.3 and previous results

are inapplicable to the system

ẋ = y + xcos2(x)ln(|x|+ 1) and ẏ = −x (4)

for deciding whether all orbits of (4) cross the ver-

tical isocline y = F (x) or not (see Example 3.1).

In the next section we will extend and im-

prove Theorems 1.2, 1.3 and the previous results.

Also, we derive some new sufficient conditions for

property (X+), which can be applied to system (4).

2 SUFFICIENT CONDI-

TIONS FOR PROPERTY

(X+)

Note: Hereafter we assume that the condition

(C1) holds.

First we introduce a system which is equiva-

lent to (1). Let G(x) =
∫ x

0
g(s)ds. Changing vari-

ables

u =
√
2G(x)sgn(x), v = y, dτ =

g(x)sgn(x)√
2G(x)

dt

and denoting τ by t again, we can transform system

(1) into the following system

u̇ = h(v − F ∗(u))

v̇ = −u
(5)

where F ∗ is defined by F ∗(u) =

F (G−1( 12u
2sgn(u))) and G−1(w) is the inverse

function to G(x)sgn(x). It is easy to see that sys-

tems (1) and (5) are equivalent. Hence, system (1)

has property (X+) in the right half-plane if and

only if system (5) has the same property. Now we

state our results. Let

S(h, F, b, k) = lim sup
u→+∞

(∫ u

b

(
h(F ∗(s))k′(s)

k2(s)

+
2
√
k′(s)

√
sk(s)h′(F ∗(s))

k2(s)

)
ds

+
h(F ∗(u))

k(u)

)
,

and define the condition (C2) as follows:

(C2) For every y < x < 0 assume that h sat-

isfies the following condition

h(x)− h(y) ≥ h(x− y). (6)

Theorem 2.1. Suppose that (C2) holds and h′(x)

is increasing for x < 0. If there exists k(t) with

k′(t) > 0 for t ≥ α > 0 and k(β) ≥ 0 for some

β ≥ α, such that

S(h, F, b, k) = +∞ for some b > 0. (7)

Then, system (5) has property (X+) in the right

half-plane.

Now let

S1(h, F, b, k, l) = lim sup
u→+∞

(∫ u

b

(
h(F ∗(s))k′(s)

k2(s)

+
2
√
k′(s)

√
sk(s)l

k2(s)

)
ds+

h(F ∗(u))

k(u)

)
.

(8)
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Notice that if h satisfies (C2), then by di-

viding two sides of (6) by x− y and then y → x we

conclude that h′(x) ≥ h′(0) ≥ 0 for x < 0. Now by

the same way as in the proof of the above theorem

we can prove the following theorem which does not

need the condition h′(x) be increasing.

Theorem 2.2. Suppose that (C2) holds and l =

h′(0) ̸= 0. If there exists k(t) with k′(t) > 0 for

t ≥ α > 0 and k(β) ≥ 0 for some β ≥ α, such that

S1(h, F, b, k, l) = +∞ for some b > 0, (9)

then, system (5) has property (X+) in the right

half-plane.

Corollary 2.3. Suppose that (C2) holds and l =

h′(0) ̸= 0. If there exists k(t) with k′(t) > 0

for t ≥ α > 0, k(β) ≥ 0 for some β ≥ α and∫∞
b

1
k(s)ds = +∞ for some b > 0, such that

lim inf
u→+∞

h(F ∗(u))
√

k′(u)√
k(u)

√
u

> −2
√
l,

then, system (5) has property (X+) in the right

half-plane.

Recall the definition of function F ∗(u) under

the assumption G(+∞) = +∞ as follows:

F ∗(u) = F

(
G−1

(
1

2
u2

))
for u ≥ 0.

Put x = G−1( 12u
2). Then we have the fol-

lowing result for system (1) which is equivalent to

Theorem 2.2.

Theorem 2.4. Assume that G(+∞) = +∞, l =

h′(0) ̸= 0 and (C2) holds. Then, system (1) has

property (X+) in the right half-plane if there exists

k(t) with k′(t) > 0 for t ≥ α > 0 and k(β) ≥ 0 for

some β ≥ α, such that

lim sup
x→+∞

(∫ x

b

(h(F (s))k′(
√
2G(s))g(s)

k2(
√

2G(s))
√

2G(s)
+

2
√
l
√
k′(

√
2G(s))g(s)

k
3
2 (
√
2G(s)) 4

√
2G(s)

)
ds+

h(F (x))

k(
√

2G(x))

)
= +∞,

for some b > 0.

Corollary 2.5. Assume that G(+∞) = +∞, l =

h′(0) ̸= 0 and (C2) holds. Then, system (1) has

property (X+) in the right half-plane if there exists

k(t) with k′(t) > 0 for t ≥ α > 0, k(β) ≥ 0 for

some β ≥ α, and
∫∞
b

1
k(s)ds = +∞ for some b > 0

such that

lim inf
x→+∞

h(F (x))
√
k′(

√
2G(x))√

2G(x)
√

k(
√
2G(x))

> −2
√
l.

We have the following two theorems which

are useful in applications.

Theorem 2.6. Suppose that h1(x) ≤ h2(x) for

x > 0. If system (1) with h2(x) as h(x) has prop-

erty (X+) in the right half-plane, then it has prop-

erty (X+) in the right half-plane with h1(x) as h(x)

too.

Theorem 2.7. Suppose that F1(x) and F2(x) are

decreasing and F1(x) ≤ F2(x) for x > 0. If sys-

tem (1) with F1(x) has property (X+) in the right

half-plane, then it has property (X+) in the right

half-plane with F2(x) too.

3 EXAMPLES

Now, we show that how our results are related to

the results listed in the introduction. Also, we give

some examples which the previous results are inap-

plicable.

Example 3.1. Consider system (1) with

F (x) = −xcos2(x)ln(|x|+1) and g(x) = h(x) = x.

It is easy to see that Theorem 1.3 and all previous

results are inapplicable to this system. However, by

using k(s) = s
s+1 in Theorem 2.1 we can conclude

that system (1) has property (X+) in the right half-

plane.

Example 3.2. Consider system (1) with

F (x) = −loga(loga(|x|+ a)), a > 1

g(x) = x and h(x) = ax − a−x

3
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Obviously, h′(0) = 2lna > 0 and if y < x < 0, we

have

ay ≤ 1 ⇒ −ay−x ≥ −a−x ⇒ ay−x − 1

ax−y − 1
≥ a−x − 1

ax − 1
.

Since (ax − 1).(ax−y − 1) < 0 we have

(ay−x − 1)(ax − 1) ≤ (a−x − 1)(ax−y − 1) ⇒

ay − ax − a−y + a−x ≤ ay−x − ax−y ⇒

h(x)− h(y) ≥ h(x− y).

Thus, h satisfies (C2). Now, by choosing

k(x) = x, we have

lim inf
u→+∞

h(F (u))
√
k′(u)√

k(u)
√
u

= lim inf
u→+∞

a−loga(loga(|u|+a)) − aloga(loga(|u|+a))

u

= lim inf
u→+∞

1− (loga(|u|+ a))2

u(loga(|u|+ a))
> −2

√
lna.

Therefore, by Corollary 2.2 this system has

property (X+) in the right half-plane.
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On the numerical methods with optimal rates of

convergence for cordial Volterra integral equations of a

specific class
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Abstract: An important type of cordial Volterra integral equations is considered. The equation of this

type appears in heat conduction problems with mixed boundary conditions. We propose some high order

methods for approximating the unique solution of the equation. The common approach in these algorithms

is to consider a representation of the solution and design appropriate composite quadrature rules for its

approximation. Then we can reach an optimal rate of convergence and, comparing to the previous methods,

enhance the accuracy of the approximations considerably.

Keywords: weakly singular Volterra integral equation; heat conduction; mixed-type boundary condition;

compound quadrature rule; graded mesh.

1 INTRODUCTION

We are concerned with the following Volterra inte-

gral equation:

y(t) =

∫ t

0

sµ−1

tµ
y(s) ds+ g(t), t ∈ [0, T ], (1)

where µ is a positive parameter, and g is a given

smooth function. This equation lies in a more gen-

eral class of Volterra integral equations known as

cordial Volterra integral equation. Cordial Volterra

integral equations was introduced by G. Vainikko

in 2009 ([?]) and developed in a series of papers

written by himself. Linear cordial Volterra integral

equations are of the form

αy(t) =

∫ t

0

t−1φ
(
t−1s

)
a(t, s)y(s) ds+f(t), t ∈ [0, T ],

(2)

where α ̸= 0 is a real or complex parameter, φ ∈
L1(0, 1), f ∈ C[0, T ], a ∈ C(∆T ), g ∈ C(∆T ×D),

∆T = {(t, s) : 0 ≤ s ≤ t ≤ T},

D ∈ R or D ⊂ C is an open set.

If a(0, 0) ̸= 0, then the operator Vφ,a :

C[0, T ] → C[0, T ] defined by

(Vφ,au) (t) =

∫ t

0

t−1φ
(
t−1s

)
a(t, s)u(s) ds, t ∈ [0, T ],

is bounded but noncompact; if φ ̸= 0, then its spec-

trum is nondiscrete (see, e.g., [?]). Equation (??) is

of type (??) with a ≡ 1, α = 1, and φ(x) = xµ−1.

The literature about numerical solution

of (??) is rather rich especially for the case of µ > 1.

There are also some methods applicable to the case

when 0 < µ ≤ 1, but none of them reach an opti-

mal rate of convergence except the spline colloca-

tion method, recently developed in [?].
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Recently the author has presented an idea

that admits algorithms with optimal rates even in

the challenging case of 0 < µ ≤ 1 (see [?, ?]). Our

approach is based on devising appropriate com-

pound quadrature rules for computing a special

representation of the solution. In this paper, we

focus on the challenging case when 0 < µ ≤ 1.

2 Main results

In this section we present the main approach for

approximating the solution of (??) with an opti-

mal rate.

A representation of the solution

Theorem 2.1. [?] If 0 < µ < 1 and g ∈ Cr[0, T ],

r ≥ 1, then Eq. (??) has a family of solutions in

C[0, T ] of which only one has C1 continuity. The

unique C1 solution of Eq. (??) can be represented

explicitly as

u(t) = g(t) +
g(0)

µ− 1
+ t1−µ

∫ t

0

sµ−2(g(s)− g(0)) ds.

(3)

Approximation on uniform meshes

The first idea is to divide the time interval [0, t] (one

can consider [0, T ] without any significant changes

in the discussion) using a uniform mesh, and then

apply a suitable Gaussian quadrature rule over each

subinterval.

Given a large enough integer N > 0, de-

fine h := t/N , and set Ii := [(i − 1)h, ih], for

i = 1, . . . , N . Define also

g1(s) :=
g(s)− g(0)

s
, s ∈ I1, and (4)

g2(s) := sµ−2(g(s)− g(0)), s ∈
N∪
i=2

Ii. (5)

Let 0 < µ < 1. According to Theorem ??(b),

the unique C1 solution of Eq. (??) can be repre-

sented as (??) that is expanded to

u(t) = g(t) +
g(0)

µ− 1
+ t1−µ

(∫ h

0

sµ−1g1(s) ds

+

N∑
i=2

∫ ih

(i−1)h

g2(s) ds

)
. (6)

For a given integer n > 0, we use an n-point

Gaussian quadrature rule in each subinterval to ap-

proximate the right side of Eq. (??) as follows

uh,n(t) = g(t) +
g(0)

µ− 1
+ t1−µ

hµ
n∑

j=1

w
(n)
µ,jg1(hx

(n)
µ,j)

+
h

2

N∑
i=2

n∑
j=1

w
(n)
j g2((x

(n)
j /2− 1/2 + i)h)

 , (7)

where {x(n)
µ,j}nj=1 and {w(n)

µ,j}nj=1 are abscissas and

weights of the n-point Gaussian quadrature rule

associated with the weight function wµ(x) := xµ−1

on the interval [0, 1], respectively; and x
(n)
j and

w
(n)
j are abscissas and weights of the classical n-

point Gauss-Legendre quadrature rule on the in-

terval [−1, 1], respectively.

Theorem 2.2. [?] Let µ ≤ 1, g ∈ C2m[0, t]

(m ∈ {1, 2, . . .}), and n > m + 1/2. If

lims→0+ sµ−k−2(g(s) − g(0)) exists for some k ∈
{1, . . . , 2m − 1}, then uh,n(t), with n fixed, con-

verges to u(t) as h → 0 with a rate that scales as

O(hk). Moreover, the rate of convergence increases

to O(h2m−1+µ) if lims→0+ sµ−2m−2(g(s)−g(0)) ex-

ists.

Approximation on graded meshes

According to the representation (??), the problem

of approximating the solution of (??) may be re-

duced to that of approximating (possibly singular)

integrals of the form∫ 1

0

xα−1f(x) dx, α > 0. (8)

Consider the more general integral

I[f ] :=

∫ b

a

w(x)f(x) dx, (9)
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where f and/or the weight function w are allowed

to have a singularity at the endpoint a. We briefly

describe the idea of Köhler [?] for computing singu-

lar integrals (??) based on compound quadrature

rules on suitable graded meshes.

Let

a = z0 < z1 < · · · < zn = b (10)

be a partition of the integration interval, and let

0 ≤ x1 < · · · < xm ≤ 1

be nodes of an elementary quadrature formula on

[0, 1]. The nodes of the compound quadrature for-

mula are then xi,j = zi−1+xjhi for i = 1, . . . , n and

j = 1, . . . ,m, where hi := zi−zi−1. The compound

quadrature rule is then defined by

Qn[f ] =

n∑
i=1

Qi[f ], and Qi[f ] =

m∑
j=1

ai,jf(xi,j),

(11)

where

ai,j =

∫ zi

zi−1

w(x)lj

(
x− zi−1

hi

)
dx (12)

are the weights corresponding to the elementary

quadrature rule in each panel. Here, lj(x) =∏m
ν=1,ν ̸=j(x − xν)/(xj − xν). Indeed, f(x) is re-

placed in each panel by an interpolation polyno-

mial of degree m− 1. If x1,1 = a, and f has an un-

bounded singularity at a, then the first summand

in (??) is omitted.

In [?], it has been shown that the order of

the selected elementary quadrature rule can be pre-

served in the presence of singularities if one uses the

compound quadrature rule with appropriate parti-

tion (??). If we use the Gaussian quadrature rule,

then following result is implied.

Corollary 2.3. [?, ?] Assume that f is 2m times

differentiable on (0, 1], and∣∣∣f (i)(x)
∣∣∣ ≤ c2x

β1−i |ln d1x|β2 , x ∈ (0, 1],

i = m, . . . , 2m,

|f(x)| ≤ c2x
β1 |ln d1x|β2 , x ∈ (0, 1],

where β1 > −1, β2 ∈ R, 0 < d1 < 1. Let the mesh

points zi be defined by zi := (i/n)q, where

q >
2m

1 + β1
.

Then the absolute error of the compound m-point

Gaussian quadrature rule is O(n−2m).

Our numerical experiences show that the

idea of compound Gaussian rules on graded meshes,

as described in Corollary ??, provides very accurate

approximation for Eq. (??) (cf. Table 1 in [?]).
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Abstract: This paper analyzes the system of equations by using the ABS type methods using rank two

updates that right hand side is the fuzzy vector and the coefficient matrix is the crisp matrix. The fuzzy

linear system (FLS) is converted to the extended crisp system and then the ABS type methods using rank

two updates is used for solving this system.
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1 INTRODUCTION

One major application of the fuzzy number arith-

metic is treating linear systems whose parameters

are all or partially represented by fuzzy numbers.

A general model for solving a fuzzy linear system

whose coefficient matrix is crisp and the right-hand

side column is an arbitrary fuzzy vector, first pro-

posed by Friedman et al. [3]. Friedman and his col-

leagues used the embedding method and replaced

the original fuzzy linear system by a crisp linear

system and then they solved it. In this paper, we

focus on solving fuzzy linear system (FLS) which

is defined as follows:

Ax̃ = ỹ,

where A = (aij)n×n, x̃
T = (x̃1, · · · , x̃n)1×n and

ỹT = (ỹ1, · · · , ỹn)1×n such that ỹi, x̃j are triangu-

lar fuzzy number, for all i, j = 1, · · · , n [2, 4]. The

rest of paper is organized in the following way:

Some basic definitions and results on fuzzy

numbers are reviewed in the next section. Then

some approximate operators and definition of a

fuzzy matrix, the FLS and its solutions are men-

tioned. In Section 3 we use ABS type methods

using rank two updates method for solving a FLS

is introduced. In Section 4 we describe problem.

Finally we give some examples in section 5.

2 Preliminaries

Definition 2.1. A fuzzy number is a fuzzy set

ũ : R→ I = [0, 1] which satisfies:

(1) ũ is upper semicontinuous.

(2) ũ(x) = 0 outside some interval [c, d].

(3) There are two real numbers a, b : c ≤ a ≤ b ≤ d

for which

- ũ(x) is monotonic increasing on [c, a].

- ũ(x)is monotonic decreasing on [b, d].

- ũ(x) = 1, a ≤ x ≤ b.

Definition 2.2. A fuzzy number ũ is an ordered

∗Corresponding Author
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pair of functions (u(r), u(r)), 0 ≤ r ≤ 1, which sat-

isfy the following requirements:

(1) u(r) is a bounded left continuous non-decreasing

function over [0,1].

(2) u(r) is a bounded left continuous non-increasing

function over [0,1].

(3) u(r) ≤ u(r), 0 ≤ r ≤ 1.

If u(r) = u(r) = ψ, 0 ≤ r ≤ 1 then ψ is a crisp

number. The set of all these fuzzy numbers is de-

noted by F (R).

The addition and the scalar multiplication for ar-

bitrary fuzzy numbers, u = (u, u) and v = (v, v)

and λ ∈ R are defined by:

(i) (u+ v)(r) = u(r) + v(r),

(ii) (u+ v)(r) = u(r) + v(r), (1)

(iii) (λu)(r) = λu(r), (λu)(r) = λu(r), λ ≥ 0,

(iv) (λu)(r) = λu(r), (λu)(r) = λu(r), λ ≤ 0.

Definition 2.3. A fuzzy number Ã is called pos-

itive (negative), denoted by Ã > 0 (Ã < 0), if its

membership function µÃ(x) satisfies µÃ(x) = 0 ,

∀x ≤ 0 (∀x ≥ 0). Using its mean value and left and

right spreads, and shape functions, such a fuzzy

number Ã is symbolically written Ã = (m,α, β).

Clearly, Ã = (m,α, β) is positive, if and only if

m− α ≥ 0.

Definition 2.4. Two fuzzy numbers M̃ =

(m,α, β) and Ñ = (n, γ, δ) are said to be equal,

if and only if m = n, α = γ and β = δ.

Definition 2.5. For two fuzzy numbers M̃ =

(m,α, β) and Ñ = (n, γ, δ) the formula for the ex-

tended addition becomes:

(m,α, β)⊕ (n, γ, δ) = (m+ n, α+ γ, β + δ). (2)

The formula for the extended opposite becomes:

−M = −(m,α, β) = (−m,β, α). (3)

The approximate formulas for the extended multi-

plication of two fuzzy numbers can be summarized

as follows as given in : If M > 0 and N > 0, then

(m,α, β)⊗ (n, γ, δ) ∼= (mn,mγ + nα,mδ + nβ). (4)

For scalar multiplication:

λ⊗ (m,α, β) = (λm, λα, λβ), if λ ≥ 0,

λ⊗ (m,α, β) = (λm,−λβ,−λα), if λ < 0.

3 ABS-type methods using

rank two updates for solving

linear system of equation

We know a class of algorithms, named the ABS

class, for solving m linear equations in n unknowns

with m ≤ n. The mentioned class has been de-

rived by analogy with the quasi-Newton methods.

The ABS methods are direct iteration methods for

solving a linear system where the i-th iterate sat-

isfies the first i equations, so that a system of m

equations is solved at most in m steps. Here we

develop a class of ABS type methods whose i-th

iterate solves the first 2i equations, so that termi-

nation is achieved in at most
m

2
steps.

We present the steps of algorithm for solving full

row rank (and hence compatible) systems.

Algorithm(1).

(1) Let x0 ∈ Rn be arbitrary and choose H0 ∈
Rn×n, an arbitrary nonsingular matrix.

Let i = 0.

(2) Compute the vectors c2i+1 = Hia2i+1 and

2i+2 = Hia2i+2 .

(3) Select wi and wi so that

wT
i c2i+1 = 0, wT

i c2i+2 = 1

wT
i c2i+1 = 1, wT

i c2i+1 = 0.

Let zi = wi, zi = wi.

(4) compute

αi = r2i+2(xi) = aT2i+2 − b2i+2,

βi = r2i+1(xi) = aT2i+1 − b2i+1,

xi+1 = xi −HT
i (αizi + βizi).

(5) Compute

2

196

196



Hi+1 = Hi − c2i+2w
T
i Hi − c2i+1w

T
i Hi.

(6) If i = (m/2− 1) then stop (xm/2 is a solution)

else let i = i+ 1 and go to step (2).

Remark 1. The general solution of the system is

given by

x = xm/2 +HT
M/2s,

where s ∈ Rn is arbitrary [9].

4 Describe problem

Consider the n×n fuzzy linear system of equations

[2]:

a11x1 + a12x2 · · ·+ a1nxn = y1,

a21x1 + a22x2 · · ·+ a2nxn = y2,
...

... (5)

an1x1 + an2x2 · · ·+ annxn = yn.

where the coefficient matrix A = (aij), 1 ≤ i, j ≤ n

is a n × n crisp matrix and y = (yi), 1 ≤ i ≤ n is

a fuzzy vector. This system is called a fuzzy linear

system (FLS).

By using (1), the system (5) can be replaced by

the following parametric system:

Σn
j=1aijxj = Σn

j=1aijxj = yi,

(6)

Σn
j=1aijxj = Σn

j=1aijxj = yi.

In general, an arbitrary equation for ei-

ther yi or yi may include a linear combina-

tion of xj ’s and xj ’s. Consequently, in or-

der to solve the system given by Eq. (6) one

must solve a (2n) × (2n) crisp linear system

where the right-hand side column is the vec-

tor Y = (y1, y2, · · · , yn,−y1,−y2, · · · ,−yn)T .
Let us now rearrange the linear system

of Eq. (6) so that the unknowns are

X = (x1, x2, · · · , xn,−x1,−x2, · · · ,−xn)T ,
and the right hand side column Y =

(y1, y2, · · · , yn,−y1,−y2, · · · ,−yn)T is.

Assume the (2n) × (2n) matrix S = (sij) is deter-

mined by:

aij ≥ 0 ⇒ sij = si+n,j+n = aij

aij < 0 ⇒ si,j+n = si+n,j = −aij .

and any sij which is not determined is zero such

that A = S1 − S2. The n × n matrix S1 contains

the nonnegative entries of A while S2 is made of

the absolute values of negative entries of A and

A = S1 − S2, S1 + S2 = |A| = (|aij |)n×n.

In this case, the system (6) is extended to the fol-

lowing crisp block form:(
S1 S2

S2 S1

)(
X

−X

)
=

(
Y

−Y

)
where S1, S2 ∈ Rn×n and

X =


x1(r)
...

xn(r)

 , X =


x1(r)
...

xn(r)

 ,

Y =


y1(r)
...

yn(r)

 , Y =


y1(r)
...

yn(r)

 .

5 Numerical Example

In this section, we illustrate the proposed method

with solving a fuzzy systems of equations.

Example 5.1. Consider the following FLS:

4x1 − x2 = (r, 2− r)

−2x1 + 3x2 = (r − 2,−r)

The coefficient matrix is

A =

(
4 −1

−2 3

)
,
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Also

Y =

(
r

r − 2

)
, Y =

(
2− r

−r

)
Therefore

Y =

(
Y

−Y

)
=


r

r − 2

r − 2

r


The extended 4× 4 crisp matrix is as follows:

S =

(
S1 S2

S2 S1

)
where

S1 =

(
4 0

0 3

)
, S2 =

(
0 1

2 0

)
.

by using algorithm 1 after two iterate we have:

X1(r) = (x1(r), x1(r)) = (1/5r,−1/5r + 2/5),

X2(r) = (x2(r), x2(r)) = (1/5r − 2/5,−1/5r).
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Abstract: In this article differential transform method (DTM) is considered to solve systems of linear and

nonlinear ordinary differential equations (ODEs). In this scheme, the solution is considered as the sum of

a series, that convergence rapidly to an exact solution. Illustrative examples are included to demonstrated

the validity and applicability of the presented method. The results reveal that the method is very effective

and simple.

1 INTRODUCTION

Systems of ordinary differential equations (ODEs)

arise in modeling of various real-world physical

problems [1]. Solving such systems is of great in-

terest, and several numerical and analytical meth-

ods have been developed [2]. Classical numerical

methods, such as finite differences and finite ele-

ment methods are computationally expensive and

are usually affected by the round-off errors, which

may produce inaccurate results. Analytical meth-

ods that are widely used for solving functional

equations are very restrictive and they can be used

in special cases [1]. In this paper, systems of ordi-

nary differential equations are solved by differential

transform method (DTM). The differential trans-

form method is a numerical method based on the

Taylor expansion. This method constructs an an-

alytic approximation to the solution, in the form

of a polynomial. The concept of differential trans-

form method was first proposed by Zhou and was

applied to solve linear and nonlinear initial value

problems in electric circuit analysis [3]. Unlike the

traditional high order Taylor series method which

requires a lot of symbolic computations, the differ-

ential transform method is an iterative procedure

for obtaining Taylor series solutions. This method

will not consume too much computer time when ap-

plying to non-linear or parameter varying systems.

Let us consider the following initial value problem:

x′(t) = Ax(t) + ϵf(x, t), x(0) = x0, (1)

where A is a regular n-order matrix, ϵ is a small

perturbation parameter and components of vector

x are functions xi(t), i = 1, 2, ..., n. In this work,

we present (DTM) for solving (1).

∗Corresponding Author
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2 Basic idea of differential

transforms method

Differential transformation is based on some el-

ementary definitions, and some statements [4],

which will be stated as follows:

Definiton 1: The one-dimensional differential

transform of a function c(x) is defined as:

C(k) =
1

k!
[
∂k

∂xk
c(x)]x=x0 , (2)

where c(x) is analytic and continuously differen-

tiable with respect to x, on the domain of inter-

est and C(k) is the transformed function, which is

called the T -function.

Definiton 2: The inverse differential transform of

C(k) is defined as:

c(x) = Σ∞
k=0C(k)(x− x0)

k. (3)

When x0 = 0 the definitions (1) and (2) turn to

the followings:

C(k) =
1

k!
[
∂k

∂xk
c(x)]x=0, (4)

c(x) = Σ∞
k=0C(k)xk. (5)

Substituting (4) into (5) leads to

c(x) = Σ∞
k=0

1

k!
[
∂k

∂xk
c(x)]x=0x

k. (6)

In real applications, finite form of the series (5) will

be considered. real applications, finite form of the

series (5) will be considered.

c(x) = Σn
k=0C(k)xk. (7)

From the definitions (4) and (5), it is readily

proved that the transformed functions have the

basic mathematical operations [4]. These state-

ments are stated in the Table 1.

TABLE 1

Transformation of some functions

Original function Transformed function

c(t)=u(t)± v(t) C(k)=U(k)±V(k)

c(t)=au(t) C(k)=aU(k)

c(t)= ∂
∂tu(t) C(k)=(k+1)U(k+1)

c(t)=u(t)v(t) C(k)=
∑k

r=0U(r)V(k-r)

c(t)=elt C(k)= lk

k!

c(t)=sin(wt + a) C(k)=wk

k! sin( kπ
2 + a)

c(t)=cos(wt + a) C(k)=wk

k! cos( kπ
2 + a)

3 Numerical Results

To illustrate applicability of the method and to

show the ability of the method, some examples are

presented.

Example 1: Consider the following stiff system

[2].

x′
1(t) = −2x1(t) + x2(t) + 2 sin t

x′
2(t) = −(ϵ−1+2)x1(t)+(ϵ−1+1)(x2(t)−cos t+sin t)

(8)

with initial conditions:

x1(0) = 2, x2(0) = 3. (9)

Differential transformation of the system (8), is as

follows:

(k + 1)X1(k + 1) = −2X1(k) +X2(k) +
2

k!
sin

kπ

2
,

(k + 1)X2(k) = −(ϵ−1 + 2)X1(k)+

(ϵ−1 + 1)(X2(k)−
1

k!
cos

kπ

2
+

1

k!
sin

kπ

2
). (10)

Initial conditions (9), are transformed into

X1(0) = 2, X2(0) = 3. (11)

Substitution (11) into (10), results into

X1(1) = −1, X1(2) = 1, X1(3) = −1

2
, X1(4) =

1

12
, ...

X2(1) = −2, X2(2) =
1

2
, X2(3) = −1

3
, X2(4) =

1

8
, ...

Therefore the solution of the stiff system (8) is

given by:

x1(t) = Σ∞
k=0X1(k)t

k = 2−t+t2− t3

2
+... = 2e−t+sin t,
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x2(t) = Σ∞
k=0X2(k)t

k = 3−2t− t2

2
− t3

3
+... = 2e−t+cos t.

Which are the exact solutions of example 1.

Example 2: Consider the following system of lin-

ear differential equations [1]:

x′
1(t) = −3x1(t) + 2x2(t) + 3 cos t− 3 sin t,

x′
2(t) = 2x1(t)− 3x2(t)− cos t− sin t, (12)

with initial conditions:

x1(0) = 1, x2(0) = 0. (13)

Differential transform of system (12), is stated as

the following,

(k + 1)X1(k + 1) = −3X1(k) + 2X2(k)

+
3

k!
cos

kπ

2
− 3

k!
sin

kπ

2
,

(k + 1)X2(k + 1) = 2X1(k)− 3X2(k)

+
1

k!
cos

kπ

2
+

3

k!
sin

kπ

2
. (14)

Initial conditions (13), are transformed into

X1(0) = 1, X2(0) = 0. (15)

Substituting (15) into (14), the results are found as

follows:

X1(1) = 0, X1(2) = −1

2
, X1(3) = 0, X1(4) =

1

24
, ...

X2(1) = 1, X2(2) = 0, X2(3) = −1

6
, X2(4) = 0, ...

Therefore the solution of the stiff system (12) is

given by:

x1(t) = Σ∞
k=0X1(k)t

k = 1− t2

2
+

t4

24
− ... = cos t,

x2(t) = Σ∞
k=0X2(k)t

k = t− t3

6
+

t5

120
+ ... = sin t.

Which are the exact solutions of example 2.

4 Conclusion

In this paper differential transform method (DTM)

is applied to obtain the solution of systems of or-

dinary differential equations. In the HPM, ADM,

and VIM [5], we reach a set of recurrent differen-

tial equations, which must be solved consecutively

to give the approximate solutions of these prob-

lems. Sometimes, one has to do many computa-

tions to reach higher order approximations with

acceptable accuracy. It may be concluded the de-

scribed method is very powerful and efficient in

finding the analytical solutions and approximations

for a wide class of initial boundary value problems.

The method gives more realistic series solutions

that converge very rapidly in physical problems.
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سهقطری ماتریسهای اکسترمال ویژهی مقادیر برای کرانهایی
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که تاپلیتز متقارن و سهقطری ماتریس ی اکسترمال ویژهی مقادیر برای مطلوب کرانهایی مقاله این در یده: چ
آوریم. م دست به است، شده آشفتگ دچار آن اصل قطر از خارج عنصر چهار
تکین. مقدار ویژه، مقدار تاپلیتز، ماتریس سهقطری، ماتریس کلیدی: کلمات

باشند زیر صورت به حقیق m×m ماتریسهایی

T =



a b2

b2 a b3

. . .
. . .

. . .
bm−1 a bm

bm a


,

T0 =



0 b2

b2 0 b3

. . .
. . .

. . .
bm−1 0 bm

bm 0


.

که σ(T ) = a+σ(T0) داریم T و T0 ماتریسهای برای
همچنین و است ماتریس طیف همان σ از منظور آن در
نسبت متقارن بازه ی در T0 طیف داد نشان توان م
باالی کران ی k کنیم فرض گیرد. م قرار مبداء به
ی −k صورت این در باشد. λmax(T0) برای مناسب

داریم پس است. λmin(T0) برای مناسب پایین کران
.σ(T ) ⊆ [a − k, a + k] نتیجه در و σ(T0) ⊆ [−k, k]

مقدار که است این شود م مطرح اینجا در که سوال
مطلوب کرانهایی تا کنیم انتخاب ونه چ را k > 0

پاسخ برای ادامه در آوریم. دست به ویژه مقادیر برای

مقدمه ١

به حقیق m × m ماتریسهایی مقاله این کار اساس
است زیر صورت

J =



a b

b a c

c a d

d a d

. . .
. . .

. . .
d a d

d a e

e a f

f a



. (١)

سهقطری ماتریسهای از خاص حالت ماتریسها این
قطر از خارج عنصر چهار که هستند، تاپلیتز متقارن
به است. شده آشفتگ دچار b, c, e, f یعن آن اصل
به جالبی نتایج c = d, e = f که حالت برای تازگ
ی کنیم م سع مقاله این در .[١] است آمده دست

λmin(J) ویژه مقدار ترین کوچ برای مطلوب کران
مقدار بزرگترین برای مطلوب کران ی همچنین و
T0 و T کنیم فرض آوریم. دست به λmax(J) ویژه

١
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پس ym−1 ≥ b2m
k داریم j = 1, 2, . . . ,m− 2

ym ≥ 0 → k − f2

ym−1
≥ 0 → ym−1(k) ≥ f2

k = h(k),

ym−1 > 0 → k − e2

ym−2
> 0 → ym−2(k) > e2

k = e(k).

(٣)

yj دهد م نشان که شده استفاده yj(k) نماد از اینجا در
f2(k) و f1(k) نمادهای از ادامه در دارد. بستگ k به

شود. م استفاده مشابه طور به

ویژه مقادیر برای کرانهایی ٢
حالت سه J ماتریس درایههای به توجه با بخش این در
بررس مورد |f | >

√
2|d| و |e| >

√
2|d| ،|b| >

√
2|d|

|b| > کنیم فرض اگر J0 ماتریس در گیرند. م قرار
|l| > |d|, d ∈ اگر .y2(k) < f2(k) داریم آنگاه

√
2|d|

صورت به را gl اکید صعودی تابع و l̄ = l2√
l2−d2

و R

گیریم نظر در زیر

gl : [2|d|,∞) → R, gl(x) = x
2
+ x

√
x2 − 4d2 − 2l

2
,

داریم آنگاه
تنها و اگر است برقرار تساوی و l̄ ≥ 2|d| همواره (i)

.|l| =
√
2|d| اگر

برای gl(x) > 0 آنگاه |l| ≤
√
2|d| اگر (ii)

.x ∈ (2|d|,∞)

gl(x) > 0 و gl(l̄) = 0 آنگاه |l| >
√
2|d| اگر (iii)

کنیم م فرض ادامه در .x ∈ (l̄,∞) برای

b̄ =
b2

√
b2 − d2

, ē =
e2

√
e2 − d2

, f̄ =
f2√

f2 − d2
(۴)

آنگاه |b| >
√
2|d| باشیم داشته J0 ماتریس در اگر

که طوری به ،k مقادیر تمام برای y2(k) > f1(k) -A1

.k > b̄

h(k) < f2(k) داد نشان توان م |f | ≤
√
2|d| اگر -A2

.k > b̄ که زمان

h(k) < f2(k) داد نشان توان م |f | >
√
2|d| اگر -A3

.k > max
{
b̄, f̄

} که زمان

e(k) < f2(k) داد نشان توان م |e| ≤
√
2|d| اگر -A4

.k > b̄ که زمان

برای که �کنیم م بیان را زیر قضیه ابتدا پرسش این به
k > 0 برای کرد. مراجعه [٢ ،١] به �توان م آن اثبات
j = 1, . . . ,m− 1 برای و y1 = k فرضکنیم شده داده

�کنیم م تعریف

yj+1 = k −
b2j+1

yj
.

j = 2, 3, . . . ,m − 2 برای yj > 0 کنیم فرض اگر
قرار [−k, k] بازه در T0 طیف آنگاه ،ym−1 ≥ b2m

k و
ماتریس ساختار به توجه با و ١ گزاره بنابر گیرد. م

داریم J0

y1 = k, y2 = k − b2

k , y3 = k − c2

y2
,

yj+1 = f(yj), j = 3, . . . ,m − 3, f(y) = k − d2

y ,

ym−1 = k − e2

ym−2
, ym = k − f2

ym−1
.

(٢)

برای باشد. شده داده k > 0 و d ∈ R کنیم فرض
yj+1 = بازگشت دنبالهی y1 > 0 کننده شروع نقطه هر
f(y) = k − d2

y صورت به f تابع و j ∈ N ، f(yj)
داریم:

نقطهی دارای f تابع آنگاه :k ≥ 2|d| اول حالت
f2 = و f1 = k−

√
k2−4d2

2 جذبکننده و دفعکننده
آنگاه k = 2|d| که صورت در است. k+

√
k2−4d2

2

کرد ثابت توان م و f1 = f2

داریم j ∈ N برای آنگاه ،y1 ∈ (f1, f2) اگر (١
در و f1 < y1 < y2 < . . . < yj < yj+1 < . . . < f2

.limj→∞ yj = f2 نتیجه
داریم j ∈ N برای آنگاه ،y1 > f2 اگر (٢

و f2 < . . . < yj < yj+1 < . . . < y2 < y1
.limj→∞ yj = f2

.j ∈ N هر برای yj = f2 داریم ،y1 = f2 اگر (٣

.j ∈ N هر برای yj = f1 داریم ،y1 = f1 اگر (۴
f1 > y1 > y2 > y3 > . . . داریم ،y1 ∈ (0, f1) اگر (۵
این در که yj0 ≤ 0 که طوری به دارد وجود j0 ∈ Nپس

نیست. خوش�تعریف دنباله صورت
داد نشان توان م حالت این در :k < 2|d| دوم حالت
داریم y > 0 برای نیست. ثابت نقطه دارای f تابع
داریم y1 > 0 کننده شروع نقطه هر برای پس y > f(y)

بهطوری دارد وجود j0 ∈ N پس y1 > y2 > y3 > . . .

خوش�تعریف دنباله صورت این در که yj0 ≤ 0 که
،yj(k) > 0 برای گیریم م نتیجه ١ گزاره از نیست.

٢

203

203



شود م مشخص زیر صورت دو از ی به k آن در که
آنگاه m ≤ m0 و m ∈ N اگر الف-

|e| >
√
2|d| و |f | >

√
2|d|, |b| >

√
2|d| اگر (B1)

k = max
{
b̄, ē, f̄ ,

√
b2 + c2, v, p, w

}
.

|e| ≤
√
2|d| و |f | >

√
2|d|, |b| >

√
2|d| اگر (B2)

k = max
{
b̄, f̄ ,

√
b2 + c2, v, p

}
.

|e| >
√
2|d| و |f | ≤

√
2|d|, |b| >

√
2|d| اگر (B3)

k = max
{
b̄, ē,

√
b2 + c2, v, w

}
.

|e| ≤
√
2|d| و |f | ≤

√
2|d|, |b| >

√
2|d| اگر (B4)

k = max
{
b̄,
√
b2 + c2, v

}
.

آنگاه m ≥ m0 و m ∈ N اگر ب-
|e| >

√
2|d| و |f | >

√
2|d|, |b| >

√
2|d| اگر (C1)

k = max
{
b̄, ē, f̄ ,

√
b2 + c2, v

}
.

|e| ≤
√
2|d| و |f | >

√
2|d|, |b| >

√
2|d| اگر (C2)

k = max
{
b̄, f̄ ,

√
b2 + c2, v

}
.

|e| >
√
2|d| و |f | ≤

√
2|d|, |b| >

√
2|d| اگر (C3)

k = max
{
b̄, ē,

√
b2 + c2, v

}
.

|e| ≤
√
2|d| و |f | ≤

√
2|d|, |b| >

√
2|d| اگر (C4)

k = max
{
b̄,
√
b2 + c2, v

}
.

توان م .f1(k) < y3(k) داریم همواره لم٣ بنابر اثبات.
که صورت در ،v <

√
2c2 + b2 اگر k < v داد نشان

توان م f1 < y3 < f2 باشیم داشته لم٣ بنابر و k = v

با .v >
√
2c2 + b2 اگر y3(k) < f2(k) داد نشان

داریم ۴ نتیجه از استفاده

h(k) ≤ y3(k) ≤ ym−1(k), e(k) ≤ y3(k) < ym−2(k).

e(k) < f2(k) داد نشان توان م |e| >
√
2|d| اگر -A5

.k > max
{
b̄, ē

} که زمان

تابع که هستیم بازههایی دنبال به ادامه در

H(k) = (d2 − c2)k4 +(c4 + c2b2 − 2b2d2)k2 + d2b4

t = k2 متغیر تغییر با است. منف همواره بازه آن در
باشیم داشته �خواهیم م

(d2− c2)t2+(c4+ c2b2−2b2d2)t+d2b4 < 0. (۵)

به اخیر دوم درجه عبارت ریشههای کنیم م فرض
k ∈ داریم .t1 < t2 و باشند t1, t2 > 0 صورت
زیر حالت دو (۵) عالمت تعیین به توجه با که (v,∞)

است انپذیر ام

|d| < |c|, v =
√
t2. (۶)

|d| > |c|, v =
√
t1. (٧)

تابع که هستیم بازههایی دنبال به سپس

q(K) = k4 − (b2 + c2 + f2)k2 + b2f2

t = k2 متغیر تغییر با باشد. نامنف همواره بازه آن در
باشیم داشته �خواهیم م

t2 − (b2 + c2 + f2)t+ b2f2 ≥ 0. (٨)

به اخیر دوم درجه عبارت ریشههای کنیم م فرض
k ∈ [p,∞) داریم .t1 < t2 و باشند t1, t2 > 0 صورت
انپذیر ام زیر حالت (٨) عالمت تعیین به توجه با که

است

k ∈ (
√
t2,∞) → p =

√
t2. (٩)

آنگاه کنیم استفاده e از f جای به (٨) رابطه در اگر
است ان�پذیر ام زیر حالت

k ∈ (
√
t2,∞) → w =

√
t2. (١٠)

داریم (١٠) و (٩) ،(٧) ،(۶) ،(۴) روابط بنابر

λmin(J) ≥ a− k, λmax(J) ≤ a+ k,

٣
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،d = 12.4 ،c = 16 ،b = 9.61 ،a = 25.61 آن در که
آوردن دست به برای .f = 20.2424 و e = 9.61

برای کران اگر A تکین مقدار ترین کوچ برای کران
نظریهی از استفاده با را B ویژه مقدار ترین کوچ
مناسب کران آن دوم ریشهی آوریم، دست به شده بیان
ماتریس این در است. تکین مقدار ترین کوچ برای
نتیجه در .|f | >

√
2|d| و |e| <

√
2|d| ،|b| <

√
2|d|

داشت خواهیم

f̄ = 25.61,
√
b2 + c2 = 18.664192990858190,

v = 24.805446264044253.

داریم پس

σmin(A) =
√
λmin(B) ≥

√
a− v = 0.8969 · · · .

با را A ماتریس دقیق تکین مقدار ترین کوچ حال
آوریم م دست به MATLAB نرمافزار از استفاده

σmin(A) = 0.900061250969374.

دارند وجود که کران�هایی سایر که است حال در این
از عبارتند ([١] در (١٢) و (١١) ،(١٠) ،(٩) (روابط

−0.45, −0.42, 0, −0.03.
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داریم محاسبات انجام و گزاره٢ بنابر

y3(k) > 0, ∀k >
√
b2 + c2.

f1(k) < y3(k) < f2(k), ∀k > v.

h(k) ≤ y3(k), ∀k ≥ p.

e(k) ≤ y3(k), ∀k ≥ w.

(١١)

مشابه طور به و (B4) تا (B1) ،٧ لم و (١١) روابط بنابر
شود. م ثابت (C4) تا (C1)

شود م معرف زیر صورت به ٨ قضیه در m0

e(k) < و h(k) < f2(k) ،f1 < y3 < f2 اگر
نواخت ی طور به y3(k), y4(k), . . دنبالهی. آنگاه ،f2(k)
بنابراین است. f2(k) به را هم و یافته افزایش
ys(k) > که دارند وجود t و s صحیح اعداد ترین کوچ
m0 = دهیم م قرار پس .yt(k) > e(k) و h(k)

با مشابه لمهایی از استفاده با .max{s + 3, t + 4}
حالت دو برای را مشابه قضیهی دو ٧ و ۶ ،۵ لمهای
اثبات توانیم م |f | >

√
2|d| و |e| >

√
2|d| متفاوت

شده بیان شرایط از دام هیچ که صورت در کنیم.
نشان توان م آنگاه نباشد برقرار شده ارایه قضیههای در
دست به زیر صورت به (٧) و (۶) روابط بنابر k که داد

آید م
k = max

{√
b2 + c2, v

}
.

زیر مثال شده، بیان قضایای از کاربرد ی عنوان به حال
صورت به A ماتریس کنید فرض کنیم. م بررس را

باشد زیر

A =



4

3.1 3.1

4 4

3.1 4

. . .
. . .
3.1 4

3.1 3.1

4 5.0606


2000×2000

.

تکین مقدار ترین کوچ برای کران آوردن دست به
کاربردها از بسیاری در A مانند دوقطری ماتریسهای
از استفاده با را کران این .[٣ ،٢] است سودمند
مقادیر دانیم م آوریم. م دست به شده، بیان نظریهی
ماتریس ویژهی مقادیر دوم ریشهی A ماتریس تکین
است (١) صورت به ، ماتریس B هستند. B = ATA

۴
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[1,0] Padé approximation method for solving space

fractional partial differential equations

A. Borhanifar∗, Academic member of School of Mathematics,
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Abstract: In this paper, we proposed a novel numerical scheme for solving the space fractional partial

differential equation with the help of the [1,0] Padé approximation. It is proved that the numerical method

is unconditionally stable in view of the matrix analysis method. Finally, a numerical example is proposed to

prove the effectiveness of the numerical scheme.

Keywords: Padé approximation method; shifted Grünwald Estimate; unconditionally stable; Fractional

partial differential equations.

1 INTRODUCTION

The concept of fractional derivatives is by no means

new. In fact, they are almost as old as their

more familiar integer order counterparts. Until re-

cently, however, fractional derivatives have been

successfully applied to problems in system biology,

physics, chemistry and biochemistry, hydrology,

and finance. These new fractional-order models are

more adequate than the previously used integer-

order models, because fractional-order derivatives

and integrals enable the description of the memory

and hereditary properties of different substances.

Finding accurate and efficient methods for solving

Fractional partial differential equations has been

an active research undertaking. Exact solutions of

most of the FPDEs cannot be found easily, thus

analytical and numerical methods must be used.

Some of the numerical methods for solving FPDEs

were presented in [3, 5].

In this paper,we consider the following fractional

partial differential equations with the Riemann-

Liouville space fractional derivative [1]:

∂u(x, t)

∂t
=

∂αu(x, t)

∂xα
, 0 < t ≤ T, 0 < x < L, (1)

subject to the initial value and boundary conditions

given by

u(x, 0) = f(x) (2)

u(0, t) = u(L, t) = 0 (3)

where u is a solute concentration.

The Riemann-Liouville space fractional derivatives

of order α ∈ (1, 2] is defined as

∂αu(x, t)

∂xα
=

1

Γ(2− α)

∂2

∂x2

∫ x

0

(x− ξ)1−αu(ξ, t)dξ

The rest of this paper is organized as follows.

In Section 2, a numerical scheme for solving the

above space FPDEs is established. In Sections 3,

the stability of the numerical scheme is discussed.

∗Corresponding Author
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Section 4 provides the numerical results for solving

the FPDEs. Finally, the main results are summa-

rized in Section 5.

2 Spatial Approximation

We shall solve (1) with initial condition (3) and

Neumann boundary conditions (2). Let N and

M be the number of grid points in the x- and t-

direction, respectively. Let h = L/N , k = T/M

and let xi = ih, i = 0, 1, ..., N , tj = jk, j =

0, 1, ...,M . Values of the finite difference approx-

imations of u(x, t) at the grid are denoted by

ui,j = u(xi, tj) (4)

Assume that u(x, t) is twice differentiable w.r.t. x

and replace the fractional partial derivatives in (1)

with respect to x by the shifted Grünwald estimate:

∂αu(xi, tj)

∂xα
=

1

hα

i+1∑
s=0

ω(α)
s u(xi−s+1, tj) +O(hα),

where the coefficients ω
(α)
s are defined by ω

(α)
0 = 1,

ω
(α)
s = (−1)s α(α−1)...(α−s+1)

s! , s = 1, 2, ...,M .

This discretization results in an initial-value prob-

lem of the form:

dU(t)

dt
= AU(t), U(0) = U0, (5)

where the matrix A is as follows:

Ai,j =
1
hα


0, when j > i+ 1;

ω
(α)
1 , when j = i;

ω
(α)
i−j+1, otherwise.

By Duhamels principle [4], the exact solution of (1)

can be written as

U(t) = exp(tA)U0, (6)

Replacing t by t+k, we can write the exact solution

(6) as

U(t+ k) = exp((t+ k)A)U0 = exp(kA)U(t), (7)

which satisfies the recurrence formula:

U(tn+1) = exp(kA)Utn+1
, (8)

where 0 < k ≤ k0, for some k0, is the time step and

tn = nk. Recurrence formula (8) is the basis of dif-

ferent time stepping schemes depending upon how

we approximate the matrix exponential functions.

We shall use [1, 0] Padé approximations of the ma-

trix exponential functions exp(kA) to construct a

family of time stepping schemes. then we obtain

the following numerical scheme for solving (1)

V n+1 = (I − kA)−1V n, (9)

V is the approximate solution of U .

3 stability of the numerical

scheme

In this section, we demonstrate that the [1,0] Padé

approximation method for the fractional initial-

boundary value problem (1)-(3) is unconditionally

stable.

Lemma 3.1. (Gerschgorin)[2] Let the matrix A ≡
(ai,j) has eigenvalues λ and define the absolute row

and column sums by

ri ≡
n∑

j=1,j ̸=i

|ai,j |, cj ≡
n∑

i=1,i̸=j

|ai,j |.

then,

(a) each eigenvalues lies in the union of the row

circles Ri, i = 1, 2, ..., n where

Ri ≡ {z : |z − ai,i| ≤ ri};

(b) each eigenvalues lies in the union of the column

circles Cj, j = 1, 2, ..., n where

Cj ≡ {z : |z − aj,j | ≤ cj}.

Lemma 3.2. The coefficients ω
(α)
s (s = 0, 1, ...)

satisfy the following properties for 1 < α ≤ 2 [1]:

(a) ω
(α)
0 = 1, ω

(α)
1 = −α;

(b) 1 ≥ ω
(α)
2 ≥ ω

(α)
3 ≥ ... ≥ 0,;

(c)
∑∞

s=0 ω
(α)
s = 0,

∑K
s=0,s ̸=1 ω

(α)
s < −ω

(α)
1

Theorem 3.3. Numerical Algorithm (9) is uncon-

ditionally stable.
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4 Numerical example

In this section, we present the numerical results for

one example of FPDE to illustrate the presented

schemes that are employed in our study.

Example 4.1. We consider the following FPDE

with α ∈ (1, 2]:

∂u(x, t)

∂t
=

∂αu(x, t)

∂xα
, 0 < t ≤ T, 0 < x < 1, (10)

u(x, 0) = x(1− x) (11)

u(0, t) = u(1, t) = 0 (12)

The obtained numerical results by using

[1,0] Padé approximation method are shown in Ta-

ble 1. This table shows the magnitude of the maxi-

mum error at time t = 2 between the exact solution

and the numerical solution at different values of h

and k for α = 2.

TABLE 1

Maximum error behavior for the example problem at Tend = 2

h = ∆x k = ∆t Maximum error at time Tend = 2

0.1 0.05 6.7670e-008

0.1 0.01 2.9191e-009

0.1 0.001 4.5225e-010

0.01 0.05 1.9174e-007

0.01 0.01 7.3155e-009

0.01 0.001 5.0460e-010

Figs. 1, 2 and 3 show the numerical solution be-

havior at t = 0.5 for α = 1.6, α = 1.8 and α = 2,

respectively. three Figs display the numerical so-

lution surface for different α. We can see that the

fractional diffusion of order α = 1.6 is slower than

the fractional diffusion of order α = 1.8 and the

fractional diffusion of order α = 1.8 is slower than

the standard diffusion (α = 2). From Figs. 1-3,

we can declare that the numerical solution contin-

uously depends on the space fractional derivative.

Figure 1: The numerical approximation of u(x, t) for the

FPDE (10)-(12) when t = 0.5 and α = 1.6 using the step size

h = 0.01 and k = 0.001.

Figure 2: The numerical approximation of u(x, t) for the

FPDE (10)-(12) when t = 0.5 and α = 1.8 using the step size

h = 0.01 and k = 0.001.

Figure 3: The numerical approximation of u(x, t) for the

FPDE (10)-(12) when t = 0.5 and α = 2 using the step size

h = 0.01 and k = 0.001.
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5 Conclusion

In this paper, we propose a new difference scheme

for solving space fractional partial differential equa-

tion based on [1, 0] Padé approximation.We give

the stability analysis and prove that it is uncon-

ditionally stable by using matrix method. Finally,

numerical results match to the theoretical analysis.

MATLAB version 7.1. has been used for computa-

tions in this paper.
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1 Introduction

In this paper, we intend to prove the existence and

uniqueness of the solutions of the following nonho-

mogeneous nonlinear Volterra integral equation

u(x) = f(x)+φ
(∫ x

a

F (x, t, u(t))dt
)
≡ Tu, u ∈ X,

(1)

where x, t ∈ [a, b], −∞ < a < b < ∞, f : [a, b] → R

is continuous and F is a mapping on the domain

D := {(x, t, u) : x ∈ [a, b], t ∈ [a, x), u ∈ R}.

In this study, we will use an iterative method

to prove that equation (1) has the mentioned cases

under some appropriate conditions. Finally, we of-

fer some examples that verify the application of this

kind of nonlinear functional-integral equations.

2 Preliminaries

In this section, we provide some definitions which

we will be needed further on.

Definition 2.1. Let S denoted the class of those

functions α : [0,∞) → [0, 1) satisfying the condi-

tion

lim sup
s→t+

α(s) < 1, for all t ∈ [0,∞).

Definition 2.2. Let B denoted the class of those

functions ϕ : [0,∞) → [0,∞) which satisfies the

following condition

(i) ϕ is increasing,

(ii) for each x > 0, ϕ(x) < x,

(iii) α(x) = ϕ(x)
x ∈ S, x ̸= 0.

For example, ϕ(t) = µt, where 0 ≤ µ < 1,

ϕ(t) = t
t+1 and ϕ(t) = ln(1 + t) are in B.

3 Main results

In this section, we will study the existence and

uniqueness of the nonlinear functional–integral

equation (1) on X.

Theorem 3.1. Consider the integral equation (1)

such that,

(i) φ : R → R is a bounded linear transformation.

(ii) F : D → R and f : [a, b] → R are continuous.

(iii) There exists a integrable function p : [a, b] ×
∗Corresponding Author
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[a, b] → R such that

|F (x, t, u)− F (x, t, v)| ≤ p(x, t)ϕ(|u− v|),

for each x, t ∈ [a, b] and u, v ∈ R.

(iv) supx∈[a,b]

∫ b

a
p2(x, t)dt ≤ 1

∥φ∥2(b−a) .

Then the integral equation (1) has a unique fixed

point u in X.

Proof: Consider the iterative scheme

un+1(x) = f(x)+φ
(∫ x

a

F (x, t, un(t))dt
)
≡ Tun,

(2)

for n = 0, 1, · · · , where u0 ∈ X is an arbitrary

initial guess. So∣∣∣Tun(x)− Tun−1(x)
∣∣∣ =∣∣∣φ(∫ x

a

F (x, t, un(t))dt
)
− φ

(∫ x

a

F (x, t, un−1(t))dt
)∣∣∣

≤
∣∣∣φ(∫ x

a

F (x, t, un(t))− F (x, t, un−1(t))dt
)∣∣∣

≤ ∥φ∥
∣∣∣ ∫ x

a

F (x, t, un(t))− F (x, t, un−1(t))dt
∣∣∣

≤ ∥φ∥
∫ x

a

∣∣F (x, t, un(t))− F (x, t, un−1(t)
∣∣dt

≤ ∥φ∥
∫ b

a

p(x, t)ϕ(|un(t)− un−1(t)|)dt

≤ ∥φ∥
(∫ b

a

p2(x, t)dt
) 1

2
(∫ b

a

ϕ2(|un(t)− un−1(t)|)dt
) 1

2

.

As the function ϕ is increasing then

ϕ(|un(t)− un−1(t)|) ≤ ϕ(d(un, un−1)),

so, we obtain

d2(un+1, un) ≤

∥φ∥2
(

sup
x∈[a,b]

∫ b

a

p2(x, t)dt
)(∫ b

a

ϕ2(d(un, un−1))dt
)

≤ ϕ2(d(un, un−1)).

Therefore

d(un+1, un) ≤ ϕ(d(un, un−1))

=
ϕ(d(un, un−1))

d(un, un−1)
d(un, un−1)

= α(d(un, un−1))d(un, un−1),

(3)

and so the sequence {d(un+1, un)} is nonincreas-

ing and bounded below. Thus there exists τ ≥
0 such that limn→∞ d(un+1, un) = τ . Since

lim sups→τ+ α(s) < 1 and α(τ) < 1 then there ex-

ist r ∈ [0, 1) and ϵ > 0 such that α(s) < r for

all s ∈ [τ, τ + ϵ]. We can take ν ∈ N such that

τ ≤ d(un+1, un) ≤ τ + ϵ for all n ∈ N with n ≥ ν.

On the other hand, we have

d(un+2, un+1) ≤ α(d(un+1, un))d(un+1, un)

≤ rd(un+1, un),

for all n ∈ N with n ≥ ν. It follows that

∞∑
n=1

d(un+1, un) ≤
ν∑

n=1

d(un+1, un) +
∞∑

n=1

rnd(uν+1, uν)

< ∞,

and hence {un} is a Cauchy sequence. Since (X, d)

is a complete metric space, then there exists a

u ∈ X such that limn→∞ un = u. Now by tak-

ing the limit of both sides of (2), we have

u = lim
n→∞

un+1(x) = lim
n→∞

(
f(x) + φ

( ∫ x

a

F (x, t, un(t))dt
))

= f(x) + φ
( ∫ x

a

F (x, t, lim
n→∞

un(t))dt
)

= f(x) + φ
( ∫ x

a

F (x, t, u(t))dt
)
.

So, there exists a solution u ∈ X such that Tu = u.

It is clear that the fixed pint of T is unique.

4 Applications

In this section, for efficiency of our theorem, some

examples are introduced.

Example 4.1. Consider the following nonlinear

Volterra integral equation

u(x) = sin(
1

1 + x
)+

x

9

∫ x

0

cos(x2t)

(1 + xt)2
arctan(u(t))dt,

(4)

for x, t ∈ [0, 1].
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We write

|F (x, t, u)− F (x, t, v)| =

| x cos(x
2t)

9(1 + xt)2
(arctan(u)− arctan(v))|

≤ |x cos(x
2t)

(1 + xt)2
||u− v

9
|.

Take p(x, t) = x cos(x2t)
(1+xt)2 and ϕ(t) = t

9 . Since

supx∈[0,1]

∫ 1

0
p2(x, t)dt ≤ 1, then the equation (4)

has a unique solution in C([0, 1], R).

Example 4.2. (See [3]) Consider the following

singular Volterra integral equation

u(x) = f(x)+λ

∫ x

0

(x− t)−αu(t)dt, (x, t ∈ [0, T ]),

(5)

where 0 ≤ λ < 1 and 0 < α < 1
2 . Then

|F (x, t, u)− F (x, t, v)| =

|λ(u− v)(x− t)−α| ≤ |λ||u− v||(x− t)|−α.

Put p(x, t) = (x− t)−α and ϕ(t) = λt. We have

sup
x∈[0,T ]

∫ T

0

p2(x, t)dt = sup
x∈[0,T ]

∫ T

0

|(x− t)|−2αdt

=
T 1−2α

1− 2α
.

It follows that if T 1−α ≤ (1−2α)1/2, then the equa-

tion (5) has a unique solution in complete metric

space C([0, T ], R).
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1 INTRODUCTION AND

PRELIMINARIES

Williams introduced n-solenoids which are defined

as inverse limits of immersions of n-dimensional

branched manifold satisfying certain axioms[5],[4]

and Inhyeop generalized this definition to topolog-

ical case[2]. These solenoids are dynamical sys-

tems. Krieger introduced the canonical SFT cov-

ers of sofic systems which are zero-dimensional[6],

and Inhyeop constructed these covers for solenoids

(which are one-dimensional)[2]. Let (X, f) be a

presentation of a 1-solenoid, O is a finite set of X

with f(O) = O, Then there are a new presentation

(XO, fO) such that (XO, fO) is topologically con-

jugate to (X, f), an (mixing) unique (up to conju-

gacy) two-sided SFT (ΣO, σO) and a semicojugacy

PO : ΣO → X (That is, PO is a continuous surjec-

tion map and POoσO = foPO).

Definition 1.1. A dynamical system is a pair

(X,φ) where X is a topological space and φ is a

homeomorphism of X.

Definition 1.2. Let A denote a finite non-empty

set, sometimes called the alphabet. Define

AZ = {(an)n∈Z | an ∈ A, for n ∈ Z}

For an ∈ A and a pair of integer i ≤ j put

a[i,j] = (ai, ..., aj). We define a metric d on AZ

by

d(a, b) = inf{1, 2−N−1 | N ≥ 0, a[1−N,N ] = b[1−N,N ]}

and a shift map σA on AZ by (σA(a))n = an+1.

A word ω = (ω1, ..., ωn) is a finite sequence of ele-

ments A. Let ℑ be a finite set of words, we define

Xℑ = {a ∈ AZ | no word in ℑ appears in a}.

The restriction of σA to Xℑ is denoted by σℑ or

just σ. Any non-empty system obtained as (Xℑ, σ)

is called a shift of finite type (SFT)[1].

Definition 1.3. Let X be a directed graph with

vertex set νX and edge set εX and f : X → X a

continuous map. Axioms 0-3 and 5 correspond to

Williams Axioms 0-2, 30, and 4.

Axiom 0: (Indecomposability) (X, f) is indecom-

posable.

Axiom 1: (Nonwandering) All points of X are

non-wandering under f .

∗Corresponding Author
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Axiom 2: (Flattening) There is K ≥ 1 such that

for all x there is an open neighborhood U of x suth

that fK(U) is homeomorphic to (−ϵ, ϵ).
Axiom 3: (Expansive) There are a d metric com-

patible with the topology and positive constants C >

0 and λ > 1 such that for all n and all points x, y

on a common edge of X , if fn maps the interval

[x, y] into an edge, then

d(fn(x), fn(y)) ≥ Cλnd(x, y).

Axiom 4: (Nonfolding) fn|X−νX
is locally one-to-

one for every positive integer.

Axiom5: (Markov) f(νX) ⊂ νX .

For a given directed graph X with a continuous map

f : X → X, let X be the inverse limit space

X = X ← ... = {(x0, x1, x2, ...) ∈
∞∏
0

| f(xn+1) = xn}

and f : X → X the induced homeomorphism de-

fined by

(x0, x1, x2, ...)→ (f(x0), f(x1), f(x2), ...)

= (f(x0), x0, x1, x2, ...)

Let Y be a topological space and g : Y → Y

a homeomorphism. We call Y a one-dimensional

generalized solenoid or 1-solenoid and g a shift

map if there exist a directed graph X and a graph

map f : X → X such that (X, f) satisfies all the

above axioms and (Y, g) is topologically conjugate

to (X, f). In this case, we say that (X, f) is a pre-

sentation of (Y, g). If (X, f) satisfies all the axioms

except possibly the Flattening Axiom, then we call

Y a branched solenoid[2, 5, 4].

Lemma 1.4. Suppose that (X, f) satisfies Non-

folding Axiom and the Markov Axiom, ε =

{e1, ..., en} is the edge set of X with a given direc-

tion. For each edge ei ∈ ε, we can give the partition

Ii,j such that,

1) the initial point of Ii,1 is the initial point of ei,

2) The terminal point of Ii,j is the initial point of

Ii,j+1,

3) the terminal point of Ii,j(i) is the terminal point

of ei,

4) f |intIi,j is injective, and

5) f(Ii,j) = e
s(i,j)
i,j where ei,j ∈ ε, s(i, j) = 1 if

the direction of f(Ii,j) agree with that of ei,j, and

s(i, j) = −1 if the direction of f(Ii,j) is revere to

that of ei,j.

suppose that (X, f) ia a presentation of a

branched solenoid, and that ε = {e1, ..., en} is the

edge set of X. Let A = {Ii,j | 1 ≤ i ≤ n, 1 ≤ j ≤
j(i)} be the partition of ε for f , and f̃ : ε → ε∗

wrapping rule associated to f given by

f̃ : ei = Ii,1...Ii,j(i) → e
s(i,1)
i,1 e

s(i,2)
i,2 e

s(i,j(i))
i,j(i)

where e
s(i,j)
i,j = f(Ii,j) and s(i, j) = ±1 denoted

the direction. The shift space ΣX is the subset

of AZ whose forbidden blocks are {Ii,jIk,l | Ik,l /∈
f(Ii,j) = e

s(i,j)
i,j }. Therefore ΣX is a subshift of

finite type, and a word w = Ia(0)Ia(1)...Ia(l) is al-

lowed in ΣX if and only if
∩l

j=0 = f−j(Ia(j)) has

nonempty interior.

For each point w = ...Ia(−1)Ia(0)Ia(1)... ∈ ΣX and

the canonical projection map onto the zeroth coor-

dinate π : X → X, there is a unique corresponding

point

xw = (x0, x1, ...) =

∞∩
−∞

f
−j

(π−1(Ia(j))) ∈ X

such that xi ∈ Ia(−i) and f i(x0) ∈ Ia(i) for i ≥ 0.

Hence there is a well-defined semiconjugacy p :

ΣX → X defined by w → xw. it is not difficult

to check fop = poσX .

Definition 1.5. Suppose that X and Y are directed

graphs and f : X → X and g : Y → Y are graph

maps. We say that f and g are shift equivalent

with logm if there are continuous maps r : X → Y ,

s : Y → X and a positive integer m such that

rof = gor, sog = fos, fm = sor, gm = ros.

If (X, f) and (Y, g) are shift equivalent with log m

by continuous maps r : X → Y and s : Y → X,

then define induced maps r : X → Y and s : Y → X

by

r(x0, ..., xm, xm+1, ...) = (r(xm), r(xm+1), ...),
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s(y0, y1, y2..., ...) = (s(y0), s(y1), s(y2), ...).

We can easily check that r and s are topological

conjugacies of X and Y such that sor = Id on X

and ros = Id on Y .

Lemma 1.6. (Ladder Lemma ) suppose (X, f)

and (Y, g) satisfy all Axioms except possibly the

Flatting Axiom, and Φ : X → Y is a continu-

ous map such that goϕ = ϕof . Then there is a

continuous map r : X → Y and a nonnegative in-

teger n such that gor = rof and ϕ(x0, x1, ...) =

(r(xn), r(xn+1), ...).

Proposition 1.7. Suppose that (X, f) and (Y, g)

satisfy all the axioms except possibly the Flattening

axiom. Then Φ : X → Y is a topological conjugacy

if and only if there exists a shift equivalence (r, s)

of X and Y such that Φ = r.

Proposition 1.8. suppose (X, f) and (Y, g) satisfy

Axioms 3,4,5, and they are shift equivalent to each

other with lagm by graph maps r and s. Then the

conjugacy r : X → Y lifts to a unique conjugacy r

of (ΣX , σX) and (ΣY , σY ).

2 Main results

suppose that (X, f) is a presentation of a solenoid

satisfy all six Axioms and O is a finite set of X such

that f(O) = O.

By a path l, we mean an equivalence class of lo-

cally one-to-one continuous maps γ : [0, 1] → X

where γ1 ∼ γ2 if and only if there is an order-

preserving homeomorphism h1,2 : [0, 1] → [0, 1]

such that γ1(t) = γ2oh1,2(t) for all t ∈ [0, 1]. So

a path l = [γ] has the initial point γ(0) and the

terminal point γ(1).

Let P be the set of directed paths l ⊂ Xsuch that

the boundary points of l are contained in O, the

interior of l does not contain any point O and Im

the set of such paths whose boundary points are

contained in f−m(O).

Lemma 2.1. There exists a positive integer N

such that the interior of each edge contains at least

one point of f−N (O), and for each vertex ν ∈ X,

1) if ν /∈ f−N (O), then there exists a path lν ∈ P ,
unique up to direction, such that for every path

I ∈ IN which contains ν as an interior point, ei-

ther f−N (I) /∈ P or f−N (I) = l±1
ν ∈ P where ±1

denotes the direction, and

2) if ν ∈ f−N (O), then there exist paths li, lt ∈ P ,
unique up to direction, such that if J1 and J2 are

elements of IN such that ν is the terminal point

of J1 and the initial point of J2, then f
N (J1J2) =

(lilt)
±1.

Lemma 2.2. suppose l = fN (I) ∈ P for some

I ∈ I. Then every factor of f̃ (i)(l) is an element of

fN (I) for every nonnegative integer i.

Notation: The directed paths which are el-

ements of I come in pairs, where one path in a point

is the other with reversed direction. Make a choice

of one path from each pair and let Ior be the col-

lection of chosen directed paths.

Define

PO = {fN (I) | I ∈ Ior}.

Then PO is a finite subset of P as I is a finite set.

Proposition 2.3. The set PO is the unique, up to

the choice of direction, minimal subset of P satis-

fying the following conditions: f̃(l) ∈ P ∗
O for every

l ∈ PO, X ⊂l∈PO
l and there exists a positive inte-

ger k such that l1 ∈ fk(l) for all l1, l ∈ P .

Definition 2.4. New directed graph XO defined

by the set O has n vertices and m edges where n

is the cardinality of O and m is the cardinality of

PO. The set of vertices νO of XO corresponds to

O and the set of edges εO corresponds to PO by

the following rule: If li ∈ PO is a directed path

from νi,1 to νi,2 in X represented by a continuous

map γli : [0, 1] → X, Then ei ∈ εO is a directed

edge from νi,1 to νi,2 represented by a continuous

map γi : [0, 1] → ei such that γi |(0,1) is a home-

omorphism and l−1
i corresponds to e−1

i defined by

γ−1
i : [0, 1] → ei such that γ−1

i (t) = γi(1 − t). So

there is a natural projection PO : XO → X de-

fined by γlio(γi)
−1

: ei → li, and the graph map
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fO : XO → XO is induced by f : X → X satisfying

POofO = foPO. Hence if f̃P : li → l
s(1)
i,1 ...l

s(m(i))
i,m(i) ∈

P ∗
O for li ∈ PO, then f̃O : ei → e

s(1)
i,1 ...e

s(m(i))
i,m(i) ∈ ε

∗
O

where PO(ei) = li ∈ εO and s(i) denotes the direc-

tion.

Theorem 2.5. suppose that (X, f) satisfies all six

Axioms, that O is a finite subset of X such that

f(O) = O, and that PO and (XO, fO) are the min-

imal closed subset of P and the new presentation

defined by O, respectively. Then the natural pro-

jection PO : XO → X gives a conjugacy from

(XO, fO) to (X, f).

Theorem 2.6. Suppose that (X, f) and (Y, g) sat-

isfy all Axioms, and that (X, f) is topoligically con-

jugate to (Y , g) by a conjugagy map ϕ. If O is a

finite union of periodic orbits of f and O
′
= ϕ(O),

then there is a unique conjugacy ϕ̃ : (ΣO, σO) →
(ΣO′ , σO′) such that the following diagram com-

mutes.

Proof 2.7. That ϕ is a conjugacy implies that

O′ is a finite union of periodic orbits of g. Let

(XO, fO) and (YO′ , gO′) be the new graphs with

graph maps defined by O = π(O) and O′ = π(O′),

respectively. Then by Theorem 77, there exist shift

equivalence maps (ρO, ψO) for (XO, fO) and (X, f),

and (ρO′ , ψO′) for (YO′ , gO′) and (Y, g). Let ϕO :

XO → YO′ be the conjugacy (ρO′)−1oϕoρO, which

lifts ϕ.

By the Ladder Lemma, there is a shift equivalence

rO : XO → YO′ and sO : YO′ → XO such that

rO = ϕO and sO = ϕ−1
O . Since ϕ sends O to

O′, rO and sO are graph maps. Then it follows

from Theorem 22 that there is a unique conjugacy

ϕ̃ : (ΣO, σO) → (ΣO′ , σO′) . Therefore ϕ̃ is the

unique conjugacy liftingϕ.
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Robustly transitive sets of flows with shadowing

property

Ali Barzanouni∗,Academic member of Department of Mathematics,
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Abstract: Let Λ be a robustly transitive subset of a manifold M and X be a vector field on M . We define

the notion of C1- stable shadowing property for Λ and prove that if Λ has C1-stable shadowing property

then Λ is a hyperbolic set. As a corollary this implies that robustly transitive vector fields with C1-stable

shadowing property are Anosov.

1 INTRODUCTION

LetM be a compact manifold and let X 1(M) be the

space of C1- vector fields on M with C1- topology.

Denote by Xt the flow generated by X ∈ X 1(M).

A dominated splitting over Λ is a non-trivial invari-

ant direct sum TΛM = Es
Λ⊕Ec

Λ such that angle be-

tween DXt(x).ν and Ec
x approaches exponentially

to 0 as t → ∞ for all ν ̸∈ Es
x. A partially hyperbolic

set is a compact invariant set with a dominated

splitting for which the subbundle Es
Λ is contract-

ing. A partially hyperbolic set with hyperbolic sin-

gularities is sectional-hyperbolic (or hyperbolic ) if

the central direction Ec
Λ is sectional-expanding (or

splits into an invariant direct sum Ec
Λ = Eu

Λ ⊕ EX
Λ

where Eu
Λ is expanding and EX

Λ is the flow direc-

tion). There exist examples of sectional-hyperbolic

sets which are not hyperbolic, as lorenz attractors

(see [6]). Lorenz attractors do not have shadow-

ing property (see [9]). Shadowing property plays

an important role in investigation of stability (er-

godicity) theory (see [8]). Sakai [10] has shown

that C1-interior of the set of diffeomorphisms with

shadowing property coincides with the set of struc-

turally stable diffeomorphisms. For vector field the

situation is different. There is an example of a vec-

tor field with the robust shadowing property which

is not structurally stable (see [7]). But if X is a

vector field without singularity , then it is in the

C1-interior of the set of vector fields with shadow-

ing property if and only if X is structurally stable

(see [5]). In this paper we show that every robustly

transitive set Λ such that X|Λ has C1-stable shad-

owing property is hyperbolic. As a corollary, every

robustly transitive vector field with C1-stable shad-

owing property is Anosov.

2 Notation

Let M be a compact manifold and let d be the dis-

tance on M induced from a Riemannian metric ||.||
on the tangent bundle TM . Denote by X 1(M) the

set of all C1-vector fields of M endowed with C1

topology. Every X ∈ X 1(M) generates a C1-flow

Xt such that Xt : M → M is a diffeomorphism

satisfying X0(x) = x and Xt+s(x) = Xt(Xs(x)) for

all s, t ∈ R and x ∈ M . A point p ∈ M is said to be
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periodic, if there exists T > 0 such that XT (p) = p,

the smallest such T is called the period of p. The

set of all periodic points of M will be denoted by

Per(X). A singularity for X is a point σ ∈ M such

thatXt(σ) = σ for all t ∈ R. The set of all singular-

ities ofX is denoted by Sing(X). The set of critical

elements of X is Crit(X) = Per(X)∪Sing(X). A

point σ ∈ Sing(X) is called hyperbolic if all of the

eigenvalues of DX(σ) have non-zero real part. A

periodic point is hyperbolic if the eigenvalues of its

Poincare map do not belong to the unit circle. A

compact invariant set Λ of X is isolated if there

exists an open set U ⊇ Λ, called an isolating block,

such that

Λ =
∩
t∈R

Xt(U).

A compact X-invariant subset Λ ⊆ M is transi-

tive if it coincides with the omega-limit set of an

X-orbit. An invariant set of X is nontrivial if it is

neither a periodic point nor a singularity.

Definition 2.1. An isolated set Λ of C1 vector

field X is robustly transitive if it has an isolating

block U such that

ΛY =
∩
t∈R

Yt(U)

is both transitive and nontrivial for any Y , C1-close

to X.

Let x, y ∈ M . If for ϵ > 0 there exist a se-

quence of points {xi}0≤i≤n and a sequence of times

{ti}0≤i≤n such that

• x0 = x and xn = y,

• ti ≥ 1 for every i,

• d(Xti(xi), xi+1) < ϵ for 0 ≤ i ≤ n− 1.

then the bi-sequence ({xi}ni=0, {ti}ni=0) is called an

ϵ- chain from x to y.

A function g : I → M( I ⊆ R) is called a δ-pseudo

orbit of C1-vector field X, if

d(g(t+ τ), Xt(g(τ))) < δ, 0 ≤ t ≤ 1, τ, τ + t ∈ I.

An X-invariant set Λ is shadowable (or Λ

has shadowing property) whenever X|Λ has shad-

owing property, this means that for every ϵ > 0

there is δ > 0 such that for every δ- pseudo orbit

g : I → M with g(I) ⊆ Λ, there exists a point

z ∈ M such that d(g(t), Xt(z)) < ϵ for every t ∈ I.

Definition 2.2. An X-invariant set Λ has C1-

stable shadowing property if Λ is an isolated set

with isolating block U and there exists neighbor-

hood U ⊆ X 1(M) of X such that for every Y ∈ U ,
ΛY =

∩
t∈R Yt(U) has shadowing property.

For Λ ⊆ M , a subbundle FΛ over Λ is a con-

tinuous map Λ 7→ Fx such that for every x ∈ Λ,

Fx is a linear subspace of TxM . For an invari-

ant subset Λ of X we say that FΛ is invariant if

DXt(x)(Fx) = FXt(x) for every x ∈ Λ and every

t ∈ R. In such a case FΛ is said to be contracting

if there are positive constants K,λ such that

||DX|Fx || ≤ Ke−λt , ∀x ∈ Λ , ∀t > 0.

FΛ is expanding if it is contracting for the reversed

vector field −X.

Definition 2.3. A compact X-invariant set Λ is

called hyperbolic if there is a continuous invariant

tangent bundle decomposition TΛM = Es
Λ ⊕ EX

Λ ⊕
Eu

Λ such that:

1. Es
Λ is a contracting subbundle,

2. Eu
Λ is an expanding subbundle,

3. EX
x is the subspace of TxM generated by

X(x).

A hyperbolic subset Λ of M is of saddle-type,

if Es
x ̸= 0 and Eu

x ̸= 0, for every x ∈ Λ. A vector

field X which is hyperbolic on all of M is called

Anosov.

We define strong stable ( strong unstable

) and stable (unstable) manifolds of a hyperbolic

critical element p respectively as:

W ss(p) = {y ∈ M : lim
t→∞

d(Xt(p), Xt(y)) = 0}
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(Wuu(p) = {y ∈ M : lim
t→−∞

d(Xt(p), Xt(y)) = 0})

and W s(O(p)) =
∪

t∈R W ss(Xt(p)) (Wu(O(p)) =∪
t∈R Wuu(Xt(p))).

In [4], authors assert that if Λ is a hyperbolic

subset of X then there are submanifolds W ss(p),

Wuu(p), W s(p), Wu(p) of M tangent at p to the

subspaces Es
p , Eu

p , Es
p ⊕ EX

p , EX
p ⊕ Eu

p for all

p ∈ Λ.

For ϵ > 0 the local strong stable manifold is

defined as

W ss
ϵ (p) = {y ∈ M : d(Xt(p), Xt(y)) < ϵ if t ≥ 0}

(Wuu
ϵ (p) = {y ∈ M : d(Xt(p), Xt(y)) < ϵ if t ≤ 0})

By the stable manifold Theorem (see [4]), there ex-

ists an ϵ = ϵ(p) > 0 such that

W ss(p) =
∪
t≥0

X−t(W
ss
ϵ (Xt(p)))

(Wuu(p) =
∪
t≥0

Xt(W
uu
ϵ (Xt(p)))).

If σ is a hyperbolic singularity of X then there ex-

ists ϵ = ϵ(σ) > 0 such that

W ss
ϵ (σ) = {y ∈ M : d(Xt(y), σ) < ϵ if t ≥ 0}

(Wuu
ϵ (σ) = {y ∈ M : d(Xt(y), σ) < ϵ if t ≤ 0})

and W s(σ) =
∪

t≥0 X−t(W
s
ϵ (σ)), (Wu(σ) =∪

t≥0 Xt(W
u
ϵ (σ))).

Note that W ss(σ) = W s(σ), (Wuu(σ) = Wu(σ))

for every hyperbolic singularity σ of X.

3 Results

The following theorem is the main theorem.

Theorem 3.1. Every robustly transitive compact

invariant subset of X with C1- stable shadowing

property is hyperbolic.

For proof of Theorem 3.1, we need the fol-

lowing results:

Proposition 3.2. Let Λ be a transitive isolated

set with shadowing property. Then for every two

hyperbolic critical elements O and O′, W s(O) and

Wu(O′) intersect.

A subset R ⊆ X 1(M) is called residual if

it contains a countable intersection of open and

dense sets. A property holds generically if there

exists a residual subset R such that any X ∈ R
has that property. A vector field X is said to be

Kupka-Smale if any critical element is hyperbolic

and W s(σ1) is transverse to Wu(σ2) where σ1 , σ2

are critical elements of X. It is well known that

the set of Kupka- Smale vector fields is residual

in X 1(M). The dimension of the stable manifold

W s(σ) is called index of σ denoted by index(σ).

By hyperbolicity, if σ is a hyperbolic critical ele-

ment of a vector field X then there exists a neigh-

borhood U ⊆ M of σ and a C1-neighborhood U of

X such that every Y ∈ U has a hyperbolic critical

element σY on U and, index(σ) = index(σY ). σY

is called the continuation of σ(see [4]).

Remark 3.3. It is easy to see that if σ , τ are

hyperbolic critical elements for Kupka-Smale vec-

tor field X such that dimW s(σ) + dimWu(τ) <

dim(M) then W s(σ) ∩Wu(τ) = ∅.

Lemma 3.4. Let Λ be a transitive isolated set for

which X|Λ has the C1-stable shadowing property.

Then all hyperbolic periodic orbits in Λ have the

same index, and this property is robust.

Proof of the following Proposition is an ad-

justment of Theorem 6.2 in [1].

Proposition 3.5. Let Λ ⊆ M be a compact invari-

ant set for a C1- vector field X such that X|Λ has

C1- stable shadowing property. Then every singu-

larity σ ∈ Λ is hyperbolic.

For a vector field X, the set Λ is called

strongly homogeneous of index i, if there exist
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an isolating neighborhood U of Λ in M and a

C1−neighborhood U of X in X 1(M) such that all

periodic orbits of every Y ∈ U contained in U , have

the same index i.

Let Λ ⊆ M be a robustly transitive set of X

which is strongly homogeneous of index i. If all sin-

gularities in Λ are hyperbolic then all singularities

in Λ must have the same index and Λ is sectional

hyperbolic( Theorem 7.3 [1]).

Let Λ be a sectional-hyperbolic set of X ∈
X 1(M) with TΛM = Es

Λ⊕Eu
Λ. ThenX(x) /∈ Es

x for

every x ∈ Λ \ Sing(X), see [2]. Thus we conclude:

Corollary 3.6. If σ ∈ Λ ∩ Sing(X) then Λ ∩
W ss(σ) = {σ}.

Lemma 3.7. (Hyperbolic Lemma). Any

sectional-hyperbolic set without singularities is hy-

perbolic.

Proof. see[2] Lemma 2.7

For chain transitive sets and hyperbolic pe-

riodic orbits or singularities, the following lemma

is proved in [3].

Lemma 3.8. Let Λ be a non-trivial chain tran-

sitive set. Suppose that Λ contains a hyperbolic

periodic orbit or a hyperbolic singularity σ. Then

Λ ∩W s(σ) \ {σ} ̸= ∅ and Λ ∩Wu(σ) \ {σ} ̸= ∅.

As a consequence of theorem 3.1, we have:

Corollary 3.9. Every robustly transitive vector

field with C1- stable shadowing property is Anosov.
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On the inverse eigenvalue problem of positive matrices

of order ≤ 4
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Abstract: This article consider the inverse eigenvalue problem of positive matrices, we first discuss the

specified structure of these matrices and then for a given set of real numbers with at least one positive

number, we construct a positive such that the given set is its spectrum

Keywords: Inverse eigenvalue problem, Positive matrices.

1 INTRODUCTION

A positive matrix is a matrix in which all the ele-

ments are greater than zero. A positive matrix is

not the same as a positive-definite matrix. A ma-

trix that is both non-negative and positive semidef-

inite is called a doubly non-negative matrix.

Eigenvalues and eigenvectors of square posi-

tive matrices are described by the PerronFrobenius

theorem. Note that thus the inverse of a positive

matrix is not positive.

The nonnegative inverse eigenvalue problem

for symmetric matrices is very difficult and it is

solved only for n = 3 by Lowey and London [3]

and for matrices with trace 0 of order n = 4 by

Reams [6], and for n = 5 by Nazari and Sherafat

[5], respectively.

Some necessary conditions on the list of real

number σ = (λ1, λ2, ..., λn) to be the spectrum of

a nonnegative matrix are listed below.

(1) The Perron eigenvalue max {|λi|, λi ∈ σ}
belongs to σ (Perron- Frobenius theorem).

(2) sk =
∑n

i=1 λ
k
i ≥ 0

(3)smk ≤ nm−1skm,m = 1, 2, ....

In this case, one says that is realizable and

a nonnegative matrix A with spectrum σ is said to

realize σ and it is referred to as a realizing matrix.

A number of necessary conditions for realizability

are known, as well as a number of sufficient condi-

tions.

In this paper for n ≤ 4 and an arbitrary set

of real numbers that satisfies in special condition

we find a positive matrix such that the given set is

its spectrum.

2 CONSTRUCTION

In this section for n ≤ 4 and a given set of real

numbers of order n we find a bisymmetric positive

matrix, such that the given set is its eigenvalues.

We start with n = 2 and similar to [5] and

continue and obtain solution for greater n ≥ 2.
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2.1 THE CASE n=2

Theorem 2.1. Let σ = {λ1, λ2}be a set of two real

numbers such that λ1 > |λ2|. Then σ is the set of

eigenvalues of a bisymmetric positive matrix.

Proof. We consider desired matrix is A =[
a b

b a

]
by get roots of characteristic polynomial

of A, we have

det|A−λI| = 0 =⇒ {λ1 = a− b, λ2 = a+ b}

so a = λ1+λ2

2 ,b = λ1−λ2

2 then the positive

matrix

A =

[
λ1+λ2

2
λ1−λ2

2
λ1−λ2

2
λ1+λ2

2

]
,

solves the problem.

2.2 THE CASE n=3

Theorem 2.2. Let σ = {λ1, λ2, λ3} be a set of real

numbers such that

λ1 > |λ2|, λ1 > 2|λ3|,
2λ1 + 3λ2 + λ3 ≥ 0,

2λ1 − 3λ2 + λ3 ≥ 0,

then there exist a bisymmetric positive matrix that

realize σ.

Proof. We consider desired matrix is

A =

 a b c

b a+ c− b b

c b a

 ,

by get roots of characteristic polynomial of A, we

have

det|A− λI| = 0 =⇒
{λ1 = a+ b+ c, λ2 = a− c, λ3 = a− 2b+ c}

so
a = 2λ1+3λ2+λ3

6 ,

b = λ1−λ3

3 ,

c = 2λ1−3λ2+λ3

6 ,

a+ c− b = 2λ1+4λ3

6 ,

then the matrix

A =


2λ1+3λ2+λ3

6
λ1−λ3

3
2λ1−3λ2+λ3

6
λ1−λ3

3
2λ1+4λ3

6
λ1−λ3

3
2λ1−3λ2+λ3

6
λ1−λ3

3
2λ1+3λ2+λ3

6

 ,

solves the problem.

2.3 THE CASE n=4

Theorem 2.3. Let σ = {λ1, λ2, λ3, λ4} be a set of

real numbers with following condition

λ1 + λ2 + λ3 + λ4 > 0,

λ3 = λ4,
λ1+λ2+λ4−3λ3

4 > 0,

λ1 ∈ R, λ1 ≥ |λi|; i = 2, 3, 4.

Then there exist a bisymmetric positive ma-

trix that realize σ.

Proof. In accordance with the above conditions, we

consider desired matrix is:

A =


a b c b

b a b c

c b a b

b c b a

 ,

by getting roots of characteristic polynomial of A,

we have

det|A− λI| = 0 =⇒
{λ1 = a+ 2b+ c, λ2 = a− 2b+ c, λ3 = a− c, λ4 = a− c},

so
a = λ1+λ2+λ3+λ4

4 ,

b = λ1+λ4−λ2−λ3

4 ,

c = λ1+λ2+λ4−3λ3

4 ,

then the following bisymmetric positive ma-

trix:

A = λ1+λ2+λ3+λ4
4

λ1+λ4−λ2−λ3
4

λ1+λ2+λ4−3λ3
4

λ1+λ4−λ2−λ3
4

λ1+λ4−λ2−λ3
4

λ1+λ2+λ3+λ4
4

λ1+λ4−λ2−λ3
4

λ1+λ2+λ4−3λ3
4

λ1+λ2+λ4−3λ3
4

λ1+λ4−λ2−λ3
4

λ1+λ2+λ3+λ4
4

λ1+λ4−λ2−λ3
4

λ1+λ4−λ2−λ3
4

λ1+λ2+λ4−3λ3
4

λ1+λ4−λ2−λ3
4

λ1+λ2+λ3+λ4
4

 ,

is the solution, with Perron eigenvalue

λ1.
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Abstract: In this paper, the homotopy perturbation Elzaki transform method is considered to solve general

linear telegraph equation. The method is a reliable combination of homotopy perturbation method and

Elzaki transform. The proposed homotopy perturbation method is applied to the reformulated initial value

problem which leads the solution in terms of transformed variables, and the series solution is obtained by

making use of the inverse transformation. The results show the efficiency of this method.
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1 INTRODUCTION

Telegraph equations appear in the propagation of

electrical signals along a telegraph line, digital im-

age processing, telecommunication, signals and sys-

tems.

The general linear telegraph equation is [1]

c2
∂2u

∂x2
=

∂2u

∂t2
+ a

∂u

∂t
+ bu, (1)

with the boundary conditions

u(0, t) = h0(t), ux(0, t) = h1(t), (2)

and the initial conditions

u(x, 0) = f0(x), ut(x, 0) = f1(x). (3)

Homotopy perturbation method (HPM) was first

proposed by the Chinese mathematician Ji-Huan

He [2]-[5]. In this work, in order to decrease the

computational work that exists in HPM and get

better results after a few iterations, we apply the

homotopy perturbation Elzaki transform method

[6] which is the new modification of HPM. The ad-

vantage of this method is its capability of combin-

ing two powerful methods for obtaining exact so-

lutions for linear and nonlinear partial differential

equations.

2 ELZAKI TRANSFORM

Elzaki transform was introduced by Tarig Elzaki to

facilitate the process of solving ordinary and partial

differential equations in the time domain and was

applied to ordinary and partial differential equa-

tions, system of ordinary and partial differential

equations and integral equations. The Elzaki trans-
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1

224

224



form of the function f(t) is defined as

E [f(t)] = T (v) = v

∫ ∞

0

f(t)e−t/v dt, t ≥ 0. (4)

The variable v in this transform is used to factor the

variable t in the argument of the function f . This

transform has deeper connection with the Laplace

transform.

3 HOMOTOPY PERTUR-

BATION METHOD

To illustrate the basic ideas of the homotopy per-

turbation method (HPM), we consider the follow-

ing general nonlinear differential equation

A(u)− f(r) = 0, r ∈ Ω, (5)

subject to following boundary condition

B(u,
∂u

∂n
) = 0, r ∈ Γ, (6)

where A is a general differential operator, B is a

boundary operator, f(r) is a known analytical func-

tion and Γ is the boundary of the domain Ω. The

operator A can generally be divided into two parts,

a linear part L and a nonlinear part N . Therefore

(5) can be rewritten as

L(u) +N(u)− f(r) = 0. (7)

By the homotopy technique, we construct a homo-

topy v(r, p) : Ω× [0, 1] → R, which satisfies

H(v, p) = (1−p)[L(v)−L(u0)]+p[A(v)−f(r)] = 0,

(8)

or

H(v, p) = L(v)−L(u0)+pL(u0)+p[N(v)−f(r)] = 0,

(9)

where p ∈ [0, 1] is an embedding parameter, u0 is an

initial approximation for the solution of (5), which

satisfies the boundary conditions. According to the

HPM, we can first use the embedding parameter p

as a small parameter, and assume that the solution

of (8) or (9) can be written as a power series of p,

v = v0 + pv1 + p2v2 + · · · . (10)

Setting p = 1, results in the approximate solution

of (5)

u = lim
p−→1

v = v0 + v1 + v2 + · · · . (11)

4 HOMOTOPY PERTUR-

BATION ELZAKI TRANS-

FORM METHOD

Consider a general nonlinear non-homogenous par-

tial differential equation

L[u(x, t)] +N [u(x, t)] = g(x, t), (12)

with boundary conditions

u(0, t) = h0(t), ux(0, t) = h1(t), (13)

and initial conditions of the form

u(x, 0) = f0(x), ut(x, 0) = f1(x), (14)

where L is linear differential operator of order two,

N is the general nonlinear differential operator and

g(x, t) is the source term.

Taking Elzaki transform respect to t on both

sides of (12), we have

E[Lu(x, t)] + E[Nu(x, t)] = E[g(x, t)], (15)

with initial conditions of the form

E[u(0, t)] = E[h1(t)], E[ux(0, t)] = E[h2(t)].

(16)

Let H1(v) and H2(v) are the Elzaki transform of

u(0, t) and ux(0, t) respectively and T (x, v) is the

Elzaki transform of u(x, t). Using the differentia-

tion property of Elzaki transforms and above initial

conditions, we have

T (x, v)

v2
−

(
1∑

k=0

vkfk(x)

)
+E[Nu(x, t)] = E[g(x, t)],

(17)

which can be rewritten as

L[T (x, v)] +N [T (x, v)] = G(x, v), (18)
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with initial conditions of the form

T (0, v) = H1(v), Tx(0, v) = H2(v), (19)

where L is new linear operator, N is new nonlinear

operator and G(x, v) is the source term of equa-

tion after applying Elzaki transform and consider-

ing initial conditions. Now, applying the homo-

topy perturbation method to (18) with initial con-

ditions (19) we can obtain the components Ti (i =

0, 1, 2, · · · ), which constitute T (x, v). Finally, ap-

plying the inverse Elzaki transform, we can obtain

the values of ui (i = 0, 1, 2, · · · ) and the approxi-

mate solution of (12)

u(x, t) = u0(x, t) + u1(x, t) + u2(x, t) + · · · , (20)

respectively.

For later numerical computation, we let the

expression

φn(x, t) =

n∑
i=0

ui(x, t), (21)

to denote the (n+1)-term approximation to u(x, t).

5 APPLICATIONS

In this section, homotopy perturbation Elzaki

transform method will be applied for solving some

equations of linear forms. The results reveal that

the method is very effective and simple.

Example 5.1. Consider the telegraph equation

∂2u

∂x2
=

∂2u

∂t2
+

∂u

∂t
+ u, (22)

subject to the boundary conditions

u(0, t) = e−t, ux(0, t) = e−t, (23)

and the initial conditions

u(x, 0) = ex ut(x, 0) = −ex. (24)

The exact solution of this equation is u(x, t) =

ex−t. Taking Elzaki transform on both sides of

(22)-(23) subject to the initial condition (24), we

have

∂2T

∂x2
− T (1 +

1

v
+

1

v2
) = −ex, (25)

subject to the initial conditions

T (0, v) =
v2

1 + v
, Tx(0, v) =

v2

1 + v
. (26)

The linear and the nonlinear parts of (25) can be

distinguished as

L(T ) = ∂2T

∂x2
, N (T ) = −T (1 +

1

v
+

1

v2
). (27)

Now we apply the homotopy perturbation method

to (25) with initial conditions (26) and construct a

homotopy as follows

∂2W

∂x2
− ∂2T0

∂x2
+ p

∂2T0

∂x2

+ p

[
−W (1 +

1

v
+

1

v2
) + ex

]
= 0.

(28)

Assume the solution of (28) in the form

W = W0 + pW1 + p2W2 + · · · . (29)

Let T0 = v2

1+v (1 + x). Substituting (29) into (28)

and equating the terms with identical powers of p,

we have

p0 :
∂2W0

∂x2
− ∂2T0

∂x2
= 0;

p1 :
∂2W1

∂x2
+

∂2T0

∂x2

−W0(1 +
1

v
+

1

v2
) + ex = 0;

p2 :
∂2W2

∂x2
−W1(1 +

1

v
+

1

v2
) = 0;

... (30)
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Solving the above equations results in the following

answers

W0(x, v) =
v2

1 + v
(1 + x),

W1(x, v) =
1

6 + 6v
(6 + 6v + 6x+ 6vx)

+
1

6 + 6v

(
3v2x2 + v2x3 + 3vx2

)
+

1

6 + 6v

(
vx3 + 3x2 − 6ex

)
+

1

6 + 6v

(
x3 − 6vex

)
,

... (31)

Taking inverse Elzaki transform of the results (31),

we have

u0(x, t) = e−t(1 + x),

u1(x, t) = e−t

(
x2

2
+

x3

6

)
+ dirac(1, t)

(
1 + x+

x2

2
+

x3

6
− ex

)
,

... (32)

Then the series solution expression by HPEM can

be written in the form

u(x, t) = u0(x, t) + u1(x, t) + u2(x, t) + · · · . (33)

This leads us to

u(x, t) = e−t

(
1 + x+

x2

2!
+

x3

3!
+

t4

4!
+ · · ·

)
= ex−t,

(34)

which is the exact solution of (22)-(24).

In what follows, we present the absolute er-

rors of the HPM and HPEM in Table 1 for the

values of t=0.5 (1) 10.5 and x = 0.5.

TABLE 1

ABSOLUTE ERRORS BETWEEN THE EXACT SOLUTION

AND APPROXIMATE SOLUTIONS OF HPM AND HPEM,

φ2 , FOR EXAMPLE 1, AT X = 0.5

t |u − φ2HPM
| |u − φ2HPEM

|
0.5 3.8976e − 003 1.4165e − 005

1.5 2.6483e − 001 5.2110e − 006

2.5 1.7497e + 000 1.9170e − 006

3.5 5.8547e + 000 7.0523e − 007

4.5 1.4135e + 001 2.5944e − 007

5.5 2.8207e + 001 9.5443e − 008

6.5 4.9705e + 001 3.5111e − 008

7.5 8.0273e + 001 1.2917e − 008

8.5 1.2156e + 002 4.7518e − 009

9.5 1.7521e + 002 1.7481e − 009

10.5 2.4288e + 002 6.4309e − 010

6 CONCLUSION

In this work, the homotopy perturbation Elzaki

transform method (HPEM) is applied to obtain

the solution of general linear telegraph equation.

It may be concluded that Elzaki transform is very

powerful and efficient in finding the analytical solu-

tion for a wide class of initial boundary value prob-

lems. MATLAB has been used for computations in

this paper.
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1 Introduction

The majority of cells infected with the human im-

munodeficiency virus are activated CD4+ T-cells.

Once infected, these cells produce additional copies

of virus, thereby prolonging the infection. Upon

detecting such an infection, the immune system

mounts a complex adaptive response, controlling

the virus population to a limited extent. Fur-

ther control is available in the form of antiretrovi-

ral drugs, such as Reverse Transcriptase Inhibitors

(RTIs) and Protease Inhibitors (PIs) [?].

The reverse transcriptase (RT) drug like

AZT and RT-inhibitor, as the name says, inhibit

reverse transcriptase. The drugs slow down the

production of the reverse transcriptase enzyme and

make HIV unable to infect cells and duplicate itself

with 0 ≤ nrt ≤ 1, the measure of its efficacy.

The second type of antiretrovirals we use is

the protease inhibitor group. Protease inhibitors,

as the name says, inhibit protease. Almost every

living cell contains protease. Protease is a diges-

tive enzyme that breaks down protein and is one of

the many enzymes that HIV uses to reproduce it-

self. The protease in HIV attacks the long healthy

chains of enzymes and proteins in the cells and cuts

them into smaller pieces. These infected smaller

pieces of proteins and enzymes continue to infect

new cells. The protease inhibitors take effect before

the protease in HIV has the chance to break down

the protein and enzymes. Protease inhibitors also

work in cells that have been infected for a long time,

by slowing down the reproduction of the virus. So,

this drug appears in V equation with 0 ≤ np ≤ 1,

a measure of its efficacy [?].

Several studies have considered the virus-to-

cell transmission of HIV in their model. However

recent work shows that HIV viruses can be trans-

mitted from cell-to-cell when a healthy T-cell are

in a contact with an infected T-cell. In our model,

we consider combination of Reverse Transcriptase
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Inhibitors and Protease Inhibitor with cell-to-cell

viral transmission and virus-t0 cell transmission

which describes T-cell and viral interactions, as

well as, the production and activation of latently

infected T-cells.

2 Model description

Now, motivated by Rong and Perelson in [?] in

which they use an overall drug efficacy, we consider

the ODE model as:

Ṫ = s− µTT − k1(1− nc)V T − k2TT
∗

L̇ = k1η(1− nc)V T + k2ηTT
∗ − µLL− aLL

Ṫ ∗ = k1(1− nc)(1− η)V T + k2(1− η)TT ∗

+aLL− δT ∗

V̇ = NδT ∗ − cV.

(1)

Here T , L, T ∗ and V represent the concentration

of susceptible T-cells to HIV infection, Latently

infected T-cells, productively infected T-cells and

free viruses. s is the recruitment rate of suscep-

tible T-cells and µT is their mortality rate. The

constant k1 is the viral infection rate and k2 is

the contact rate between uninfected T-cells and in-

fected T-cells. δ and µL are the death rate of pro-

ductively and latently infected cells, respectively.

c is the clearance rate of free virus. N is the

burst size, the total number of virions produced by

an infected cell during its life span. Furthermore,

nc = 1− (1−nrt)(1−np) is as an overall drug effi-

cacy. η ∈ (0, 1) is the proportion of infections that

lead to the production of a latently infected T-cell,

rather than a productively infected T-cell and aL is

the transition rate at which latently infected cells

become productively infected cells

3 Analysis and properties of

solutions

As a first step, we can say with certainty that bio-

logically values of the parameters give rise to pos-

itive populations supposing that at some earlier

point the populations possessed positive values.

Theorem 3.1. Suppose all constants in (??) are

nonnegative and the initial values T (0), L(0),

T ∗(0) and V (0) are positive. Then, the solutions of

(??), namely T (t), L(t), T ∗(t) and V (t) exist, are

unique and remain bounded on the interval [0, t∗]

for any t∗ > 0. Moreover, each function remains

positive for any t ≥ 0.

Proof. Using the Picard-Lindeloff theorem and the
quadratic nature of the equation, the local-in-time
existence of a unique, C1 solution follows immedi-
ately. Hence, we will concentrate on proving pos-
itivity of solutions as long as they remain contin-
uous, and this property will yield bounds on the
growth of solutions. From the bounds obtained be-
low, then, it follows that the solution exists globally
and is both unique and continuously differentiable
for all t > 0. Define

t∗ = sup{t ≥ 0 : T (s), I(s), L(s), V (s) > 0, for all s ∈ [0, t]}.

Since each initial condition is nonnegative and the

solution is continuous, there must be an interval

on which the solution remains positive, and we see

that t∗ > 0. Then on the interval [0, t∗] we esti-

mate each term. Lower bounds on L, T ∗ and V

instantly follow since the decay terms are linear.

More specifically, we find

dL

dt
= k1η(1− nc)V T + k2ηTT

∗ − µLL− aLL

≥ −(aL + µL)L,

which gives

L(t) ≥ L(0) exp(−(aL + µL)t) > 0.

Similarly, we obtain

T ∗(t) ≥ T ∗(0) exp(−δT ) > 0,

V (t) ≥ V (0) exp(−ct) > 0.

Furthermore, we have

T (t) ≤ T (0) + st ≤ C(1 + t),

which results in

L(t) + T ∗(t) + V (t) ≤ C exp(t2).
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Hence, for all t ∈ [0, t∗] we have

T (t) ≥ T (0) exp(−C

∫ t

0

(1 + exp(τ2))dτ) > 0.

Finally, if t∗ < ∞, then all functions are strictly

positive at time t∗ contradicting its definition as the

supremum of such values. Hence, we find t∗ = ∞
and the result follows.

There are two possible steady states of sys-

tem (??):

1. the infection-free equilibrium: ENI =

(T0, 0, 0, 0), where T0 =
s

µT
.

In order to find R0, we consider the lin-
earized system of (??) at ENI . Hence, the Jacobian
matrix, evaluated at ENI is as follows:

J(ENI ) =


−µT 0 −k2T0 −k1(1 − nc)T0

0 −µL − aL k2ηT0 k1η(1 − nc)T0
0 aL k2(1 − η)T0 − δ k1(1 − η)(1 − nc)T0
0 0 Nδ −c

 .

The submatrix of J(ENI) which corresponds to
the infectious compartments is as follows:

J(E1) =

 −µL − aL k2ηT0 k1η(1 − nc)T0

aL k2(1 − η)T0 − δ k1(1 − η)(1 − nc)T0

0 Nδ −c



=

 0 k2ηT0 k1η(1 − nc)T0

0 k2(1 − η)T0 k1(1 − η)(1 − nc)T0

0 Nδ 0



−

 µL + aL 0 0

−aL δ 0

0 0 c

 =: F − V,

which gives

B =FV
−1

=



k2ηT0aL

(µL + aL)δ

k2ηT0

δ

k1η(1 − nc)T0

c
aLδ + k2(1 − η)T0aL

(aL + µL)δ

k2(1 − η)T0

δ

k1(1 − η)(1 − nc)T0

c
NaL

µL + aL

N 0


.

Since R0, the basic reproduction number, is the

spectral radius of B, we obtain

R0 =ρ(FV −1) =
1

2

(
k2(aL + µL(1− η))T0

δ(µL + aL)

+

√(
2− k2(aL + µL(1− η))T0

δ(µL + aL)

)2

+ 4(T0 − 1) ),

(2)

where

T0 =
k2(aL + µL(1− η))T0

δ(µL + aL)

+
k1(1− nc)N(aL + µL(1− η))T0

(µL + aL)c
.

Therefore we have R0 = 1 if and only if T0 = 1.

And alsoR0 > 1(R0 < 1) if and only if T0 < 1(T0 >

1) because R0 is increasing respect to T0.

2. the infected steady state: EI =(
T̄ , L̄, T̄ ∗, V̄

)
in which

T̄ =
s

µTT0
, L̄ =

sη(T0 − 1)

(µL + aL)T0
,

T̄ ∗ =
cµT (T0 − 1)

k1Nδ(1− nc)− k2c
, V̄ =

NδµT (T0 − 1)

k1Nδ(1− nc)− k2c
.

Theorem 3.2. If R0 < 1, then the non-infective

equilibrium, ENI , is locally asymptotically stable.

For R0 > 1, ENI is an unstable saddle point.

Proof. We proceed by linearizing the system and

using the Routh-Hurwitz criterion to determine

conditions under which the linear system possesses

only negative eigenvalues. Then, as a conse- quence

of the Hartman-Grobman Theorem, the local be-

havior of the linearized system is equivalent to that

of the nonlinear system. First, we compute the Ja-

cobian evaluated at the non-infective equilibrium

ENI = (
s

µT
), from which, we compute the asso-

ciated characteristic polynomial for eigenvalues λ

as

p(λ) = (λ+ µT )(λ
3 + a1λ

2 + a2λ+ a3),

where

a1 =µL + aL + δ + c− k2(1− η),

a2 =− k2(aL + (1− η)µL)T0 + (δ + c)(aL + µL)

+ δc− k1Nδ(1− nc)(1− η)T0 − k2c(1− η)T0,

a3 =− k1NδT0(1− nc)(aL + µL(1− η))

− k2cT0(aL + µL(1− η)) + (aL + µL)δc.

The Routh-Hurwitz criterion requires a1 > 0,

a3 > 0 and a1a2 − a3 > 0. R0 < 1 implies that
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δ − k2(1 − η)T0 > 0 which gives a1 > 0, and after

rewriting a2 and a3 in terms of T0, we find

a1 =µL + aL + δ + c− k2(1− η) > (a+ µL),

a2 >(1− T0)δc,

a3 =(1− T0)δc(aL + µL) > 0.

From which, we conclude

a1a2 > (aL + µL)(1− T0)δc = a3

and the Routh-Hurwitz criteria are satisfied. Thus,

R0 < 1 implies that all eigenvalues of the lin-

earized system are negative, and hence the local

asymptotic stability of ENI follows. Conversely, if

R0 > 1, then the linearized system possesses at

least one positive eigenvalue, and the equilibrium

is unstable.

Theorem 3.3. If R0 < 1 then the uninfected

steady state, ENI of system (??) is globally asymp-

totically stable in R4
+.

Proof. We will prove the global stability using

a Lyapunov function. We will denote the non-

infective equilibrium by (T0, 0, 0, 0). First, we de-

fine

W (t) =aLL+ (µL + aL)T
∗ (3)

+
k1(1− nc)(aL + µL(1− η))T0V

c
,

as Lyapunov function. Notice that W is nonnega-

tive, and is identically zero if and only if it is eval-

uated at the non-infective equilibrium point. We

compute the derivative along trajectories and find

dW

dt
=(aL + µL)(k1(1− nc)(1− η)V T

+ k2(1− η)TT ∗ + aLL− δT ∗)

+ aL(k1η(1− nc)V T + k2ηTT
∗)

− (aL + µL)L)

+
k1(1− nc)(aL + µL(1− η))T0

c

× (NδT ∗ − cV )

=(aL + µL(1− η))

× (k1(1− nc)V T + k2TT
∗ − δT ∗)

+
k1(1− nc)(aL + µL(1− η))T0

c

× (NδT ∗ − cV )

=(aL + µL(1− η))(k1(1− nc)V + k2T
∗)

× (T − T0) + (aL + µL)δT
∗(T0 − 1).

Thus, under the assumption that R0 < 1, we see

that
dW

dt
≤ 0 for all positive values of T , L ,T ∗,

and V and the global asymptotic stability follows

by LaSalle’s Invariance Principle.

4 Conclusion

In this study, we analysed a class of HIV transmis-

sion model. Using Routh-Hurwitz criterion, Lya-

punov function and LaSalle’s invariant set theorem,

we proved the local and global asymptotic stability

of the disease-free equilibrium. In later works, we

study the stability of infected equilibrium.
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Abstract: In this paper we consider a map f : X 7→ X in which X is a compact metric space and study the

relation of various concepts of expansivity such as uniformly expanding, uniformly weak expanding, locally

expanding , locally weak expanding with h-shadowing property. Further more we give some examples for

further illustration.
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1 INTRODUCTION

Let (X, d) be a compact metric space, and f be

a continuous map on X. We consider the associ-

ated autonomous difference equation of the follow-

ing form:

xi+1 = f(xi) (1)

A finite or infinite sequence {x0, x1, ...} of points

in X is called a δ-pseudo-orbit (δ > 0) of (1.1)

if d(f(xi−1), xi) < δ for all i ≥ 1. We say that

equation (1.1), (or f) has usual shadowing prop-

erty if for every ε > 0, there exists δ > 0 such

that for every δ-pseudo-orbit {x0, x1, ...}, there ex-

ists y ∈ X with d(f i(y), xi) < ε for all i ≥ 0, in this

case we say that the δ-pseudo-orbit {x0, x1, ...} is

ε-shadowed by y ∈ X. The notion of pseudo-orbits

has been appeared in several branches of dynamical

systems theory, and various types of the shadow-

ing property has been presented and investigated

extensively, see [1,4,5]. The relation of expansiv-

ity notions with shadowing have been studied in

[2,3,6]. We prove a new result about the relation of

expansivity and h-shadowing, in fact we prove that

when X is covered by finitely many closed subsets

on which f is locally expanding or uniformly weak

expanding then f has h-shadowing property. Using

this result we prove h-shadowing of three examples.

2 expansivity, Shadowing and

h-shadowing

For the study of shadowing property we use the

following result from [2].

Lemma 2.1. The map f : X 7→ X has shadow-

ing property if and only if for every ε > 0 there

exists δ > 0 such that every finite δ-pseudo-orbit is

ε-shadowed.

Definition 2.2. The map f : X 7→ X has h-

shadowing property if for every ε > 0 there ex-

ists δ > 0 such that for every δ-pseudo-orbit

{x0, x1, ..., xn} ⊆ X there is y ∈ X that,

d(f i(y), xi) < ε for all 1 ≤ i < n− 1 and fn(y) = xn.

Definition 2.3. Let X be a compact matric space,

A ⊆ X and f : A 7→ X be a map.

1
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We say the map f is uniformly expanding if there

exist λ > 1 such that for every x, y ∈ A,

d(f(x), f(y)) > λd(x, y)

We say that f is uniformly weak expanding if for

every x, y ∈ A,

d(f(x), f(y)) > d(x, y).

Definition 2.4. t2.4 Let X be a compact matric

space, A ⊆ X and f : A 7→ X be a map.

We say the map f is uniformly expanding in small

distance if there exist γ > 0 and λ > 1 such that

for every x, y ∈ A that d(x, y) < γ,

d(f(x), f(y)) > λd(x, y).

We say that f is uniformly weak expanding in small

distance if there exist γ > 0 such that for every

x, y ∈ A that d(x, y) < γ,

d(f(x), f(y)) > d(x, y).

Definition 2.5. Let X be a compact matric space,

A ⊆ X and f : A 7→ X be a map.

We say that f is locally expanding if there exist

γ > 0 and λ > 1 such that for every x ∈ A and

0 < ϵ < γ,

Bλϵ(f(x)) ⊆ f(Bϵ(x)).

We say that f is locally weak expanding if there ex-

ist γ > 0 such that for every x ∈ A and 0 < ϵ < γ,

Bϵ(f(x)) ⊆ f(Bϵ(x)).

We investigate the relation of h-shadowing

and the expansivity notions mentioned above.

Lemma 2.6. Let X = ∪∞
i=1Ai. If for every i,

f|Ai
: Ai → X be uniformly weak expanding and

surjective then f : X → X is locally weak expand-

ing.

Remark 2.7. Let f : X → X be a map. The

following conditions hold:

(1) If f be uniformly expanding then it is one

to one and uniformly weak expanding.

(2) If f be locally expanding then it is locally

weak expanding.

(3) If f be uniformly weak expanding then it

is uniformly weak expanding in small distance.

Example 2.8. Let f : [0, 1] → [0, 1] be the contin-

uous map f(x) = 1 − (|2x − 1|) 1
2 , see Figure 1 for

its graph. Let A1 = [0, 1
2 ] and A2 = [ 12 , 1]. For x ∈

(0, 1
2 ) we have f ′(x) = 1√

1−2x
and for x ∈ ( 12 , 1),

f ′(x) = − 1√
2x−1

, and so for x ∈ (0, 1
2 )

∪
( 12 , 1) we

have |f ′(x)| > 1.

We claim that maps f|A1
: A1 → [0, 1] and f|A2

:

A2 → [0, 1] are uniformly weak expanding. Let

x, y ∈ [0, 1
2 ] with x ̸= y, then f(x)−f(y)

x−y = f ′(z)

for some z between x, y. Hence

|x− y| < |f(x)− f(y)|

and f|A1
: A1 → [0, 1] has uniformly weak ex-

panding property. Similarly f|A2
: A2 → [0, 1] has

uniformly weak expanding property and by lemma

(2.6), f has locally weak expanding property.

We prove that f : [0, 1] → [0, 1] has not locally ex-

panding property. Suppose there is γ > 0 and λ > 1

such that for every 0 < ϵ < γ, and every x ∈ [0, 1],

Bλϵ(f(x)) ⊆ f(Bϵ(x)).

There is m ≥ 1 such that 1
m < γ. So for every

n ≥ m,

Bλ 1
n
(f(0)) ⊆ f(B 1

n
(0)).

And f(0) = 0, thus

λ+ 1

2n
∈ Bλ 1

n
(0) ⊆ Bλ 1

n
(f(0)) ⊆ f(B 1

n
(0)).

Hence there is tn ∈ (0, 1
n ) such that f(tn) =

λ+1
2n . Further more there is zn ∈ (0, tn) such that
f(tn)−f(0)

tn
= f ′(zn). Since zn → 0, we see that

2
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f ′(zn) → 1, therefore

λ+ 1

2ntn
=

λ+1
2n

tn
=

f(tn)− f(0)

tn
= f ′(zn) → 1.

Which implies limn→∞ntn = λ+1
2 > 1. But for

every n, 0 < tn < 1
n and so 0 ≤ limn→∞ntn ≤ 1

which is impossible.

Theorem 2.9. Let X be a compact metric space

and X = A1 ∪ A2 ∪ ... ∪ Ak such that for ev-

ery 1 ≤ j ≤ k, Aj is closed. Consider the map

f : X −→ X, if for every 1 ≤ j ≤ k, the map

f|Aj
: Aj → X has one of the following properties:

(a) uniformly weak expanding in small dis-

tance and surjective

(b) locally expanding

then the map f : X −→ X has h-shadowing prop-

erty.
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مصنوع عصب ه�های شب توسط ماتریس�ها، جذر محاسبه

asad۸۷۰۰۰@yahoo.com یان، فرهن اه دانش مدرس ، باکفایت سلیمانپور اژدر

reza_novin@ymail.com مرکزی، تهران واحد اسالم آزاد اه دانش نوین، رضا

جذر �کنیم. م پیدا را زمان با متغیر ماتریس�های جذر ، بازگشت عصب ه�های شب از استفاده با مقاله این در یده: چ
بررس خطا نمودار همراه به ه، شب رای هم روند مثال�های توسط �شود. م تعریف مثبت معین ماتریس�های برای

�شوند. م
کلیدی: کلمات

. زمان گسسته مدل ماتریس، دوم ریشه ، بازگشت عصب ه�های شب

طول با خط جستجوی ی مذکور وریتم ال باشند.
فعالیت تابع وقت ه بطوری �برد، م ار ب مشخصرا گام
آن در شوند فرض ی برابر گام طول و بوده خط
برای نیوتن راری ت روش به مذکور وریتم ال صورت،

�شود. م تبدیل ریشه�ها یافتن

ی بخش

را A جذر باشد، مثبت معین ماتریس ی A فرضکنید
.X۲ = A ه بطوری �کنیم م تعریف X مانند ماتریس
�گیریم. م نظر در را زیر زمان با متغیر ماتریس معادله

X۲(t)−A(t) = O (١)

و بوده مثبت معین A(t) ∈ Rn×n ماتریس آن در که
جذر نیز X(t) است. موجود Ȧ ∈ Rn×n آن مشتق
ی جذر یافتن برای ژان روش در �باشد. م A(t)

زیر خطای تابع از A(t) مانند مثبت، معین ماتریس

مقدمه

مورد بازگشت و چندالیه نوع دو در عصب ه�های شب
واقع در بازگشت نوع از ه�های شب �گیرند. م قرار بحث
این �باشند. م پیوسته یا گسسته دینامی سیستم�های
بهینه�سازی مسائل حل در موثر خیل بطور ه�ها شب نوع
عصب ه شب مقاله، این در �روند. م ار ب غیرخط

که �کنیم م معرف را ژان ه شب بنام گسسته دینامی
سال در کند. محاسبه را ماتریس ی جذر است قادر
عصب ه شب ١ ارانشان هم و ژان میالدی ٢٠١٢

را هم که دادند قرار بحث مورد را پیوسته�ای دینامی
ماتریس . [١] بود مثبت معین ماتریس ی جذر به
عبارت به باشد، نیز زمان با متغیر �تواند م نظر مورد
باشند. زمان حسب بر توابع ماتریس درایه�های ر دی
به باشد، نیز زمان با متغیر �تواند م نظر مورد ماتریس
زمان حسب بر توابع ماتریس درایه�های ر دی عبارت

١Yunong Zhang, Y. Yang, B. Cai

١
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Simulink از �توان م X∗ یافتن برای �باشد. م
ریشه اگر این بر عالوه کرد. استفاده MATLAB
یعن بوده زمان از مستقل A ه حالی در ماتریس دوم

مدل اه آن (Ȧ(t) ≡ O) باشد ثابت درایه�های دارای
�شود. م نوشته زیر صورت به (٣) در ZNN

X(t)Ẋ(t)+Ẋ(t)X(t) = −νF (X۲(t)−A(t)) (۴)

بیان [٢] از را زیر لم (١) معادله جواب با رابطه در
�کنیم. م

حقیق ویژه مقدار هیچ A ∈ Rn×n کنید فرض لم١)
حقیق دوم ریشه صورت آن در باشد، نداشته نامثبت

نشان A۱/۲ با را آن که دارد وجود A از X منحصربفرد
�دهیم. م

قرار بررس مورد گسسته فرم در را ZNN مدل اکنون
از ثابت ماتریس ی دوم ریشه یافتن برای �دهیم. م
و بیان را زیر قضیه ZNN، مدل گسسته فرم طریق

�کنیم. م ثابت
صدق لم١ شرایط در A ∈ Rn×n کنید فرض قضیه١)
نوا ی بطور و فرد درایه�های با F (.) تابع ی اگر کند،
(۴) ZNN از زیر گسسته مدل رود ار ب صعودی

�باشد. م A۱/۲ به را هم XkDk +DkXk = −F (X۲
k −A)

Xk+۱ = Xk + hDk

(۵)

و h := τν > ۰ ، k = ۰,۱,۲, . . . آن در که
h گام طول این بر عالوه .Dk := (Xk+۱ − Xk)/h

رای هم در که چرا شود اختیار مناسب بطریق باید
دارد. مستقیم تاثیر ه شب

داریم. (۴) ZNN پیوسته مدل از اثبات)
X(kτ)Ẋ(kτ)+Ẋ(kτ)X(kτ) = −νF (X۲(kν)−A)

(۶)
استفاده با شده�اند. تعریف قبال F و ν ،τ ،k آن در که

یعن اویلر پیشرو تفاضالت فرمول از
Ẋ(kτ) ≈ X((k + ۱)τ)−X(kτ)

τ

Dk := (Xk+۱ − و h := τν > ۰ �کنیم م تعریف
را (۶) در ZNN پیوسته مدل �توانیم م .Xk)/h

�شود. م استفاده
E(X(t), t) := X۲(t)−A(t) ∈ Rn×n

که شوند پیدا طوری باید Ė(t) ∈ Rn×n مشتق توابع
صفر به را هم E(t) ∈ Rn×n از eij(t) ∈ R درایه هر
�تواند م Ė(t) عموم فرم .(i, j = ۱, . . . , n) باشند

باشد: زیر بصورت
Ė(t) = −ΓF (E(t)) (٢)

است مثبت معین ماتریس ی Γ ∈ Rn×n آن، در که
�رود. م کار به ه شب رای هم نسبت تنظیم برای و
Γ = νI �کنیم م فرض بخش این در ، سادگ برای
فعالیت تابع این، بر عالوه است. ν > ۰ آن در که
است ماتریس اشت ن ی F (.) : Rn×n → Rn×n

صعودی نوا ی بطور و فرد تابع ی آن درایه هر که
را f(.) برای توابع این از نوع سه مثال، برای است.
،f(eij) = eij خط فعالیت تابع (۱) �کنیم. م بیان
f(eij) = (۱ − بصورت قطب دو مویید زی تابع (۲)
تابع (۳) و λ ≥ ۲ آن در که e−λeij )/(۱ + e−λeij )

�باشد. م سوم نوع زیر صورت به توان مویید زی

f(eij) =

 epij |eij | ≥ ۱
۱+e−λ

۱−e−λ × ۱−e−λeij

۱+e−λeij
مقادیر سایر

مدل به ،(٢) فرمول بسط با .p ≥ ۳ و λ ≥ ۲ آن در که
�رسیم. م زیر ZNN

X(t)Ẋ(t)+Ẋ(t)X(t) = −νF (X۲(t)−A(t))+Ȧ(t)

(٣)
X(۰) := X۰ ∈ Rn×n اولیه شرط با X(t) آن در که
را هم A(t) ماتریس جذر به نهایتاً و �شود م شروع
ریشه (٣) مدل از استفاده با مثال عنوان به �شود. م

ماتریس دوم

A(t) =

 ۳۶+ ۳
۲ sin(۴t) ۲۱ sin(۲t)

۲۸ cos(۲t) ۶۴+ ۳
۲ sin(۴t)


با برابر

X∗(t) =

 ۶ ۱٫۵ sin(۲t)
۲ cos(۲t) ۸


٢
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.h = h/η �دهیم م قرار
�گیریم. م نظر در را زیر مثبت معین ماتریس مثال١)

A =

 ۹۰ −۱۰۰
۵۰ ۴۰



دوم ریشه ZNN گسسته مدل از استفاده با �خواهیم م
همان ماتریس از مضارب را اولیه مقدار بیابیم. را A

و �گیریم م نظر در X۰ = I,۲I, . . . ,۱۰I صورت به
طول �باشد. م A دوم ریشه ه، شب پاسخ حالت هر در
بعد �شود. م گرفته نظر در h = ۰٫۰۱ برابر اولیه گام
برای زیر نتیجه اولیه، نقطه هر از شروع با رار ت ١٠٠ از

�شود. م حاصل دوم ریشه

√
A =

 ۱۰٫۲۸۸۳۰۶۳۹۸ −۵٫۶۳۰۱۴۱۸۳۵
۲٫۸۱۵۰۷۰۹۱۷ ۷٫۴۷۳۲۳۵۴۸۰



E = برابر نهایتاً E = ∥X۲ − A∥F خطای مقدار
درایه�های رای هم �باشد. م ۶٫۸۵۲۲۲ × ۱۰−۱۴

خطا مقادیر ، رای هم فرآیند در Xk ماتریس�های
در h مختلف مقادیر همچنین و رارها ت خالل در
نتیجه و �شوند م دیده زیر ال اش در مختلف زمان�های
۱٫۲۵ تقریب مقدار دو بین h مقادیر که �گیریم م
پایدار سیستم مقادیر، آن ازای و بوده کارا ۲٫۷۵ و

�ماند. م

کنیم. جداسازی زیر بصورت XkDk +DkXk = −F (X۲
k −A)

Xk+۱ = Xk + hDk

گام طول و k = ۰,۱,۲, . . . و Xk := X(kτ) آن در که
�شود. م تعیین مناسب بطور h

روش و (۵) در گسسته رارهای ت بین، که داریم توجه
را ارتباط این زیر لم دارد. وجود ارتباط نیوتن راری ت

. [٢] �کند م بیان
شرایط در که A ∈ Rn×n ماتریس کنید فرض لم٢)
برای نیوتن رارهای ت است شده داده �کند م صدق لم١

�باشد. م زیر بصورت A ماتریس دوم ریشه یافتن XkHk +HkXk = A−X۲
k

Xk+۱ = Xk +Hk

(٧)

�تواند م ،X۰ مناسب اولیه نقطه از شروع با سیستم این
شود. را هم A ماتریس دوم ریشه به

و بوده پایدار (٧) نیوتن روش که کنیم م یادآوری
فعالیت تابع اگر حال دارد. دوم مرتبه رای هم نسبت
ببریم ار ب (۵) ZNN مدل در را f(eij) = eij خط

�شود. م نوشته زیر صورت به مدل این XkDk +DkXk = −(X۲
k −A)

Xk+۱ = Xk + hDk

(٨)

زیر صورت به (٨) مدل Hk := Dk و h = ۱ ازای به
�شود. م نوشته XkHk +HkXk = A−X۲
k

Xk+۱ = Xk +Hk

دوم ریشه یافتن برای (٧) نیوتن رارهای ت دقیقاً که
رابطه کاربرد برای مثال دو اکنون �باشد. م ماتریس
را ماتریس�ها دوم ریشه آن توسط و �کنیم م ذکر (٧)
را h گام طول رار ت هر در که داریم توجه البته یابیم م
Ek = X۲ − A ماتریس فروبنیوس نرم ه این حسب بر
با واقع در �دهیم. م تغییر افزایش، یا �یابد م کاهش
اه آن ∥Ek+۱∥F ≤ ∥Ek∥F اگر ،η = ۲ ه این فرض
∥Ek+۱∥F > ∥Ek∥F اگر و h = h × η �دهیم م قرار

٣
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put & Applic (2012) 21: pp 453–460.
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نظر در را زیر مثبت معین ماتریس مثال٢)
�گیریم. م

A =


−۵٫۴۲۶۶ ۳٫۴۲۴۰ −۱٫۶۱۹۰
−۸٫۷۱۶۳ ۴٫۳۰۴۳ −۲٫۱۸۴۸
۵٫۳۴۶۶ ۲٫۸۴۱۲ ۶٫۳۲۲۸


ZNN گسسته مدل از استفاده با قبل، مثال همانند
از مضارب را اولیه مقدار �یابیم. م را A دوم ریشه

زیر دستور با همان ماتریس
X۰ = (j/۱۰) ∗ eye(۳); j = ۱,۲, . . . ,۱۰ (٩)

دوم ریشه ه، شب پاسخ حالت هر در �گیریم. م نظر در
گرفته نظر در h = ۰٫۰۱ برابر اولیه گام طول است. A
،(٩) اولیه نقاط از شروع با رار ت ٩٠ از بعد �شود. م

�شود. م حاصل دوم ریشه برای زیر نتیجه

√
A =


−۰٫۹۸۷۴ ۱٫۵۸۶۷ −۰٫۳۸۷۵
−۳٫۳۸۲۷ ۳٫۰۸۶۴ −۰٫۶۰۵۷
۲٫۶۶۸۳ −۰٫۲۴۱۳ ۲٫۶۸۵۳


نهایتاً E = ∥X۲ − A∥F خطای مقدار
�باشد. م E = ۱٫۱۲۱۷ × ۱۰−۱۴ برابر

۴
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Abstract: The dynamical properties of the geodesic flow on surfaces with negative curvature can be read

from a special flow constructed over countable Markov chain which is conjugate to the geodesic flow. The

Markov chain obtains from the coding of the geodesic flow. We introduse an algorithm based on Morse

method to code the geodesic flow.

Keywords: geodesic flow, coding, modular surface.

1 INTRODUCTION

Let H = {z = x+ iy : y > 0} be the upper halp

plane with the hyperbolic metric ds = |dz|
y . With

this metric the geodesics are the strait lines or

semi-circles perpendicular on real axis. Let G =

PSL(2, Z) = ⟨T (z) = z + 1, S(z) = − 1
z ⟩ be the

modular group. In this group, (ST )3 = S2 = Id

which gives the complete relations of the elements

in G. The quotient surface of the action of modu-

lar group on upper half plane is called the modu-

lar surface. This surface has a negative curvature

and contains a cusp and two singularities due to

the parabolic and two elliptic elements of G. The

geodesic flow on modular surface has good dynam-

ical properties as being ergodic and having positive

entropy. Coding the geodesic flow is a good tool

to specify some other dynamical properties of this

system. In this paper, we use the Morse method

to code the flow which corresponds a bi-infinite se-

quence of non-zero integers to each flow line by se-

lecting a suitable cross section [5]. This coding has

a close relation with minus continued fractions. By

coding the geodesic, one can conjugate the geodesic

flow with the suspension or special flow constructed

over a countable Markov chain. Some restrictions

were found for the existing codes by specifying the

forbidden blocks of length two in the bi-infinite se-

quences [3, 4]. In this paper, we introduce an algo-

rithm to find the Morse code of a given geodesic.

Also by using this algorithm recursively one can

find all the forbidden blocks of arbitrary length. The

similar works can be found in [1, 2].

2 Morse Coding

Let M be a surface. The geodesic flow on M is the

set of homomorphisms φt which carries the unit

vectors tangent to geodesics on M in the direction

∗Corresponding Author
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of them at a length of t. Coding the geodesic flow

on a surface is a main tool to verify the dynam-

ics of the flow system. There are different ways

to code the geodesic flow. Here, we use the Morse

coding which is close to the geometric properties

of the surface. In this method, a subset of vectors

with base points on the boundary of the fundamen-

tal region of the surface will be consider as a cross

section. Then each of the sides of the fundamental

region will receive a label. Moving in the direction

of flow on the geodesic and writing down the labels,

the forward Morse code for the geodesic flow will

be obtained. Note that the fundamental domain for

the modular surface is

F =

{
z ∈ H : |z| ≥ 1, |Rez| ≤ 1

2

}
.

We label the right, left and the circular sides of

F by −, + and s. Tile the upper half plane by the

copies of F under modular group and give the labels

-, + or s to those sides of F which identifies with

the sides of F with corresponding labels respectively.

Now consider a geodesic γ enters F via the side s

and exits F from one of the two other sides with-

out going to the cusp or passing from the singular-

ities. Such a γ is called the reduced geodesic. The

geodesic going to cusp have finite code and the ones

passing from singularities have different codes and

we will not consider them here. If γ hits n0 times

the sides of the copies of F with label + (resp. -) be-

tween two successive hits to side s, then we write n0

(resp. −n0) as the first entry in the forward code

of the geodesic flow on γ. Continuing this proce-

dure, we get a sequence of nonzero integers n1, n2,

... which is called the forward Morse code of the

geodesic flow on γ. Likewise the backward Morse

code of the flow will be found. Concatenating these

codes, we get the Morse code of the flow line on γ

denoted by [γ] = [..., n−1, n0, n1, ...].

For finding an algorithm to code the geodesic

flow on modular surface, we use a parameter space

for the endpoints of the underlying geodesics of

the flow. Let γ = (w, u) be a geodesic with re-

pelling and attracting endpoints w, u ∈ ∂H respec-

tively. Consider the curves u(2w − 1) = w − 2 and

u(2w + 1) = −(w + 2) in wu-plane. These curves

divide the wu-plane into seven regions. Four of

these regions lie between these curves with w > 1,

w < 1, u > 1, u < 1. We call these regions by

M+, M−, R− and R+ respectively. Two remaining

parts with w > 0 and w < 0 are called U+ and U−

respectively. The seventh part is called U . A sim-

ple calculation shows that all the reduced geodesics

γ = (w, u) lie in M+ ∪M−.

The coding is defined for the reduced

geodesics because all the geodesics on H which are

in the same orbit will correspond to one geodesic

on modular surface. A reduced geodesic is the rep-

resentative element of the equivalence class of the

geodesics in the same orbit. By the the following

theorem, it suffices to code the reduced geodesics.

Theorem 2.1. For each geodesic γ on the upper

half plane there is g ∈ PSL(2, Z) such that g(γ) is

a reduced geodesic.

Now let p be a map on the plane off the re-

gion U defined as

p(w, u) =


T−1(w, u) on M+ ∪ U+

S(w, u) on R

T (w, u) on M− ∪ U−.

This map downloads the action of the group on

the parameter space. To obtain the code of

the geodesic flow from the parameter space we

need the following partitions. Set a partition

on M+ as Mn := {γ = (w, u) : T−n(w, u) ∈ R+}
for n ≥ 1. Also partition M− by Mn :=

{γ = (w, u) : T−n(w, u) ∈ R−} forn ≤ −1. Now

we have

Theorem 2.2. Let γ be a geodesic with code

[· · · , n−1, n0, n1, · · · ]. Then ST−nk · · ·ST−n0

(w, u) ∈ Mnk+1
and Tn−kS · · ·Tn−1S(w, u) ∈

Mn−k−1
.
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3 Coding the Geodesics

The following theorem gives the algorithm to find

the code of a given geodesic. Using the following

theorem one can find the forbidden blocks of arbi-

trary length.

Theorem 3.1. Let γ = (w0, u0) be a re-

duced geodesic. Then the Morse code of γ is

[..., n0, ..., nk, ...] with

ni =

{
⌊wi⌋, wi < h(ui, ⌊wi⌋)
⌊wi⌋+ 1, otherwise.

Here, (wi+1, ui+1) =
(

−1
wi−ni

, −1
ui−ni

)
, 0 ≤ i ≤ k−1

and

h(u,m) =
−2m− 2m2 − 2 + 2mu+ u

−1− 2m+ 2u
.

For each m, the function h(u, m) is the

boundary of the parts Mm and Mm+1.

A geodesic γ is closed if and only if its code

is periodic. We present a periodic code [n0, · · · , nk]

by [n0, · · · , nk].

Theorem 3.2. [k, p] is realized as the Morse code

of a closed oriented geodesic if and only if | 1k +
1
p | <

1
2 , |k|, |p| ≥ 1.
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1 INTRODUCTION

In this paper, the nonlinear singular two point

boundary value problems:

y′′+
2

x
y′ = −le−lky, 0 ≤ x ≤ 1, l > 0, k > 0, (1)

with boundary conditions:

y′(0) = 0,

αy(1) + βy′(1) = γ.
(2)

which arises in the study of the distribution of tem-

perature in human head [6, 7] is considered. In

the above equations y(x) represent the tempera-

ture. Problem (1) has singularity at the initial

point x = 0 and the singularity behavior is the

main difficulty.

Finding numerical solutions of singular dif-

ferential equations, particulary those arising in

physiology, has been the focus of many inves-

tigators in recent years. The numerical ap-

proaches such as the modified adomian decomposi-

tion method [10], the numerical method based on

B-spline functions [3] and the modified decomposi-

tion method in combination with the cubic B-spline

collocation technique [9] have been used to solve

these singular problems.

In the last two decades, RBFs method has

been considered as a novel numerical approach to

solve the various ordinary, partial and integral dif-

ferential equations [1, 4, 5, 8, 11].

The main aim of the present paper is to in-

troduce the numerical methodology based on Gaus-

sian radial basis functions (GA-RBFs) to solve the

nonlinear singular two point boundary value prob-

lems (1)- (2). In the proposed method, the problem

reduces to a system of algebraic equations by ex-

panding the unknown function as the elements of

radial basis functions with unknown coefficients.

∗Corresponding Author
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2 METHOD DISCUSSION

Radial basis functions (RBFs) depend only on

the distance r =∥ X − X∗ ∥ between the fixed

point X∗, and a generic point X. These func-

tions may be generically represented in the form

ϕ(r). Among the globally supported RBFs, ones

more commonly used are multiquadric (MQ), in-

verse multiquadric (IMQ), Gaussian (GA) and in-

verse quadric (IQ) [12].

In this section we are interested in solving

the singular two point boundary value problem (1)-

(2) by Gaussian radial basis function:

ϕ(r) = e(−cr2), c > 0. (3)

where r is the Euclidean distance between a fixed

point x∗ and any point x, c named shape parameter

which should be chosen appropriately and the op-

timal choice of it is still an open problem [4]. Con-

vergence property of the RBFs has been showed

by Buhmann [2]. The Gaussian radial basis func-

tion is positive definite for every scaling parameter

c > 0 [13].

Now using GA-RBFs collocation method,

the solution y(x) of problem (1)- (2) is approxi-

mated as

y(x) ≃ yN =

N∑
i=0

aie
(−cr2i ), (4)

where r2i = (x − xi)
2, 0 ≤ x ≤ 1 and i =

0, 1, 2, ..., N . Also the collocation points are cho-

sen as

xi =
i

N
, i = 0, 1, ..., N. (5)

To determine the coefficients ai, i = 0, 1, ..., N , the

collocation method is applied. So, imposing the

approximate solution (4) to satisfy the Eq. (1) and

boundary conditions (2) at collocation points (5),

we obtain

y
′′

N (xi) +
2

xi
y′N (xi) + le−lkyN (xi) = 0, (6)

for i = 1, 2, ..., N − 1 with boundary conditions

y′N (0) = 0,

αyN (1) + βy′N (1)− γ = 0
(7)

This is a system of nonlinear algebraic equa-

tions that can be solved via Newton’s iteration

method to obtain the unknown coefficients ai, i =

0, 1, ..., N.

3 CASE STUDY

In this section to illustrate the accuracy and effi-

ciency of the proposed technique, consider the non-

linear heat conduction model of the human head,

which corresponds to (1)- (2) with l = k = 1 [3, 9].

We have performed the calculations in the case,

α = 0.1, β = 1 and γ = 0.

The numerical results with c = 0.2 and N = 5 are

presented in TABLE 1.

TABLE 1

Numerical solutions

x proposed Method method in [9] method in [3]

with N=5 with N=20 with N=60

0.0 1.1470393589 1.1470407951 1.1470399367

0.1 1.1465108434 1.1465114192 1.1465105594

0.2 1.1449223071 1.1449222817 1.1449214182

0.3 1.1422688430 1.1422703479 1.1422694782

0.4 1.1385491695 1.1385505393 1.1385496608

0.5 1.1337548535 1.1337557028 1.1337548129

0.6 1.1278760741 1.1278765617 1.1278756626

0.7 1.1209014295 1.1209016645 1.1209007620

0.8 1.1128172939 1.1128173173 1.1128164156

0.9 1.1036066248 1.1036074904 1.1036065929

1.0 1.0932528926 1.0932537161 1.0932528260

The numerical results are given in TABLE 1 show

the high agreement with the numerical results given

in [9] and [3]. The advantage in our proposed

method as compared with [9] and [3] is that much

less points are required to obtain similar results.

4 CONCLUSION

A new technique, based on GA-RBFs has been

introduced for the numerical solution of the gov-

erning equations on the nonlinear heat conduction

model of human head. The proposed method can

overcome the singularity at x = 0 and using a small

number of points, produces very accurate approxi-

mations.
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1 INTRODUCTION

The high-order boundary value problems occur

in the modelling of many physical and engineer-

ing problems such as astrophysics, hydrodynamic

and hydro magnetic stability, fluid dynamics, as-

tronomy, beam and long wave theory [1, 6, 8].

Many numerical approaches include the polynomial

splines [6], modified decomposition method [8], ho-

motopy perturbation method [1] and finite differ-

ence method [3] have been used to solve these prob-

lems.

The main aim of this paper is to apply the

modified differential quadrature method (MDQM)

using Legendre-Gauss-Lobatoo nods, to find the so-

lution of eighth-order boundary value problems.

2 MAIN PROBLEM

In this section, we briefly review the MDQM and

explain how to apply this method to solve eighth-

order boundary value differential equations in the

following form:

y(8)(x)+ϕ(x)y(x) = ψ(x), −∞ < a ≤ x ≤ b <∞,

(1)

y(a) = A0, y(b) = b0

y(2)(a) = A2, y(2)(b) = B2

y(4)(a) = A4, y(4)(b) = B4

y(8)(a) = A6, y(8)(b) = B6

(2)

where y(x), ϕ(x) and ψ(x) are continuous functions

defined in the interval [a, b]. Ai and Bi, i = 0, 2, 4, 6

are finite real constants.

The differential quadrature method, first

was proposed by Bellman [2], is a numerical tech-

nique for the solution of differential equations [7].

This method approximates the derivative of the

function respect to a variable by a weighted sum of

function values at all discrete points in that direc-

tion. Its weighting coefficients do not relate to any

special problem and only depend on the grid spac-

ing. Thus, any differential equation can be easily

reduced to a set of algebraic equations using these

∗Corresponding Author
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coefficients.

The modified form of the differential quadra-

ture method (MDQM), which proposed in this pa-

per, can be established based on the assumption

that the solution domain is divided into N points

xi, i = 1, 2, ..., N by Legandre-Gauss-Lobatto

points. In the traditional DQM, uniform nodes was

more used.

2.1 legendre-Gauss-Lobatto nodes

Let {Pi}i≥0 be the well-known Legendre polynomi-

als of order i on [−1, 1], which satisfy the following

formula

P0(x) = 1, P1(x) = x,

Pi+1(x) = ( 2i+1
i+1 )xPi(x)− ( i

i+1 )Pi−1(x), i = 1, 2, ....

(3)

The Legendre-Gauss-Lobatto nodes {xj}Nj=0 are:

−1 = x0 < x1 < ... < xN = 1,

(1− x2j )p
′(xj) = 0.

(4)

No explicit formula for the nodes {xj}N−1
j=1 is

known. However, they can compute numerically

using the existing subroutines. The properties

of Legandre-Gauss-Lobatto nodes are explained

in [5, 4].

2.2 Using MDQM to solve the prob-

lem

The MDQM expresses the y(m)(x) at the discrete

points xi as follows:

y(m)(xi) =
N∑
j=1

C
(m)
ij y(xj), i = 1, 2, ..., N. (5)

where xi, i = 1, 2, ..., N are the Legandre-Gauss-

Lobatto points in the variable domain. Also y(xj)

and C
(m)
ij are the function values at these points

and the related weighting coefficients, respectively.

In order to determine the weighting coefficients

C
(m)
ij , Eq. (5) must be exact for all polynomials

of degree less than or equal to (N-1). To avoid the

ill-conditioning the Vandermonde matrix in the cal-

culation of the weighting coefficients, the Lagrange

interpolation basis functions:

Lk(x) =

N∏
i = 1

i ̸= k

x− xi
xk − xi

, (6)

are used as the test functions [7]. Substituting

Eq. (6) into Eq. (5), the weighting coefficients can

be generated by the following recursion formula:

C
(m)
ij = m(aijC

(m−1)
ij −

C
(m−1)
ij

xi − xj
), i, j = 1, 2, ..., N,

(7)

and

C
(m)
ii = −

N∑
j = 1

j ̸= i

C
(m)
ij , . (8)

where the superscript (m) and (m− 1) denote the

order of the derivative. The aij is the weighting

coefficient of the first order derivative described by

aij =
1

xj − xi

N∏
k = 1

k ̸= i, j

xi − xk
xj − xk

, i ̸= j, (9)

with i = 1, 2, ..., N and j = 1, 2, ..., N and

aii = −
N∑

k = 1

k ̸= i

1

xi − xk
, i = 1, 2, ..., N. (10)

3 NUMERICAL EXAMPLE

In this section to illustrate the ability and accuracy

of the proposed method one example is provided.

The computations were performed using MATLAB

on PC.

Consider the eighth-order boundary value prob-
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lem (1) and (2) with

ϕ(x) = −1

ψ(x) = −8(2xcos(x) + 7sin(x)),

A0 = 0,

A2 = −4cos(1)− 2sin(1),

A4 = 8cos(1) + 12sin(1),

A6 = −12cos(1)− 30sin(1),

B0 = 0,

B2 = 4cos(1) + 2sin(1),

B4 = −8cos(1)− 12sin(1),

B6 = 12cos(1) + 30sin(1),

and [a, b] = [−1, 1] [6]. The exact solution of this

problem is

y(x) = (x2 − 1)sin(x).

The maximum absolute errors for y(k), k =

0, 1, ..., 7 by the MDQM and the spline method [6]

with comparison, have been shown in TABLE

1. The results show that the proposed method

produces high accuracy solutions using much less

points. Also by spline method [6] the function val-

ues diverge in the domain x /∈ [x4, xN−4].

TABLE 1

Maximum absolute errors

spline method [6] spline method [6] proposed method

with N=64 with N=64 with N=14

y
(k)
i x ∈ [x4, xN−4] otherwise

k = 0 1.20E-06 1.616E03 1.57E-07

k = 1 2.94E-06 3.819E04 4.94E-07

k = 2 7.18E-06 1.628E07 1.44E-06

k = 3 2.02E-05 3.430E09 4.83E-06

k = 4 5.92E-05 8.000E11 1.40E-05

k = 5 1.85E-04 7.851E13 5.99E-05

k = 6 5.75E-04 3.932E15 1.63E-05

k = 7 4.71E-03 8.388E16 2.35E-03

4 CONCLUSION

This paper presents a new modification of differ-

ential quadrature method named MDQM using

Legendre-Gauss-Lobatto points as nodes for the so-

lution of eighth-order boundary value problems.

The proposed method is implemented for the

example and the numerical results are compared

with the spline method [6]. The MDQM gives much

better results than the spline method using much

less nodes.
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Abstract: In this article, we consider two chaotic systems with different orders. we consider the case

when one of them is fractional order (drive system) and another one is integer order (response system).

Using an active control methodology and a fractional synchronization scheme in the presence of discrepancy

between initial conditions of these systems the trajectories of the drive system are forced to track the respose

system trajectories. The main feature of the designed controller is its simplicity for practical implementation.

Numerical simulations show the effectiveness of the proposed methode for Arneodo’s System.

Keywords: Fractional order, Arneodo’s system, Active control, Synchronization.

1 INTRODUCTION

Chaos theory as a new branch of physics and math-

ematics has provided a new way of viewing the uni-

verse and is an important tool to understand the

behavior of the processes in the world. Chaotic

behaviors have been observed in different areas of

science and engineering such as mechanics, elec-

tronics, physics, economy, and so on. To avoid

troubles arising from unusual behaviors of a chaotic

system, chaos control has gained increasing atten-

tion in recent years. Many control techniques such

as active control methods, adaptive control meth-

ods, and fuzzy control methods and so on have been

implemented in the control of chaotic systems [1].

The subject of fractional calculus has gained

considerable popularity and importance during

the past three decades or so, mainly due to its

applications in numerous seemingly diverse and

widespread fields of science and engineering. Ap-

plications including modeling of damping behavior

of viscoelastic materials, cell diffusion processes,

transmission of signals through strong magnetic

fields, and finance systems are some examples [2].

Moreover, fractional order dynamic systems have

been studied in the design and implementation of

control systems. Studies have shown that a frac-

tional order controller can provide better perfor-

mances than an integer order one and leads to more

robust control performance. Usefulness of frac-

tional order controllers has been reported in many

practical applications.

This paper is organized as follows. Some

backgrounds form fractional calculus, the dynam-

ics of Arneodo’s System and Stability analysis of

equilibrium points are presented in Section 2. In

∗Corresponding Author
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Section 3 we give a fractional synchronization al-

gorithm for synchronizing the Arneodo’s System.

Numerical simulations are presented in Section 4

to illustrate the ability of the proposed method.

Finally, the conclusions are given in Section 5.

2 Arneodo’s System

Arneodo’s system is described by

ẋ1 = x2,

ẋ2 = x3, (1)

ẋ3 = −β1x1 − β2x2 − β3x3 + β4x
3
1,

where β1, β2, β3 and β4 are constant pa-

rameters. This system has three equilib-

rium points: E1(0, 0, 0), E2(
√
β1β4/β4, 0, 0),

E3(−
√
β1β4/β4, 0, 0).

The Jacobian matrix for equilibria E∗ =

(x∗
1, x

∗
2, x

∗
3) is defined as

J =

 0 1 0

0 0 1

−β1 + 3β4x
∗2

1 β2 −β3

 ,

When β1 = −5.5, β2 = 3.5, β3 = 0.8 and

β4 = −1 the system (1) equilibrium points are

E1(0, 0, 0), E2(2.345207, 0, 0), E3(−2.345207, 0, 0).

Corresponding eigenvalues for equilibrium E1 are

λ1 ≈ 1.02441, λ2,3 ≈ −0.91221 ± 2.12998i and

for equilibria E2 and E3 the eigenvalues are λ1 ≈
−1.93309, λ2,3 ≈ 0.56655± 2.31719i. All equilibria

are saddle-focus points. The condition for chaos is

satisfied and the system has chaotic attractor.

Definition 2.1. The Caputo differential operator

of order α > 0 is defined

c
0D

αy(t) = Jm−α
0 y(m)(t),

where, m := ⌈α⌉ = min{z ∈ Z : z ≥ α},
y(t) ∈ L1[0, b], y(m) ∈ L1[0, b] and

Jβ
0 y(t) =

1

Γ(β)

∫ t

0

(t− τ)β−1y(τ)dt,

is Reimann-Liouville fractional integral operator of

order β > 0 [3].

We consider the three-dimensional au-

tonomous system to describe fractional order Ar-

neodo’s system [4]

c
0D

q1
t x1 = x2,

c
0D

q2
t x2 = x3, (2)

c
0D

q3
t x3 = −β1x1 − β2x2 − β3x3 + β4x

3
1,

where q = (q1 q2 q3)
T and 0 < qi ≤ 1. The param-

eter we use in system (2) is same to system (1) and

orders q1 = q2 = 0.97, and q3 = 0.96. Thus they

have the same equilibrium point: E1, E2 and E3

and the total order of the system is 2.9.

Theorem 2.2. Consider the linear fractional order

system: c
0D

qx(t) = Ax(t), x(0) = x0 with x ∈ Rn

and A ∈ Rn×n and q = (q1 q2 . . . qn)
T , 0 < qi ≤ 1.

Also, qi =
ni

di
, gcd(ni, di) = 1. Let M be the lowest

common multiple of the denominators di’s. The

zero solution of the system is globally asymptoti-

cally stable in the Lyapunov sense if all roots λ’s

of the equation △(λ) = det(diag(λMqi) − A) = 0

satisfy arg(λ) > π
2M [5].

The characteristic equation of the system (2)

evaluated at the equilibrium E1 is

λ290 +
4

5
λ194 +

7

2
λ97 − 5.5 = 0,

with unstable root λ1 ≈ 1.0002. The characteristic

equation of the system (2) evaluated at the equi-

libria E2 and E3, respectively, is

λ290 +
4

5
λ194 +

7

2
λ97 + 11 = 0,

and unstable roots are λ1,2 ≈ 1.0089± 0.0139i, be-

cause |arg(λ1,2)| = 0.0138 < π/2M , where M =

100 (LCM of orders denominator). Thus fractional

order system (2) exhibit the chaotic attractor sim-

ilar to its integer order counterpart.

3 Fractional synchronization

technique

Consider the drive-response synchronization

scheme of two autonomous different fractional or-

2
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der chaotic systems:

Drive : c
aD

q
tx(t) = f(x),

Response : c
aD

q
t y(t) = g(y) + u,

where q is the fractional order, x, y ∈ Rn represent

the states of the drive and response systems, re-

spectively, f, g : Rn → Rn, are the vector fields

of the drive and response systems, respectively.

The aim is to choose a suitable control function

u = (u1, u2, . . . , un)
T such that the states of the

drive and response systems are synchronized, i.e.

lim
t→∞

∥e∥ = lim
t→∞

∥y(t)− x(t)∥ = 0.

In what follows we proceed to design a new syn-

chronization scheme for two chaotic systems which

are different in order and initial conditions.

Consider the following chaotic incommensu-

rate fractional order system as the drive system:

c
t0D

qi
t xi(t) = fi(x1, x2, x3), (3)

with the initial conditions (x1(t0), x2(t0), x3(t0)) =

(x10, x20, x30) ∈ R3, and fi, i = 1, 2, 3 are nonlin-

ear functions. Also suppose that the structure of

the response system is as follows:

ẏi = fi(y1, y2, y3) + ui, (4)

with the initial conditions (y1(t0), y2(t0), y3(t0)) =

(y10, y20, y30) ∈ R3, and ui, i = 1, 2, 3 are the con-

trol signals. Note that in spite of discrepancy be-

tween initial conditions and difference between or-

ders of the systems, we want to synchronize the

systems. Now if we consider the controller struc-

ture as follows:

ui = vi + ẏi −c
t0 D

qi
t yi(t), i = 1, 2, 3, (5)

then the slave system (4) reduces to:

c
t0D

qi
t yi(t) = fi(y1, y2, y3) + vi, i = 1, 2, 3. (6)

Let ei = yi − xi, i = 1, 2, 3, is the synchronization

error vector. By subtracting (3) from (6) we have:

c
t0D

qi
t ei(t) = fi(y1, y2, y3)− fi(x1, x2, x3)

+vi, i = 1, 2, 3. (7)

Based on active control methodology we choose

vi = fi(x1, x2, x3)− fi(y1, y2, y3)

+aie1 + bie2 + cie3, i = 1, 2, 3.

Therefore (7) reduces to:

c
t0D

q1
t e1(t) = a1e1 + b1e2 + c1e3,

c
t0D

q2
t e2(t) = a2e1 + b2e2 + c2e3, (8)

c
t0D

q3
t e3(t) = a3e1 + b3e2 + c3e3.

Now by choosing appropriate constants ai, bi, ci,

i = 1, 2, 3, we can design a stabilizing controller

for our synchronization goal. Note that for check-

ing the stability of (8) we must use Theorem 2.2.

The details of design procedure can be seen in the

numerical simulations in the next section.

4 Numerical simulation

In this section, numerical simulations are presented

to verify the effectiveness of the proposed method.

We consider the system (2) is the drive system with

order (q1, q2, q3) = (0.97, 0.97, 0.96) and initial con-

ditions (x1(0), x2(0), x3(0)) = (1, 0.5, 0.1), which

exhibit chaos according to the simulations and the

controlled system

ẏ1 = y2 + u1,

ẏ2 = y3 + u2, (9)

ẏ3 = −β1y1 − β2y2 − β3y3 + β4y
3
1 + u3,

is the response system, where u1, u2 and u3

are control functions and initial conditions are

(y1(0), y2(0), y3(0)) = (3,−0.5, 2).

We choose ui, i = 1, 2, 3 as (5). Thus, the

response system (10) reduces to

c
t0D

q1
t y1 = y2 + v1,

c
t0D

q2
t y2 = y3 + v2, (10)

c
t0D

q3
t y3 = −β1y1 − β2y2 − β3y3

+β4y
3
1 + v3.
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Subtracting (2) form (10) and considering errors

ei = yi − xi, i = 1, 2, 3, the error system can be

described as

c
t0D

q1
t e1 = e2 + v1,

c
t0D

q2
t e2 = e3 + v2, (11)

c
t0D

q3
t e3 = −β1e1 − β2e2 − β3e3

+β4y
3
1 − β4x

3
1 + v3.

Selecting

v1 = −e2 − k1e1,

v2 = −e3 − k2e2,

v3 = −β4y
3
1 + β4x

3
1 + β1e1 + β2e2 + (β3 − k3)e3,

the error system (11) reduces to

c
t0D

q1
t e1 = −k1e1,

c
t0D

q2
t e2 = −k2e2, (12)

c
t0D

q3
t e3 = −k3e3.

Thus by choosing appropriate k1, k2, k3 we can

stabilize the error vector. If we choose k1 = 65,

k2 = 70, and k3 = 85, we see that the eigenvalues

of (12) are: −65, −70, and −85. Let’s determine

the stability of (12) for these ki’s. According to

Theorem 2.2 we constitute △(λ) for (12) as follows

△(λ) = det((diag(λ97, λ97, λ96))

−diag(−65,−70,−85)) = 0.

After expanding one can write: (λ97 + 65)(λ97 +

70)(λ96 + 85) = 0. Solving this equation for λ, we

see that min(arg(λi)) = 0.3206 which is greater

than π
2M = 0.015708. Therefore based on Theo-

rem 2.2, we conclude the stability of (12). Figures

1 shows the numerical results for this synchroniza-

tion scheme.

5 conclusions

In this paper we proposed a simple active syn-

chronization method that synchronizes two differ-

ent chaotic systems. The differences are the initial

conditions and orders. The drive system was con-

sidered a fractional order and the response system

was taken an integer order. We designed an active

controller capable to force the trajectories of the re-

sponse system to track the drive trajectories. An-

alytical and numerical investigations clarified the

effectiveness of the proposed method.
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Figure 1: The convergence dynamics of the error system (12).
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